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SUMMARY 


A  method  has  been  developed  and  used  to  obtain  theoretical  pre¬ 
dictions  of  the  current  collected  from  a  collisionless,  fully  Maxwellian^ plasma 
at  rest  by  an  electrically  conducting  Langmuir  probe  having  spherical  or  cylind¬ 
rical  symmetry.  The  probe  characteristic,  or  functional  relation  between  current 
and  probe  potential,  has  been  determined  for  both  geometries  for  probe  radii  up 
to  100  times  the  Debye  shielding  distance  of  the  hotter  species  of  charged 
particle,  for  a  complete  range  of  ion-to-electron  temperature  ratios  and  for 
probe  potentials  from  -25  to  +25  times  the  thermal  energy  of  the  hotter  species. 
Each  current  collection  result  is  computed  to  a  relative  accuracy  of  0.002  or 
better  in  an  average  time  of  approximately  two  minutes  on  the  IBM  709^. 

Maxwellian  velocity  distributions  and  finite  current  collection 
are  assumed  for  both  ions  and  electrons.  The  infinite  plasma  is  replaced  by 
an  outer  boundary  at  a  finite  radius,  beyond  which  a  power-law  potential  is 
specified.  The  resulting  nonlinear  system  of  integral  equations  is  solved  by 
an  iterative  numerical  scheme  which  incorporates  an  extension  of  the  Bernstein 
and  Rabinowitz  method  to  provide  charge  densities  for  ions  and  electrons.  No 
a  priori  separation  into  sheath  and  quasi-neutral  regions  is  assumed. 

Explicit  comparison  is  made  between  the  results  for  a  completely 
Maxwellian  plasma  and  those  for  a  plasma  mono- energetic  in  attracted  particles, 
as  treated  by  Bernstein  and  Rabinowitz,  Lam,  and  Chen.  It  is  shown  that  in 
certain  cases',  the  mono-energetic  plasma  does  not  adequately  simulate  the  Max¬ 
wellian  plasma. 

It  is  also  shown  that  difficulties  encountered  by  Bernstein  and 
Rabinowitz  in  computing  the  ion  current  for  the  cylinder  in  the  zero-ion- 
temperature  limit  are  illusory,  and  that  the  computations  of  Chen  for  this 
case  do  not  take  into  account  the  fact  that  the  ion  temperature  acts  as  a 
singular  perturbation. 

Computed  charge  density  and  potential  functions  are  presented 
graphically.  Computed  probe  characteristics  are  presented  in  graphical  and 
tabular  form.  A  listing  is  included  of  the  Fortran  programs  used  to  obtain 
these  results. 
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1.  INTRODUCTION 


A  method  has  been  developed  and  used  to  calculate  the  electric 
potential  and  the  space  charge  density  near  spherically  and  cylindrically 
symmetric  electrostatic  probes  immersed  in  a  hot,  rarefied,  fully  Maxwellian 
plasma  at  rest,  and  thereby  to  calculate  the  current,  collected  by  such  probes 
from  the  surrounding  plasma. 

An  electrostatic  or  "Langmuir"  probe  is  a  piece  of  conducting 
material  that  is  Inserted  into  a  plasma  on  a  mechanical  support  which  provides 
electrical  connection  from  the  probe  to  external  circuitry  (Fig.  l).  The 
probe  potential  is  varied,  slowly  enough  to  eliminate  transient  effects,  over 
a  range  that  normally  includes  the  plasma  potential.  The  electric  current 
collected  by  the  probe  from  the  plasma  is  recorded  as  a  function  of  probe 
potential.  The  shape  cf  this  curve,  known  as  the  "probe  characteristic",  de¬ 
pends  on  the  composition  and  the  thermodynamic  state  of  the  plasma,  and  is 
therefore  potentially  rich  in  information  about  the  plasma.  This 
fact  has  enabled  the  experimenter  to  use  plasma  probes  as  instruments  to  mea¬ 
sure  the  state  parameters  of  plasmas  that  exist  either  in  the  laboratory  or 
in  nature.  Figure  2  shows  the  general  appearance  of  a  Langmuir  probe 
characteristic . 


Many  examples  of  ionized  gases,  or  plasmas,  exist  in  nature  as. 
well  as  in  man-made  devices.  The  earth's  ionosphere,  the  material  of  the  sun 
and  stars,  and  the  interplanetary  gas  are  all  naturally  occurring  plasmas,  and 
Langmuir  probes  are  frequently  carried  by  spacecraft,  in  order  to  investigate 
their  surroundings. 

The  local  disturbances  created  in  the  ionosphere  by  the  entire 
spacecraft  can  often  be  analysed  using  theories  developed  for  Langmuir  probes, 
since  the  vehicle  itself  constitutes  a  conducting  object  immersed  in  a  plasma; 
in  this  case  there  is  no  external  connection  to  allow  current  to  drain  off, 
and  the  spacecraft  will  arrive  at  an  equilibrium  or  "floating"  potential  at  which 
it  collects  no  net  current  (Fig.  2).  Man-made  devices  in  which  plasmas  are 
produced  include  experiments  in  controlled  thermonuclear  fusion,  communication 
devices  used  in  electrical  engineering,  electric  thrusters  for  space  vehicles, 
and  plasma  generators  for  conversion  of  chemical  into  electrical  power. 

Another  important  type  of  device  is  the  experimental  chamber, 
often  called  a  "plasma  tunnel",  designed  for  the  study  of  the  properties  of 
the  plasma  itself.  Ihe  study  of  plasmas  in  these  chambers  is  in  many  cases  of 
vital  importance  in  obtaining  the  basic  information  necessary  before  the 
applications  listed  above  can  be  carried  out.  One  of  the  most  important  types 
of  study  carried  on  in  this  type  of  facility  has  been  the  development  of  various 
methods,  including  Langmuir  probes, ■ for,  measurement  of  state  parameters,  or 
"plasma  diagnostics".  The  work  described  herein  has  been  done  as  part  of  a  com¬ 
bined  activity  at  UTIAS,  one  aim  of  which  has  been  to  develop  and  compare  the 
use  of  Langmuir  probes,  microwaves,  and  electron  beams  for  diagnostic  work. 
Details  of  some  of  the  experimental  work  that  has  been  done  using  UTJ.AS  plasma 
tunnel  facilities,  closely  related  to  the  theoretical  investigation  of  Langmuir 
probes  reported  here,  are  contained  in  Sec.  XVII,  and  also  in  Refs.  1,2,3. 4, 
and  19.  Specific  results  obtained  here  have  been  used  in  carrying  out  experi¬ 
ments  described  in  these  reports. 
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A  central  problem  In  the  use  of  plasma  probes  has  been  the  ex¬ 
traction  of  the  desired  values  of  the  thermodynamic  state  parameters  from  the 
information  given  by  experimentally  measured  probe  characteristics.  Theoretical 
work,  including  that  presented  here,  has  centred  around  the  solution  of  the  in¬ 
verse  problem:  if  one  has  a  plasma  of  given  composition  and  state,  what  is  the 
shape  of  the  probe  characteristic?  Quantitative  answers  to  this  question  have 
been  obtained  as  a  result  of  this  research,  for  a  range  of  plasma  conditions  of 
broad  experimental  importance . 

A  plasma  probe  which  is  charged  to  a  potential  different  from 
that  of  the  surrounding  plasma,  will  create  an  electric  field  which  attracts 
particles  of  opposite  charge  and  repels  those  of  like  charge.  If  the  probe 
potential  is  large  enough,  very  few  of  the  repelled  particles  will  have 
sufficient  kinetic  energy  to  reach  the  probe  surface,  and  a  region  adjacent  to 
the  probe  will  contain  only  attracted  particles.  The  net  space  charge  density 
thus  created  in  this  region  will  be  of  opposite  sign  to  the  charge  on  the  probe, 
and  will  tend  to  prevent  electric  fields  from  penetrating  into  the  plasma. 

This  region  of  charge  imbalance  is  known  as  a  sheath.  Beyond  the  sheath,  the 
densities  of  repelled  and  attracted  charge  are  very  nearly  equal,  and  the 
electric  field  is  relatively  weak,  though  still  significant. 

Any  charge  imbalance  in  an  ionized  plasma  sets  up  electric  fields 
that  tend  to  limit  its  extent  and  neutralize  it.  It  has  been  shown  elsewhere 
(Ref.  l)  that  the  sheath  thickness  is  always  related  to  a  plasma  parameter 
known  as  the  Debye  shielding  distance,  which  depends  on  the  temperatures  and 
number  densities  of  the  various  species  of  charged  particles  present.  The 
ratio  of  probe  radius  to  Debye  distance  is  therefore  one  of  the  factors  that 
governs  the  shape  of  the  potential  well  that  surrounds  the  probe.  Since  the 
flux  of  attracted  particles  reaching  the  probe  can  be  strongly  affected  by  the 
shape  and  extent  of  this  well,  the  ratio  of  probe  radius  to  Debye  length  has  a 
strong  influence  on  the  collected  current.  Measurements  of  collected  current 
will  therefore  contain  information  about  the  Debye  lengths  of  the  various 
species. 


A  charged  particle  that  comes  within  the  influence  of  the  probe 
is  affected  in  general  not  only  by  the  macroscopic  electric  field  surrounding 
the  probe,  but  also  by  the  scattering  effect  of  encounters  with  other  particles. 
There  exists,  however,  a  class  of  situations,  of  great  importance  in  experiment¬ 
al  work,  in  which  a  particle  will,  on  the  average,  traverse  a  distance  equal 
to  many  probe  diameters  before  being  appreciably  deflected  out  of  its  collision¬ 
less  trajectory  by  such  events.  It  is  then  a  good  approximation  to  assume 
that  all 'Jyarticles  move  only  along  collisionless  trajectories,  but  their  initial 
velocity  distribution  far  from  the  probe  is  the  Maxwell  equilibrium  distribution 
that  normally  exists  when  collisions  dominate.  It  is  this  class  of  situations 
that  has  been  considered  here.  Limits  on  the  validity  of  the  collisionless 
approximation  are  discussed  in  Sec.  Ill  and  in  Appendix  A. 

The  surface  of  a  plasma  probe  is  always  at  a  much  lower  tempera¬ 
ture  than  the  plasma.  As  a  result,  nearly  all  electrons  that  strike  it  are 
absorbed,  and  nearly  all  ions  that  strike  it  combine  with  electrons  from  the 
surface  and  move  off  as  neutral  atoms .  These  neutrals  do  no»t  Interact  with 
electric  fields  and,  in  the  collisionless  approximation,  are  in  effect  removed 
from  the  problem. 
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At  large  probe  potentials  the  attracted  species  strike  the  probe 
with  sufficient  kinetic  energy  to  dislodge  charged  particles  from  the  surface. 
Those  having  appropriate  charge  are  repelled  into  the  plasma  and  show  up  as  a 
contribution  to  the  measured  probe  current  (Pig.  2).  This  phenomenon  is  called 
secondary  emission.  Another  source  of  secondary  current  collection  appears 
when  electrons  accelerated  to  high  velocities  by  the  field  of  the  probe  collide 
with  neutrals  and  ionize  them  to  produce  extra  electrons.  Plasma  probes  are 
normally  operated  at  potentials  small  enough  to  prevent  these  effects  from 
occurring.  •* 

The  plasma  probes  that  are  used  in  experimental  measurements 
may  have  a  great  variety  of  shapes.  Since  the  usefulness  of  such  a  probe  to 
the  experimenter  is  considerably  increased  if  theoretical  predictions  of  its 
characteristics  are  available ,  the  most  useful  shapes  are  usually  those  possessing 
sufficiently  high  symmetry  that  the  dynamics  of  particle  motion  in  the  electric 
fields  near  the  probe  are  of  simplified  form.  In  particular,  the  cases  considered 
here  are  those  of  a  sphere  or  long  cylinder  in  a  stationary  plasma,  or  a  long 
cylinder  in  a  plasma  flowing  parallel  to  the  cylinder  axis.  In  these  cases, 
all particles  move  in  central  force  fields. 

A  description  of  related  work  on  the  theoretical  prediction  of 
Langmuir  probe  characteristics  is  contained  in  Sec.  V,  including  the  pioneer¬ 
ing  work  of  Bernstein  and  Rabinowitz  (Refs.  5  and  21)  and  its  extensions  by  Lam 
(Refs.  7  and  27)  and  Chen  (Ref.  8),  as  well  as  others. 


II.  STATEMENT  OF  THE  PROBLEM 

In  order  to  define  a  mathematical  model  for  the  plasma,  the 
following  assumptions  have  been  made: 

1.  The  plasma  consists  of  two  species  of  charged  particles,  one 
positive  and  one  negative.  Far  from  the  probe,  the  net  charge  density  approach¬ 
es  zero.  Maxwellian  velocity  distributions  are  assumed  for  both  species  in  a 
reference  frame  at  rest  relative  to  the  probe  in  the  spherical  case;  at  rest 

or  in  uniform  motion  parallel  to  the  probe  axis  in  the  cylindrical  case.  The 
latter  generalization  is  a  trivial  one,  but  it  suggests  that  the  calculations 
for  the  cylindrical  probe  may  be  used  to  measure  the  properties  of  a  flowing 
plasma  if  the  probe  axis  is  parallel  to  the  flow  and  if  the  probe  is 
sufficiently  long  that  end  effects  may  be  neglected.  Cylindrical  probes  are 
in  fact  often  used  in  flowing  plasmas  because  of  this  analytical  advantage 
(Refs.  1  to  4). 

In  many  experimental  situations,  thermal  contact  between  the  two 
species  is  weak  enough  to  allow  significant  temperature  differences  to  exist 
between  them  if  one  of  them  acts  as  an  energy  source  or  sink.  Therefore,  an 
arbitrary  temperature  ratio  is  allowed  in  the  theoretical  model. 

2.  The  plasma  is  assumed  to  be  sufficiently  hot  and  rarefied  that 
near  encounters  between  particles  are  of  vanishing  importance  in  comparison 
with  collective  phenomena,  and  each  particle  moves  undisturbed  in  a  macroscopic 
electric  field  determined  by  the  Poisson  equation.  The  conditions  under  which 
this  approximation  is  valid  are  discussed  in  Sec.  Ill  and  Appendix  A. 
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3.  Annihilation  of  both  species  of  charged  particles  is  assumed  to 

occur  at  the.  probe  surface.  In  the  situation  being  considered,  in  which  binary 
encounters  are  ignored,  re-emitted  neutralized  particles  do  not  interact  signi¬ 
ficantly  with  the  plasma.  As  Berstein  and  Rabinowitz  (Ref.  5)  have  pointed  out, 
their  solution  method,  an  extension  of  which  is  used  here,  is  capable  in  principle 
of  dealing  with  an  arbitrary  form  of  charge  emission  from  the  probe  surface. 

This  method  could  therefore  be  used  to  compute  the  large  potential  ends  of  the 
probe  characteristics  if  an  appropriate  model  for  bombardment- induced  secondary 
charge  emission  were  provided.  Such  a  calculation  is  beyond  the  scope  of  the 
present  work. 

"  4.  Finite  collection  by  the  probe  of  both  ions  and  electrons  is 

allowed  to  occur.  In  combination  with  the  assumption  of  Maxwellian  velocity 
distributions  for  both  species,  this  provision  permits  the  entire  probe 
characteristic  to  be  obtained,  in  contrast  with  previous  treatments  (Refs.  5  to 
8)  which  were  applicable  only  to  restricted  ranges  of  probe  potentials. 

5.  No  magnetic  fields  are  assumed  present. 

6.  A  steady  state  is  assumed  to  exist. 

7.  All  particle  velocities  are  assumed  to  be  much  smaller  than  the 
speed  of  light. 


8.  In  order  to  define  a  solution  scheme,  the  infinite  plasma  surround¬ 

ing  the  probe  is  replaced  by  a  surface,  concentric  with  the  probe,  at  a  finite 
radius.  A  linear  relation  between  the  electric  potential  and  its  radial 
derivative  is  assumed  at  this  boundary,  corresponding  to  a  potential  which  varies 
as  a  specified  negative  power  of  radius  beyond.  Charged  particles  emitted  in¬ 
ward  from  this  boundary  possess  velocity  distributions  corresponding  to  particles 
Maxwellian  at  infinite  radius,  but  disturbed  by  the  presence  of  the  given 
power-law  potential. 

9*  Trapped  orbits,  if  any,  are  assumed  to  be  unpopulated.  The  con¬ 

ditions  required  for  the  existence  of  these  orbits,  which  are  defined  as 
bounded  orbits  that  do  not  strike  the  probe,  are  discussed  in  Sec.  VIII,  to¬ 
gether  with  the  resulting  implications  for  the  usefulness  of  results  calcula¬ 
ted  on  the  basis  of  this  assumption. 


III.  SCALING  PARAMETERS 


The  net  current  Inet  collected  from  a  plasma  at  rest  by  a  probe 
of  radius  Rp  is  a  function  of  the  following  quantities: 

i)  The  ion  and  electron  temperatures  T+  and  T..  We  define  refer¬ 

ence  energies  Et^  ®  kT+  and  =  kT_  where  k  is  Boltzmann's  constant. 

ii)  The  ion  and  electron  masses  m+  and  m.. 

iii)  The  ion  and  electron  charges  q+  ®  Z+e  and  q_  =  Z_e  where  e  is 

one  electronic  charge  and  Z  is  the  number  of  electronic  charges  per  particle. 

iv)  The  number  density  at  infinity  of  one  of  the  two  species,  say 

.  Nw  is  not  an  independent  quantity  because  of  the  plasma  neutrality  condition: 


(3.1) 


V  9+  +  "»  4.  *  0 

v)  The  probe  radius  Rp  and  probe  potential  0p,  the  latter  defined 

relative  to  the  potential  of  the  plasma  far  from  the  probe. 

vi)  The  permittivity  of  space  €  . 

The  complete  family  of  characteristics  for  either  the  spherical 
or  the  cylindrical  probe  is  therefore  a  functional  relation  connecting  the  11 
quantities  Inet>  Ej+,  Ej_,  zn+,  m_,  <4,  q_,  M^.,  Rp,  0p  and  €  . 

Since  each  of  these  quantities  is  expressible  in  terms  of  the 
four  dimensions  mass,  length,  time,  and  charge,  there  exist  seven  linearly 
independent  dimensionless  quantities  such  that  the  solution  of  the  problem  is 
a  relation  among  them.  These  quantities  may  be  found  by  inspection.  The  proof 
of  the  foregoing  statements  may  be  found  in  standard  works  on  dimensional 
analysis,  such  as  Ref.  9* 

The  complete  set  of  characteristics  for  either  the  spherical  or 
the  cylindrical  probe  is  therefore  of  the  form  F  (inet,  ~  »  w2> 

where  these  quantities  are  defined,  by  inspection,  as  follows: 

1net  =  Inet^I+^o  * 

where  (I+)0  is  the  current  of  ions  that  strikes  the  probe  when  it  is  at  plasma 
potential,  i.e.,  the  current  due  to  the  random  thermal  ion  motion  in  the  ab¬ 
sence  of  electric  fields,  which  for  a  spherical  probe,  is  given  by: 

(I+)0  "  VV  Rp2  (8tt  kT+/m+)^,  and  for 
* 

unit  length  of  a  cylindrical  probe  is  given  by: 

tf+>0  -  V  V  Bp  (2  *  “>+>*  i 

TTX  *  ET+/Et_  =  ; 

7Tg  »  m^  J 

*3  -  z+  •  *  *»♦  * 

*4  ’  Rp(z+2  ‘2  VA®.)*  *  Bj/V  .  (7+)i  , 

7T5  ■  ■  VZ-  * 

g+  -  v1  (>«+/z+  •*  K)'3^2  * 

The  quantities  inet  andfr^  may  be  thought  of  as  the  noadimensional  current  and 
nondimensional  probe  potential.  The  symbol  Xp  «(tkT/Z2  e*  Hr  )*  denotes  the 
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Debye  shielding  distance  of  a  species  oil  charged  particle  in  the  plasma.  There¬ 
fore  7 is >the  ratio  of  probe  radius  to  vie  ion  Debye  distance.  The  value  of 
g+  represents  the  inverse  of  the  number  of  ions  in  the  volume  Aj)  3„  The  quan¬ 
tities  7+.  and  Xp  are  nondime nsional  variables  used  later  in  the  text,,  in 
particular  in  Set:.  IX.  Their  appearance  in  Eqs.  (3*2)  constitutes  a  defini¬ 
tion  of  them. 


It  has  been  shown  by  Rostoker  and  Rosenbluth  (Ref. 10)  that  in  the 
limit  as  g  -» 0  for  each  species  in  the  plasma,,  the  Xiouville  equation  governing; 
the  particle  dynamics  reduces  to  a  form  known  as  the  Vlasov  equation,  a 
collisionless-Boltzmann  equation  in  which  the  force  term  is  obtained  from  the 
solution  of  the  Poisson  equation. 


The  limit  g  -*  0  is  the  limit  of  a  hot,  rarefied  plasma; 

Itx>T“3  — *  0 .  It  is  in  this  limit  that  near  encounters  between  charged  particles 
become  of  negligible  importance  in  comparison  with  collective  phenomena.  For 
any  finite  value  of  g,  a  particle  can,  on  the  average.,  traverse  only  a  certain 
distance  in  the  plasma  before  being  scattered  out  of  its  trajectory  by  near 
encounters.  This  fact  sets  an  upper  limit,  on  the  probe  size  for  which  results 
obtainable  from  the  Vlasov  equation  will  apply  in  any  given  case;  in  other  words, 
it  determines  a  Knudsen  number,  or  ratio  of  mean  free  path  to  probe  dimension, 
which  is  a  function  of  Fp/Ajj  and  g  (Appendix  A} . 


By  inspection  of  the  equations  for  the  system  in  their  dimension¬ 
less  form  (Sections  IX  and  XT),  it  can  be  shown  that  the  ratio  tto  =  mf/m. 
enters  into  the  computational  scheme  only  when  the  net  current  is  calculated. 
This  ratio  may  therefore  remain  unspecified  when  the  ion  and  electron  currents 
are  computed  separately. 


It  car.  also  be  shown  that  the  parameters  iri  =  T*/T_  and 
^  =  Z+/Z.  occur  only  as  a  quotient  in  the  equations,  except  in  the  equation 
for  net  current.  Therefore  it  is  possible  to  treat  these  as  one  quantity  for 
computational  purposes.  We  accordingly  define  a  new  dimensionless  parameter 
as  follows : 


f  3. 3) 


We  therefore  havs 
the  Vlasov  limit: 


for  either  the  .ion  or  the  electro;'  current  in 


(3.4) 


Usually,  Zf  =  1  and  3.  =  *1,  so  that  ir becomes  the  ion  to 
electron  temperature  ratio  T+./T.,  lor  this  reason,  we  will  call  the 
’’effective  temperature  ratio”,  bearing  in  mind  that,  the  results  of  the  cal¬ 
culations,  which  are  presented  as  functions  of  T+/T.,  may  be  applied  to  the 
case  of  multiply  charged  ions  by  scaling  this  quantity. 

Since  the  mass  ratio  jt2  may  be  left  unspecified  until  net 
currents  are  calculated,  no  distinction  exists  between  ions  and  electrons  in 
formulating  a  scheme  for  calculating  i+  or  1.  separately.  The  nondime r.sional 
ion  current  collected  by  a  probe  which  is,  fcr  example,  ion  attracting,  with 
given  ratios  of  prone  potential  to  ion  energy,  ion  to  electron  effective  tempera¬ 
ture,  and  probe  radius  to  ion  Debye  length,  is  equal  to  the  nondimens ional 
electron  current  collected  by  an  electron-attracting  probe  with  the  same  ratios 


of  probe  potential  to  electron  energy,  electron  to  ion  effective  temperature, 
and  probe  radius  to  electron  Debye  length.  It  is  therefore  possible  to  speak  of 
the  "attracted"  or  the  "repelled"  species  without  further  identifying  them. 

Because  the  roles  of  ions  and  electrons  can  be  interchanged  in 
this  manner,  a  complete  set  of  values  of  i(^g,  Xp  >  7+)  can  be  used  to  provide 
values  of  both  i+  and  i.,  and  thereby  to  obtain  tlie  complete  set  of  probe 
characteristics  for  a  given  ion  to  electron  mass  ratio.  Since  the  relation 
between  inet  and  Xp.  (or  Xp  )  constitutes  a  probe  characteristic,  the  solution 
of  the  problem  for  either  the  spherical  or  the  cylindrical  probe  is  a  two- 
parameter  family  of  characteristic  curves. 


IV.  EQUATIONS  DESCRIBING  THE  COLLISIONLESS  PLASMA 

The  system  of  equations  to  be  solved  is  as  follows  (Ref.  5). 

Let  r  be  the  position  vector  in  physical  space  and  £  be  its  canonically  con¬ 
jugate  momentum  vector  (Ref.  11) .  Let  f+(r>Jg)  and  f_(r,  jg)  be  the  distribu¬ 
tion  functions  in  position-momentum  space  for  ions  and  electrons.  Let  v  be  the 
velocity  vector  and  t  be  time.  Let  F+  and  F_  be  the  forces  exerted  by  the 
electric  field  on  ions  and  electronsT  Then” the  collisionless-Boltzmann 
equations  for  a  steady- state  situation  are: 


Df+  df+ 

-  ■>  it  4- 

— —  x  — •  V  T 

Dt  dr 

dg 

Df  df 

df 

— I  a  — I  .  v  + 

• 

Dt  dr 

dg 

.  F+  =  0 

.  F„  *  0 


(4.1) 


The  content  of  these  equations  is  that  the  distribution  functions 
f+  and  f.  are  constant  along  particle  trajectories  in  a  space  of  canonical 
coordinates  (Appendix  B). 


The  electric  forces  on  the  ions  and  electrons  are: 


i+*  -z+ 

»  • 


Let  p  be  the  net  density  of  electric  charge,  and  let  H+  and  N„ 
be  the  number  densities  of  ions  add  electrons.  Then  frisson' s  equation  is: 


(4.3) 


where 

p  -  e(Z+  ♦  Z.Nj 


(4.4) 
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Finally: 


N+  (r) 
N.  (r) 


d3v 


d0  v 


V.  SOLUTION  SCHEME  FOR  COLLISIONLESS -3QLTZMANN  EQUATIONS 


(4.5) 


The  most  difficult  problem  in  finding  a  solution  scheme  for 
Eqs.  (4.1)  to  (4.5)  has  been  to  obtain  methods  of  calculating  the  number 
density  N(r)  of  the  attracted  species  as  *.  functional  of  potential  0(r). 

In  the  case  of  a  spherical  probe  immersed  in  a  stationary  plasma, 
Allen,  Boyd,  and  Reynolds  (Ref.  6)  simplified  the  problem  by  assuming  that 
the  attracted  particles  had  no  thermal  motion  and  fell  radially  inward  toward 
the  probe  under  the  influence  of  the  electric  field.  They  also  simplified  the 
number  density  calculation  for  repelled  particles  by  assuming  that  the  probe  was 
at  a  large  enough  potential  to  prevent  any  of  them  from  reaching  it.  By  means 
of  this  assumption  and  by  invoking  the  continuity  equation  for  the  attracted 
particles,  they  obtained  an  ordinary  differentia],  equation  which  they  were  able 
to  integrate  numerically  to  give  potential  as  a  function  of  radius  for  any  given 
value  of  collected  current . 

Bernstein  and  Rabinowitz  (Refs.  5,  2l)  developed  a  more  general 
scheme  capable  in  principle  of  finding  N(r)  as  a  functional  of  0(r)  for  an 
arbitrary  velocity  distribution  specif ledTfar  from  the  probe,  under  one  re¬ 
striction;  namely,  that  the  situation  be  one  possessing  sufficiently  high 
symmetry  that  there  exist  constants  of  the  particle  motion  equal  in  number  to 
the  velocity  coordinates  of  the  particles.  This  requirement  is  satisfied  if 
the  particles  move  in  a  central  force  field.  They  then  approximated  the  velocity 
distribution  for  attracted  particles  by  a  mono-energetic  one  in  which  all  such 
particles  far  from  the  probe  moved  with  the  same  speed,  all  directions  of 
motion  being  equally  probable.  This  assumption,  toegether  with  that  of  zero 
collection  of  repelled  particles,  also  gave  them  a  differential  equation, 
which  they  integrated  numerically. 


More  recently,  Lam  (Ref.  7)  has  carried  out  an  asymptotic 
analysis  on  the  mono-energetic  Bernstein  and  Rabinowitz  differential  equation 
in  the  limit  Rp  »  and  has  obtained  probe  characteristics  valid  in  that 
limit,  in  the  cases  of  very  large  and  very  small  probe  potentials.  He  has 
also  obtained  the  leading  correction  term  for  expressing  mono-energetic 
current  collection  as  a  power  series  in  Xp/Rp  (Ref.  27) 

The  present  treatment,  in  contrast  with  these  previous  ones, 
assumes  a  full  poly-energetic,  Maxwellian  distribution  for  the  attracted  as  well 
as  for  the  repelled  species.  As  a  result,  the  charge  density  at  any  given 
radius  can  be  shown  to  depend  not  only  on  the  local  value  of  the  potential  at 
that  radius  but  on  the  value  of  the  potential  everywhere  in  the  vicinity  of 
the  probe  (Appendix  £) .  The  system  is  herefore  not  reducible  to  a 
differential  equation,  and  a  nonlinear  system  of  integral  equations  results 
which  has  been  solved  numerically  on  the  IBM  7094  digital  computer  at  the 
University  of  Toronto.  This  more  general  procedure  is  capable  of  dealing 
with  the  mono-energetic  assumption  as  a  special  case,  and  explicit  compari¬ 
son  has  been  made  in  order  to  evaluate  the  errors  introduced  by  this  approxi¬ 
mation. 
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The  iterative  procedure  for  the  numerical  solution  of  the  equa¬ 
tions  is  as  follows.  An  initial  trial  function  is  assumed  for  the  net  charge 
density.  Poisson's  equation  is  integrated  to  provide  the  electric  potential 
and  its  first  two  radial  derivatives,  as  functions  of  radius.  Using  this 
information,  the  ion  and  electron  collected  currents  and  charge  densities  sure 
calculated.  The  resulting  net  charge  density  function  is  mixed  with  the  pre¬ 
vious  net  charge  density  to  provide  a  closer  approximation  to  the  solution. 

This  process  is  repeated  until  sufficient  accuracy  is  obtained. 

The  process  of  calculating  the  ion  and  electron  charge  densities 
from  a  given  net  density  and  subtracting  them  to  give  a  new  net  density  defines 
a  non-linear  integral  operator  4>  which  acts  on  the  N'th  iterate  Pflf(r)  to  give 
the  next  iterate  PN+i (r) .  The  solution  to  the  system  is  a  function  which 
satisfies  p(r)  =  4>ptr)»  In  general,  the  sequence  of  functions  generated  by 
the  operator  4>  diverges  by  overshooting  the  true  solution  and  oscillating  about 
it  with  increasing  amplitude  (Appendix  C).  We  therefore  define  a  mixing  func¬ 
tion  M(r)  which  has  the  property  0  <  M(r)  <  1  for  any  r.  We  then  define  a  new 
iterative  scheme  as  follows: 

pN+i(r)  *  M(r)<*>  Pjj(r)  +  (1  -  M(r)  )  PN(r)  (5.1) 

Inspection  of  this  equation  shows  that  if  pw+i(r)  =  pw(r) >  then 
pjj(r)  =  $Pw(r)  as  required  for  a  correct  solution.  An  optimum  form  for  the 
function  Mfr)  is  found  by  computational  experiment. 

An  iterative  procedure  which  resenbles  in  seme  respects  the  one 
developed  here,  has  been  developed  by  Hamza  and  Richley  (Ref.  22)  for  use  in  a 
numerical  solution  of  the  Bolt zmann-Vlasov  equations  in  a  multi-electrode,  two 
dimensional  ion- thruster  geometry.  In  this  procedure,  zero  charge  density  is 
initially  assumed  and  the  two-dimensional  Laplace  equation  is  solved  numerically 
for  the  given  boundary  conditions.  A  steady,  parallel  beam  of  ions  is  then 
introduced.  By  numerically  integrating  ion  trajectories,  the  resulting 
charge  density  is  calculated;  the  Poisson  equation  is  then  solved  to  find  a  new 
potential  configuration.  If  this  new  potential  is  then  used  as  a  basis  for 
another  iteration,  and  the  procedure  is  repeated  a  number  of  times,  it  is  found 
to  diverge;  convergence  has  been  obtained  by  mixing  each  successive  potential 
with  the  Initial  potential  obtained  by  solving  the  Laplace  equation.  The  mixing 
function  is  called  a  "suppression  factor"  •  There  is  one  important  difference 
between  the  procedure  used  here  and  that  of  Ref.  26:  no  solution  of  the  Laplace 
equation  is  used  here  as  part  of  a  mixing  scheme  because  such  a  potential  at 
large  radii  has  the  wrong  dependence  on  radius  (Table  2)  and  would  cause  un¬ 
acceptably  large  perturbations  in  charge  densities. 

A  number  of  approaches  to  the  prdblem  of  obtaining  probe 
characteristics  for  a  completely  Maxwellian  plasma  have  recently  been  published. 
Ball  (Refs.  23,  2kt  and  25)  has  described  a  number  of  steps  leading  toward  the 
development  of  a  computation  scheme  based  on  an  assumed  farm  for  the  locus  of 
extrema  in  energy  vs  angular  momentum  space  (Sec.  VIII);  ha  approximates  the 
locus  of  extrema  by  a  pair  of  line  segments  and  than  iteratss  to  find  the  beat 
possible  positions  for  these  lines  according  to  criteria  which  he  has  derived. 
Based  on  this  method,  he  has  obtained  end  graphically  displayed  the  first  two 
terms  in  an  expansion  far  the  ion  current  collected  by  a  cylindrical  probe 
in  a  Maxwellian  plasma,  valid  in  the  limit  of  zero  ion-to-electron  temperature 
ratio  (Ref.  25)* 
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Maskalenko  (Ref.  26)  has  formulated  the  general  problem  for  the 
cylindrical  probe,  including  expressions  for  charge  density  and  flux  for  the 
Maxwellian  case.  He  then  specializes  to  the  limiting  case  of  large  Rp/^j). 
and  outlines  a  computation  scheme  for  this  limit.  At  this  date  he  has  not  yet 
published  any  computed  results. 

Walker  (Ref.  28)  has  formulated  the  Maxwellian  problem  for  an  ion- 
attracting  spherical  probe  at  sufficiently  large  potential  to  assume  negligible 
electron  collection  .  He  has  published  a  single-parameter  family  of  probe 
characteristics  which  depend  only  on  Rp/^D.  6111(1  have  apparently  been  done  for 
an  ion-to-electron  temperature  ratio  of  1, "although  this  point  has  not  been 
specified.  Few  details  are  given  concerning  the  computation  scheme,  which  is 
said  to  involve  no  iterative  procedure,  but  only  an  inward  integration  from  a 
set  of  arbitrarily  chosen  conditions  at  some  relatively  large  radius;  as  in 
the  mono-energetic  solutions  of  Bernstein  and  Rabinowitz  (Refs.  5  and  21)  the 
probe  radius  is  left  unspecified.  From  the  point  of  view  of  this  investigation, 
it  is  difficult  to  see  how  this  can  be  done  without  introducing  some  unspecified 
approximation,  since  unlike  the  mono-energetic  case,  the  charge  density  at  any 
radius  in  the  Maxwellian  case  depends  on  the  form  of  the  potential  over  a 
continuous  range,  in  general,  of  both  smaller  and  larger  radii  (Appendix  E). 
Furthermore,  in  the  Maxwellian  case,  unlike  the  mono- energetic  case,  there  is 
no  range  of  situations  in  which  the  specific  value  of  the  probe  radius  can  be 
ignored,  because  there  are  always  sane  energy  levels  in  the  distribution  function 
for  which  the  probe  does  not  lie  "hidden"  inside  the  corresponding  absorption 
radii  (Sec.  VIII). 

Reference  29  contains  analytic  approximations  constructed  from 
the  probe  characteristics  of  Ref.  28  by  a  curve- fitting  process. 

Preliminary  results  of  the  computations  described  in  the  present 
treatment  have  been  reported  in  Refs.  2  and  20. 


VI.  CALCUIATIQN  OF  THE  CHARGE  DENSITIES 

The  solution  of  Eqs.  (4.1)  uses  an  extension  of  the  method  of 
Bernstein  and  Rabinowitz  (Ref.  5) •  In  situations  possessing  sufficiently  high 
symmetry,  such  as  those  considered  here,  all  particles  move  in  a  central  force 
field,  and  there  exist  constants  of  the  motion  equal  in  number  to  the  velocity 
coordinates  of  the  particles.  In  this  case,  the  integration  over  velocity  space 
in  Sqs.  (4.$)  can  be  transformed  into  an  integration  over  the  ranges  of  these 
constants.  Velocity  coordinates  are  thus  eliminated  from  the  problem  and 
particle  trajectories  need  not  be  calculated  explicitly  in  order  to  find  N+  and 
H.  for  a  given  potential  function  0  .  The  effect  of  the  potential  on  the 
particle  densities  makes  itself  felt  in  the  existence  of  forbidden  regions 
in  the  phase  space  defined  by  the  constats  of  the  motion.  In  these  regions, 
no  particles  can  exist  and  the  distribution  functions  vanish.  This  method 
is  discussed  In  detail  beginning  with  Sec.  VII. 

The  elimination  of  explicit  trajectory  calculations  in  this 
manner  is  of  crucial  importance  in  formulating  a  scheme  for  calculating  charge 
densities.  A  situation  possessing  less  symmetry,  and  therefore  requiring  such 
trajectory  calculations,  for  example,  a  sphere  in  a  flowing  Maxwellian  plasma, 
would  involve  numerical  trajectory  computations  of  such  magnitude  as  to  appear 
prohibitive.  This  is  particularly  true  for  an  iterative  calculation  such  as 
this  one,  in  which  0  itself  is  only  one  member  of  a  sequence  of  functions  0g 
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which  have  the  true  solution  as  their  limit,  and  N+  and  N„  must  be  determined 
anew  during  each  iteration. 

Furthermore  each  complete  set  of  iterations  defines  a  solution 
for  only  one  value  of  nondir.ensional  probe  potential  and  one  value  of  each  non- 
dimensional  plasma  parameter  (Sq.  3*^);  in  a  flowing  plasma,  the  flow  velocity 
itself  would  require  the  inclusion  of  additional  parameters  to  describe  a  given 
case. 


Vil.  SPHERICAL  PROBE 

The  velocity  of  a  particle  passing  through  any  point  in  a  spheri¬ 
cal  coordinate  system  may  be  resolved  into  a  radial  component  vr  and  two  trans¬ 
verse  components  which  specify  the  projection  of  the  velocity  vector  in  a  plane 
perpendicular  to  the  radius.  If  we  take  polar  coordinates  t  and  a  in  this 
plane,  then  we  obtain  for  either  ion  or  electron  number  density,  from  Eq.  (4.5): 

N(r)  =  /  f(r,v)dvr  dvt  vt  d  Q  (7.1) 

For  all  situations  to  be  considered,  the  distribution  function 
is  isotropic  at  infinity  and  all  electric  fields  are  radial.  Hence  f  depends 
only  on  r,  vr,  and  v^,  and  not  on  a.  We  may  immediately  integrate  Eq.(7.l) 
over  a  to  obtain: 


(7.2) 


The  appropriate  constants  of  the  motion  are  the  total  energy  E 
and  angular  momentum  J  of  a  charged  particle: 


B  =  Ze<t(r)  >  |  (v  2  +  vt2.) 


2  '  r 

J2  =  m?  r2  v/ 

The  inverse  relationships  are: 


(7.3) 


i  jV“  (B  -  Be#?)  )  -  J*/®2  P 


2  .  J2/c2  r2 


(7.M 


The  integration  over  velocity. space  in  Bq.  (7*2)  may  now  be 
transformed  into  an  integration  over  £  ami  J2. 


(J2**  Jg* o  d  »  ,  v  2)  ^ 

N(r)  -  w  /  I  f(E,J) - d*  dJ2 

d(E.  J2) 


j2»C 


d(E,  J2) 


(7.5) 


The  limits  on  the  integration  over  E  represent  the  fact  that  E 

goes  from  0  toe  once  for  positive  values  of  vr  and  again  for  negative  values 

of  v  .  This  point  is  made  clearer  by  the  following  discussion, 
r 
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At  a  given  radius  in  position  space,  the  integration  along  vr 
must  be  considered  separately  for  incoming  particles  (vr  <  0)  and  outgoing  par¬ 
ticles  (vr  >  0) .  In  any  central  force  field,  the  incoming  and  outgoing  halves 
of  a  particle  trajectory  are  mirror  images  of  each  other.  Therefore, ^ in  any 
region  of  the  (J2,  E)  plane  in  which  an  outgoing  particle  may  exist,  t., 
which  represents  a  particle  trajectory  that  does  not  strike  the  probe,  the 
particle  must  be  counted  twice  at  ti^  radius  r,  since  it  appears  once  inbound 
and  once  outbound.  Therefore, 

f(E,  J2)vr  >  0-  f(E,  <  o  and  f  =  £fVr  <  Q  _ 

In  any  region  of  (J2,  E)  space  which  represents  trajectories 
that  strike  the  probe  no  outbound  particles  exist  at  the  radius  r.  We  t„*en 
have  fvj>0  =  0  811(1  f  =  fvr<0.  Finally,  there  exist  regions  of  (J2*  E)  space 
corresponding  to  particles  which  do  not  reach  the  radius  r  because  ^hey  have 
turned  back  at  larger  radii.  In  thes*  regions,  f  =  0.  The  integration  may 
therefore  be  taken  over  incoming  particles  only,  with  f  =  KfVr<Q,  where'll  =  0, 
1,  or  2.  r 


We  now  examine  a  sequence  of  particle  trajectories  which  corre¬ 
spond  to  a  fixed  value  of  E  and- increasing  values  of  J2.  The  trajectories  be¬ 
longing  to  such  a  sequence  cross  any  given  radius  r  in  an  increasingly  tan¬ 
gential  direction,  as  can  be  shown  by  inspection  of  Eq.  (7.4).  The  distance 
of  closest  approach  to  the  origin  r  =*  0  for  particles  which  come  from  in¬ 
finity  will  always  increase  with  increasing  J2.  Therefore  there  will  always 
be  a  largest  angular  momentum  J-j_  for  which  particles  still  strike  the  probe. 
(This  does  not  always  correspond  to  grazing  incidence  at  the  probe  surfeit; 
see  for  example  the  set  of  particle  trajectories  shown  in  Fig.  4d.)  For  all 
values  of  J2  from  0  to  J]_2,  it  follows  that  K  =  1. 


Similarly,  for  a  fixed  E,  there  will  always  be  a  largest  «*jigu- 
lar  momentum  J2  >  Jp  for  which  particles  still  penetrate  inward  as  far  as  any 
given  radius  r;  at  this  radius,  a  particle  with  energy  E  and  angular  momentum 
greater  than  J2  is  forbidden.  For  values  of  J2  between  J^2  and  J22,  we  tJien 
have  K  -  2;  for  larger  values  of  J2,  we  have  K  -  0. 


We  evaluate  the  Jacobian  in  Eq.  (7.5)  to  obtain: 


E*"00  «Jfc_  QQ 

N(r)  »  ~  J  J  K(E, J2)f v^Ql$;Jr'  *  dJ2/  |2/m(E-Ze0(r)  )-J2/m2r2j  * 

m  r  E=0  J2=0  t-'- 


(7.6) 


If  the  velocity  distention  does  not  depend  on  J.  as  is  the 
case  for  all  distributions  to  be  con&dered,  then  f  =  f(E)  and  the  integration 
over  J  may  be  immediately  carried  ou£  over  all  ranges  of  J2  in  which  the  value 
of  K  does  not  change.  The  result  will  **  the  sum  of  a  number  of  integrated 
terms,  one  for  each  end  of  each  of  thet*  For  compactness  of  notation, 

we  define  Kn  as  the  value  of  K  correspond!*^  t°.  all  values  of  J  between  Jn.]_ 
and  Jn  where  n  -  1  or  2.  For  convenience  we  -~\*o  define  a  zero  value  of 
angular  momentum  Jq.  We  note  that  by  the  de:  tit  ion  of  K#  we  have  Kx=l  and 
Kg  *  2.  We  then  obtain: 
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jr 


00  _£_  ^ 

N(r)  =  -  %  !  dEfVl<0(H:)  )  t^-janfE-Z^M)  -  J2/r2  P 
B  J0  n=l 


J  (Err) 
n'  ' 


(7.7) 


The  value  J,  is  both  the  lower  limit  of  the  region  in  which 
K  =  K2  =  2,  and  the  upper  limit  of  the  region  in  which  K  =  =  1.  Accordingly, 

the  summation  indicated  in  Eq.  (7*7)  may  be  condensed  by  combining  the  corre¬ 
sponding  pair  of  terms.  In  order  to  preserve  compactness  of  notation,  we  de¬ 
fine  quantities  Kq  and  K-,,  which  are  both  zero,  and  then  define  the  quantity 
Qn  =  K^-K^;  we  then  have  Qj_  =  -1,  Q,2  =  _1>  and  Q3  '  2*  Equation  (7*7)  then 
reduces  to:  ^ 

K(r)  =  -  H  J  dEfVr<0( E)  ^  Qn  {  2m  (E-Ze0(r)  )  -  j//r2J  2  (7-8) 

®  n=l 

where  > 

0  =  J~<  J±  (E)  <  J2  (E>r) 


This  formal  way  of  expressing  the  number  density  N(r)  will  prove 
IJo  be  of  advantage  later  in  calculating  specific  Values  of  this  quantity.  In  a 
number  of  situations,  it  will  be  found  that  some  or  all  of  the  quantities  Jq, - 
Jj,  and  J2  will  coincide  in  certain  ranges  of  E,  and  the  summation  in  Eq.  (7*8) 
*fll  consist  of  fewer  thanwthe  indicated  three  terms  in  these  same  ranges  of  E. 
These  points  will  become  clear  later  (Appendix  E) . 

We  see  that  the  integration  over  velocity  space  in  Eq.  (7.l) 
has  been  reduced. to  the  calculation  of  a  set  of  line  integrals  over  paths 
J^2(E)  in  the  (J2,E)  plane.  These  paths  are  characterized  by  the  fact  that  K 
takes  on  different  values  on  either  side  of  them.  It  is  therefore  necessary 
to  consider  within  what  regions  of  the  (J2,E)  plane  an  incoming  particle  will 
strike  the  probe,  within  what  regions  it  flies  by  the  probe  and  within  what 
regions  its  existence  at  a  given  radius  is  forbidden.  This  question  is 
.stMied  in  Sec.  VIII.  ~  ~  c 

f  "  x.- . 

,  The  current  of  a  given  specie*  of  particle  in  the  plasma, 
collected  by  the  probe,  is  given  by: 

d3v  1  (7.9) 

J  r=Rp 

This  integration  may  be  transformed  in  a  manner  similar  to 
Eq.  C7.5),  into  an  integration  over  (J2,E)  space.  Since  we  intend  to  study 
only  situations  in  which  fVr<0  does  not  depend  on  J2,  the  result  is: 

00 

I  .  f  fVl<0  (E)  (E)  dE  (7.10) 

The  quantity  of  interest  for  experimental  measurements  is  the 
net  current  Inet>  which  may  be  obtained  as  follows,  after  Eq.  (7*10)  has  been 
evaluated  for  each  of  the  species  of  charged  particles: 


2  f 

=  kirr  Ze 


vr<0 


(r,v) 
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I  =  1+1  =  I  - 
net  +  -  + 


(7.11) 


In  this  study  the  velocity  distribution  at  infinity  for  each 
species  is  taken  as  a  Maxwellian  distribution  ..function: 


f(E)  =  E*  ( 


m 


2  n  k  T 


3/2  -E/kT 

)  e 


(7.12) 


For  purposes  of  comparison  with  work  by  other  authors  who  employ¬ 
ed  mono- energetic  distributions  for  the  attracted  species  (Sec.  V),  we  define  a 
mono-energetic  velocity  distribution  corresponding  to  particle's  which  have  no  pre¬ 
ferred  direction  of  motion  and  which  each  possess  an  equal  amount  of  total  energy 
which  we  call  If  6(x)  is  the  well-known  Dirac  delta  function,  theh  this 

distribution  is:  -  \ 


m2  N 

f(E)  = - 2 

bn 


5(S  -  Em) 
(2m  %)£ 


(7.13) 


An  energy  must  now  be  chosen  which  will  cause  the  mono-energetic 
distribution  to  best  approximate  the  Maxwellian  distribution  which  corresponds  to 
the  temperature  T.  In  order  to  do  this,  we  choose  the  value  of  ,Ejj  which  will 
cause  a  low-order  moment  of  the  mono- energetic  distribution"  t  o  coincide.- with 
the  same  moment  of  the  Maxwellian.  It  has  been  suggested  by  Uhen  (Ref.  8)  that 
the  most  suitable  moment  is  the  random  flux;  thisequates  the. current  collected 
by  a  probe  at  plasma  potential.  Equating  this  for  both  distributions,  we  obtain, 
for  the  spherical  probe; 

V’  f.  K  (7.14) 


71 II .  ANALYSIS  OF  PARTICLE  ORBITS 

If  we  eliminate  from  Eqs.  (7*3) »  we  obtain: 

E  -  (Ze0(r)  +  J2/2mr2)  =  m  vr2/2  (8.1) 


>■  O  i  0 

f he  term  in  this  equation  expresses  the  effect  of  angular  momentum  of 

circumferential  motion  of  a  particle  on  its  radial  motion.  The  form  of  this 
equation  shows  that  this  term  is  in  effect  a  repulsive  contribution  to  the 
potent*  1  energy.  Accordingly,  we  define  as  follows  an  effective  potential 
energy  U  for  the  motion  of  a  particle  possessing  angular  momentum  '•  J: 

U  =  Ze<fc(r)  +  J2/2mr?-  (8.2) 

p 

A  particle  with  a  particular  and  E  can  reach  a  particular,^ 
only  if  E  -  U(r)  >  0.  The  relation  E  =  U  defines  a  straight  line  in  the  (J“,E) 
plane,  having  a  positive  slope  equal  to  l/2rar2  .  Below  this  line,  particles 
cannot  exist.  This  line  will  therefore  be  called  the  ’’cutoff  boundary”  corre¬ 
sponding  to  the  radius  r. 
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It  is  also  possible  for  a  particle  which  is  not  prohibited  from 
particular  r  by  the  E  <  U  condition  to  be  prevented  from  penetrating  inward 
to  this  radius  by  a  potential  barrier  at  a  larger  radius.  In  other  words,  a 
particle  corresponding  to  the  values  E  and  J2  will  exist  at  a  particular  r  if 
and  only  if  E  >  U(r')  for  all  r'  >  r. 

Any  particle  able  to  exist  at  the  probe  surface  will  be  absorbed 
by  the  probe.  Therefore,  unless  potential  barriers  exist  at  larger  radii,  all 
particles  will  be  absorbed  by  the  probe  above  the  line: 

E  =  Ze  0p  +  J2/2  mRp2  (8.3) 

The  general  appearance  of  the  (J2,  E)  plane  is  shown  in  Fig.  3a 
for  an  attracting  probe  (Ze  0  <  0  for  the  species  under  consideration)  and  in 
Fig.  3b  for  a  repelling  probeF(Ze  0p  >  0),  unless  potential  barriers  intervene. 

These  diagrams  are  drawn  for  some  specific  radius  r.  They  show 
the  location  of  the  cutoff  boundary  corresponding  to  this  radius;  they  also 
show  the  location  of  the  line  corresponding  to  Eq.  (8.3),  which  represents  the 
cutoff  boundary  corresponding  to  r  =  Rp.  Values  of  the  integer  Q  defined  in 
Sec.  VII,  corresponding  to  these  boundaries  and  to  all  other  boundaries  across 
which  the  integer  K  (Sec.  VII)  changes,  are  also  shown.  The  quantities  p  and 
ft  shown  in  these  diagrams  are  nondime nsicnal  equivalents  of  E  and  J2  defined 
in  Sec.  IX.  For  an  attracting  probe,  it  can  be  shown  that  potential  barriers 
do  not  intervene  to  alter  these  diagrams  if  potential  falls  off  with  increasing 
radius  sufficiently  slowly jfor  a  repelling  probe,  the  necessary  condition  is 
that  the  potential  be  monotonically  decreasing.  These  statements  are  discussed 
in  greater  detail  later  in  this  section. 

It  is  now  necessary  to  examine  the  influence  of  potential 
barriers  on  these  diagrams. 

Figures  4a  and  4b  show  families  of  curves  of  effective  potential 
U  as  a  function  of  r,  sketched  for  various  values  of  J2,  corresponding  to 
attractive  potentials  Ze0(r)  which  decay  more  rapidly  or  more  slowly  than  an 
inverse  square  potential,  respectively.  Examination  of  the  expression  for  U 
(Eq.  8.2)  shows  that  if  0(r)  decreases  more  steeply  with  increasing  r  than  an 
inverse  square  law.  then  the  term  J2/2mr2  will  dominate  at  large  enough  radii 
and  the  term  Ze0(r;  will  dominate  at  small  radii.  Since  J2/2mr2X)  for  any  non¬ 
zero  value  of  J,  and  Ze0(r)<O  for  an  attractive  potential,  the  effective  po¬ 
tential  will  have  a  maximum  at  some  value  of  r.  For  a  larger  value  of  J2, 
this  maximum  will  occur  at  a  smaller  radius.  If  0(r)  decreases  more  slowly 
than  an  inverse  square  potential,  then  the  term  J2/2mr2  will  dominate  at 
smaller  radii,  and  the  term  Ze0(r)  will  dominate  at  larger  radii,  producing  a 
minimum  in  U(r). 

As  Fig.  4a  illustrates,  if  a  maximum  occurs  in  a  curve  of  effective 
potential  corresponding  to  a  particular  value  of  J2,  all  particles  coming  from 
infinity  whose  trajectories  correspond  to  that  value  of  J2  and  to  energies  E 
less  than  the  value  of  U  at  the  maximum,  are  prevented  from  penetrating  inward 
past  the  maximum  and  therefore  do  not  reach  the  probe.  Therefore,  if  an 
attractive  potential  0(r)  is  a  steeper  function  of  r  than  an  inverse  square, 
potential  barriers  exist  which  decrease  the  current  collected  by  the  probe. 
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We  now  examine,  with  reference  to  Fig.  4a,  a  sequence  of  tra¬ 
jectories  corresponding  to  some  given  energy  E,  and  to  increasing  values  of  J  . 

As  j2  is  increased,  the  corresponding  curve  U(r)  moves  upward  until  the  maxi¬ 
mum  in  this  curve  becomes  equal  to  E.  No  trajectories  corresponding  to  larger 
J2  can  reach  the  probe,  or  even  penetrate  inward  as  fax  as  the  radius  at  which 
the  maximum  of  U(r)  is  just  equal  to  E;  we  will  call  this  radius  rjj(E).  We 
also  see  that  any  particle  with  energy  E  that  does  penetrate  inward  to  this 
radius  must  have  an  angular  momentum  small  enough  that  it  will  reach  the  probe 
and  be  absorbed  by  it;  we  therefore  call  rM(E)  the  absorption  boundary 
corresponding  to  the  energy  E.  Figure  4d  shows  such  a  sequence  of  trajectories, 
and  also  shows  the  location  of  rM(E).  As  E  is  increased,  r^E)  is  decreased, 
until  for  sufficiently  large  E,  rji(E)  =  Rp.  For  larger  values  of  E.  there 
exist  no  corresponding  absorption  radii,  and  the  maximum  value  of  for  which 

such  particles  still  strike  the  probe  is  given  by  Eq.  (8.3).  A  sequence  of 
trajectories  corresponding  to  such  a  value  of  E,  and  increasing  values  of  J  , 
is  shown  in  Fig.  4c.  For  such  a  sequence  of  trajectories,  i.e.  when  no  absorp¬ 
tion  radius  rj^E)  exists  for  the  energy  E,  current  collection  is  said  to  be 
"orbital-motion-limited"  at  the  energy  E. 

The  orbital-motion-limited  current  represents  the  maximum 
current  of  particles  of  energy  E  that  can  be  collected  for  a  given  probe 
potential  and  given  distribution  of  such  particles  at  infinity,  in  the 
collisionless  case.  This  is  true  because  the  presence  of  potential  barriers 
can  only  decrease  the  number  of  particles  of  this  energy  which  reach  the  probe. 

If  the  current  is  orbital-motion-limited  for  all  values  of  E  corresponding  to 
particles  which  come  from  infinity,  then  it  is  simply  described  as  orbital- 
motion-limited.  This  terminology  has  been  used  by  previous  authors,  though  it 
may  be  considered  as  not  very  illuminating. 

We  now  examine  a  sequence  of  cases  in  which  the  probe  potential 
and  all  other  nondimensional  parameters  are  held  constant  except  that  the  ratio 
of  probe  radius  to  Debye  length  is  increased.  Since  the  thickness  of  the  sheath 
adjacent  to  the  probe  is  always  of  the  order  of  a  few  Debye  lengths  (Sections 
XV  and  XVI)  the  potential  well  surrounding  the  probe  will  contract  and  steepen, 
and,  in  general,  an  increasing  number  of  particles  will  be  prevented  by  potential 
barriers  from  reaching  the  probe,  so  that  the  collected  current  will  decrease. 
Since  there  is  always  a  largest  energy  E  for  which  there  still  exists  outside 
the  probe  an  absorption  radius  r^(E) ,  we  expect  that  this  largest  E,  which  we 
call  Eg,  will  increase  as  Rp/Xjj  is  increased. 

We  may  now  infer  some  differences  which  we  may  expect  to  see  in 
the  collected  current  as  Rp/Xp  is  increased,  depending  on  whether  the  distribu¬ 
tion  of  attracted  particles  is  Maxwellian  or  mono-energetic.  First,  the  current 
collection  for  mono-energetic  particles  need  only  be  orbital-motion-limited  at 
one  energy  in  order  to  be  completely  orbital-motion-limited,  so  we  expect 
current  collection  in  this  case  to  remain  orbital-motion-limited  for  larger 
values  of  Rp/Xp.  Also,  we  may  expect  current  collection  in  this  case  to  de¬ 
crease  more  suddenly  once  it  is  no  longer  orbital-motion-limited,  since  in  the 
Maxwellian  case  current  collection  is  an  integral  over  contributions  from  many 
energies,  each  of  which  will  cease  to  be  orbital-motion-limited  at  a  different 
value  of  Rp/Xp.  Both  of  these  expectations  are  borne  out  in  the  computed  re¬ 
sults  (Sections  XV  and  XVI);  in  fact,  in  the  mono-energetic  case,  curves  of 
current  collection  vs  Rp/Xp  _  actually  have  a  discontinuous  slope  at  the  value 
at  which  current  becomes  no  longer  orbital-motion-limited. 
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Another  type  of  orbit  which  exists  when  absorption  radii  are  pre¬ 
sent  is  shown  in  Fig.  4e;  this  diagram  shows  an  orbit  corresponding  to  the  same 
values  of  J2  and  E  as  a  particle  coming  from  infinity,  but  which  connects  with 
it  nowhere,  and  originates  and  ends  at  the  probe  surface.  This  orbit  lies 
entirely  inside  ri>{(E)  whereas  the  other  orbit  lies  entirely  outside  i*m(E) . 

Such  an  orbit  can  only  be  populated  by  emission  from  the  probe  surface,  which 
we  have  assumed  does  not  occur,  or  momentarily,  by  a  collision;  the  population  & 

of  such  orbits  is  a  negligible  problem  in  comparison  with  the  more  serious  one 
of  trapped  orbits. 

Such  trapped  orbits  exist  when  minima  of  effective  potential  t 
occur,  such  as  those  shown  in  Fig.  4b;  an  example  of  a  trapped  orbit  is  shown 
in  Fig.  4f .  Trapped  orbits  and  their  implications  are  discussed  in  detail  later 
in  this  section. 

A  more  complicated  situation  than  those  of  Figs.  4a  and  4b  is 
shown  in  Fig.  5a,  which  shows  a  family  of  effective  potential  curves,  corre¬ 
sponding  to  various  values  of  J  ,  for  a  case  in  which  the  dependence  of  0(r) 
on  r  is  steeper  than  an  inverse  square  at  some  radii,  and  shallower  at  others. 

In  this  case,  trapped  orbits,  orbits  unpopulated  because  they  originate  at 
the  probe,  and  potential  barriers,  are  all  present.  This  situation  is  typical 
of  potential  configurations  actually  found  to  exist  in  many  cases;  variations 
of  this  situation  also  occur,  as  discussed  later  in  this  section.  We  also 
note  that  in  the  situation  shown,  the  smallest  absorption  radius  that  is  present 
does  not  lie  immediately  adjacent  to  the  probe  surface  but  is  at  some  distance 
from  it. 

We  now  proceed  to  derive  a  more  quantitative  manner  of  dealing 
with  the  effects  of  potential  barriers;  this  formulation  will  be  essential  in 
constructing  a  calculation  scheme. 

Since  V2#  *  -  p/e  and  p  is  finite  everywhere,  Sty  is  continuous 
everywhere.  Therefore,  0  is  a  continuous,  smooth  function  of  r.  By  its  de¬ 
finition,  Eq.  (8.2),  U  is  therefore  a  continuous,  smooth  function  of  r.  Since 
0  0  as  r  U  — » 0  also.  We  also  have  S  J>  0  for  any  particle  coming  in 

from  infinity.  Therefore,  if  U(r)<  E  and  U(r')>  E  for  some  r'  >  r,  i.e.  if  the 
corresponding  orbit  is  unpopulated  at  r,  then  U  must  have  a  maximum  at  some 
radius  r"  larger  than  r.  The  maximal  value  U(r")  must  be  greater  than  E. 

In  Figs.  4a,  4b,  and  5*>  all  points  (r",  U(r")  ),  where  a  maxi¬ 
mum  or  a  minimum  occurs  in  a  curve  of  effective  potential  versus  radius,  have 
been  Joined  to  generate  a  curve  called  a  locus  of  extrema  in  the  (r,  U)  plane. 

The  orbit  corresponding  to  a  given  J2  and  E  will  be  unpopulated  at  the  radius 
r  if  the  locus  of  extrema  attains  a  value  of  U  greater  than  E,  at  the  point 
whdre  it  crosses  the  curve  U(r)  corresponding  to  J2,  for  any  r'  greater 
than  r. 


She  locus  of  extrema  of  the  curves  U(r)  is  therefore  of  primary 
imporantance  in  the  analysis  of  particle  orbits  and  the  determination  of  J^(E) 
and  Jg(E,r).  Each  point  on  this  locus  of  extrema  crosses  a  specific  curve  of 
effective  potential,  corresponding  to  a  specific  value  of  J2*  Furthermore, 
it  crosses  at  a  specific  value  of  U  which  corresponds  to  a  specific  energy 
level  E  •  U.  Each  point  on  this  locus  of  extrema  therefore  corresponds  to  a 
particular  J2  and  S  as  well  as  a  particular  r;  therefore,  for  a  given  potential 
function  0(r),  the  locus  of  extrema  defines  a  curve  in  the  (J  ,E)  plane  having 
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r  as  its  parameter .  It  will  be  shown  below  that  this  curve  is  a  well-behaved 
function  of  0  and  d0/dr  and  always  has  a  positive  slope  which  decreases  as  r 
increases.  It  may,  however,  contain  one  or  more  cusps. 

The  foregoing  statements  may  now  be  given  a  geometrical  inter¬ 
pretation  in  the  (J2,E)  plane;  namely,  any  point  in  this  plane  will  be  unpopu¬ 
lated  at  a  radius  r  if  any  portion  of  the  locus  of  extrema  corresponding  to 
radii  greater  than  r  passes  above  it,  i.e.,  attains  a  greater  E  for  the  same 
value  of  J2. 


The  defining  condition  for  the  locus  of  extrema  is 

(*);• 

If  we  define  the  subscript  Gr  as  referring  to  the  locus  of  ex¬ 
trema,  we  obtain: 

J02  =  »r3  Ze  g  (8.4) 

Substituting  this  result  in  the  relation: 

E  =  Ze0(r)  +  J2/2mr2  (8.5) 

we  obtain: 

E0  =  Ze  («(r)  ♦  '  (8.6) 

If  Eq.  (8.5)  is  differentiated  with  respect  to  r  and  the  restat¬ 
ing  equation  is  solved  together  with  Eq.  (8.5)  to  obtain  expressions  for  J2  and 
E,  these  expressions  are  identical  with  Eqs.  (8.4)  and  (8.6).  The  procedure 
just  described  is  the  standard  technique  for  obtaining  the  parametric  form  of 
the  curve  which  is  the  envelope  of  a  family  of  straight  lines  whose  generating 
parameter  is  r.  This  means  that  the  curve  (Jn2(r),  Eq (r)  )  is  the  envelope  of 
all  the  straight  lines  represented  by  Eq.  (8.5)  in  the  (J2,  E)  plane.  The  locus 
of  extrema  is  therefore  tangent  to  the  straight  line  given  by  Eq.  (8.5)  at  the 
point  on  the  locus  corresponding  to  the  conditions  at  r.  The  slope  of  the 
locus  of  extrema  must  therefore  decrease  toward  zero  as  r  increases. 

It  is  now  possible  to  draw  the  (J2,S)  diagram  corresponding  to 
Fig.  5a.  This  diagram  is  shown  in  Fig.  5b.  The  integration  paths  Jn2(E)  re¬ 
quired  to  integrate  Eqs.  (7.8)  and  (7.10)  or  their  cylindrical  analogues  Eqs. 
(10.6)  and  (10.8)  can  be  seen  on  this  diagram.  It  is  instructive  to  trace  in 
detail  these  integration  paths,  in  order  to  obtain  a  clear  picture  of  what  is 
involved  in  the  integration  of  these  expressions.  The  integration  path  J02(E) 
corresponds  in  this  diagram  to  the  line  that  is  labeled  AB;  the  paths  Ji2(S) 
and  J22(K)  correspond  to  the  loci  labeled  CHF  and  CHLO,  respectively.  At 
larger  values  of  r,  the  point  of  tangency  of  the  cutoff  boundary  (8.5)  slides 
along  the  locus  of  extrema.  The  path  J22(E)  must  be  modified  qualitatively  at 
these  larger  radii.  Figures  6a  to  6c  show  the  resulting  appearance  of  the 
(J2,E)  diagram  for  three  successively  larger  values  of  r.  In  Fig.  6a,  J22(E) 
corresponds  to  the  locus  labeled  CHEO;  in  Figs.  6b  and  6c,  J22(E)  corresponds 
to  the  loci  labeled  CDE  and  CD,  respectively.  Qualitative  departures  from  the 
situation  shown  may  also  occur  for  potentials  U(r)  which  have  other  shapes,  so 
that  the  integration  paths  examined  here  are  only  a  — sample  of  the  many 
configurations  that  are  possible. 
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Some  further  properties  of  the  locus  of  extrema  are  of  importance. 
Examination  of  Eq.  (8.4)  for  Jq2  and  Eq.  (8.6)  for  Eg  shows  that  both  of  these 
quantities  are  able  to  take  on  negative  values.  For  example,  Jq2  will  actually 
do  so  in  the  case  of  either  a  repelling  potential  or  an  attracting  one  that  is 
non-monotonic  in  form.  It  is  therefore  possible  for  the  locus  of  extrema  to 
enter  any  quadrant  of  the  (J  ,E)  plane,  but  since  negative  values  of  J2  are 
physically  meaningless  and  particles  coming  from  infinity  always  have  E  >  0, 
this  curve. becomes  of  importance  only  when  it  enters  the  first  quadrant .  Since 
the  locus  6f  extrema  is  tangent  to  the  cutoff  boundary  (8.5)at  the  point 
(jQ2(r),  E(r)  ),  it  always  has  a  positive  slope  which  decreases  as  r  increases. 


The  locus  of  extrema  itself  possesses  maxima  and  minima  in  the 
(r,U)  plane.  An  extremum  in  the  locus  of  extrema  corresponds  to  extremal  values 
of  both  Eq  and  Jq2  simultaneously  (Fig.  5&)»  and  therefore  has  two  defining 
conditions,  both  of  which  are  equivalent.  These  are: 


dr  dr 


=  0 


(8.7) 


The  first  relation  gives: 


Ze 


1%> 
2  dr 


(8.8) 


The  expression  for  dEo/dr,  which  is  equated  to  zero  in  Eq.  (8.8), 
represents  the  slope  of  the  locus  of  extrema  in  the  (r,U)  plane.  Positive  or 
negative  values  of  this  slope  correspond  respectively  to  regions  containing 
absorption  boundaries  or  trapped  orbits  (Figs.  4a,  4b,  5a).  Numerical  tests 
of  the  sign  of  this  quantity  therefore  provide  essential  information  for  the 
computation  scheme  by  determining  the  nature  of  the  potential  generated  during 
each  iteration.  This  quantity  will  reappear  later  in  nondimens ional  form  in 
Eq.  (E.29). 


Since  the  locus  of  extrema  always  has  a  positive  slope  in  the 
(J^E)  plane,  and  since  dEg/dr  and  djQ2/dr  always  change  sign  simultaneously, 
therefore  an  extremum  of  the  locus  of  extrema  in  the  (r,U)  plane  always  pro¬ 
duces  a  cusp  in  the  (J  ,E)  plane.  Two  such  cusps  are  visible  in  Fig.  5b  and 
in  Figs.  6a  to  6c. 

A  potential  may  be  envisioned  that  would  be  sufficiently  irregular 
in  form  to  cause  dEg/dr  and  dJQ/dr  to  change  sign  several  times  and  therefore 
produce  a  locus  of  extrema  having  several  cusps,  corresponding  to  multiple 
systems  of  potential  barriers.  Situations  of  this  type  were  in  fact  found  to  be 
generated  as  transient  phenomena  by  the  iterative  scheme.  In  order  to  continue 
the  calculations  beyond  this  point,  it  therefore  became  necessary  to  incorporate 
into  the  program  an  ability  to  calculate  charge  density  even  in  these  situations. 
It  was  feared  that  the  use  of  approximate  calculations  at  this  stage  might  dis¬ 
turb  the  computation  enough  to  keep  it  from  converging  to  the  true  solution. 

It  was  also  considered  dangerous  to  ignore  the  possibility  that  in  some  cases 
even  the  final  solution  might  have  such  a  configuration.  The  detailed  study  of 
these  multiple-cusp  or  multiple-barrier  potentials,  such  as  that  made  here, 
has  therefore  been  an  essential  part  of  this  investigation. 


Figure  7  shows  some  possible  potential  configurations,  together 
with  the  resulting  forms  of  the  locus  of  extrema  in  the  (r,U)  plane,  and  its 
corresponding  forms  in  the  ( J2,E)  plane.  The  10  specific  cases  shown  in  Fig.  8 
have  been  incorporated  into  the  computation  scheme. 
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The  dotted  curves  in  this  figure  represent  segments  of  the  locus 
of  extrema  which  may  enter  the  first  quadrant  but  which  do  so  in  such  a  manner 
as  not  to  influence  any  of  the  particles  which  strike  the  probe.  Foy*  example, 
the  presence  of  any  of  the  dotted  segments  in  cases  5  and  6  in  this  figure 
would  represent  situations  in  which  the  current  collection  was  still  orbital- 
motion-limited,  but  the  charge  density  at  certain  radii  was  affected  by 
potential  barriers. 

This  examination  of  the  behaviour  of  the  locus  of  extrema  has 
until  now  considered  only  the  case  of  an  infinite  plasma.  However,  it  has  been 
pointed  out  earlier  (Sec.  II)  that  the  calculation  scheme  defined  here  makes 
use  of  an  outer  boundary  at  finite  radius.  In  general,  the  presence  of  any 
boundary  of  this  type  makes  it  necessary  to  modify  the  preceding  discussion; 
however,  it  can  be  shown  that  no  such  changes  are  necessary  for  the  particular 
boundary  conditions  specified  here.  To  prove  this  will  be  the  purpose  of  the 
following  discussion. 

_2 

The  asymptotic  potentials  for  large  radius,  0  a  r  for  a 
spherical  probe  and  0  a  r~l  for  a  cylindrical  probe,  derived  by  Bernstein  and 
Rabinowitz  (Ref.  5) ,  lead  to  the  relations: 


d0 /dr  =  -20/r 


spherical  probe 


d0/dr  =  -  0/r 


cylindrical  probe 


(8.9) 


These  relations  are  used  as  boundary  conditions  on  Poisson's 
equation  at  the  outer  edge  r  =  Kg  of  the  computation  net.  Appendix  D  derives 
in  detail  the  resulting  method  for  integrating  the  Poisson  equation. 

Examination  of  Eqs.  (8.4)  and  (8.6)  for  a  power-law  potential 
0  a  r~n  shows  that  the  locus  of  extrema  does  not  enter  the  first  quadrant 
of  the  (j2,E)  plane  for  n  <  2.  Since  this  condition  is  satisfied  in  both  the 
spherical  and  cylindrical  cases  for  the  power-lav  potentials  assumed  beyond 
the  boundary,  the  locus  of  extrema  enters  the  first  quadrant  only  for  r  <  Rfi. 

This  fact  is  of  advantage  in  devising  the  scheme  for  calculation  of  the  charge 
densities  for  r  <  Rg.  It  means  that  the  fora  of  the  potential  beyond  the 
boundary  has  no  effect  on  the  formulation  of  these  calculations. 

As  a  result,  it  is  possible  to  calculate  both  the  attracted  and 
repelled  charge  densities  while  leaving  the  precise  dependence  of  potential  on 
radius  beyond  the  boundary  unspecified;  this  dependence  enters  the  problem  only 
as  a  boundary  condition  on  the  integration  of  the  Poisson  equation  (Appendix  D). 

The  introduction  of  this  power-lav  boundary  condition  is  of 
crucial  importance  in  defining  a  workable  computation  schema,  because  the 
fact  that  the  assumed  potential  at  and  beyond  the  boundary  la  a  close  approxi¬ 
mation  to  the  actual  potential  in  the  infinite  case  means  that  the  outer  boundary 
can  be  placed  much  closer  to  the  probe  without  significantly  disturbing  the 
computed  results  than  would  be  possible  for  the  mer  ?  obvious  assumption  of  a 
boundary  held  at  zero  potential.  This  matter  is  dl.  'ussed  in  more  detail  in 
Appendix  H. 
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It  may  be  seen  from  Pigs.  4b  and  5a  that  if  dEg/dr  is  positive 
over  some  range  of  radii,  a  family  of  minima  in  curves  of  effective  potential 
will  exist  in  this  range.  These  minima  form  potential  wells  which  are  capable 
of  trapping  particles  in  bounded  orbits  that  do  not  strike  the  probe  surface. 

An  orbit  of  this  type  is  illustrated  in  Fig.  4f.  As  Bernstein  and  Rabinowitz 
(Ref.  5)  have  point  out,  these  orbits  can  be  populated  by  collisions,  no 
matter  how  infrequently  such  collisions  occur.  This  effect  occurs  because 
these  collisions  are  capable  of  changing  the  energy  and  angular  momentum  of 
a  particle  at  some  radius  to  values  corresponding  to  those  of  any  trapped  orbits 
that  exist  at  that  radius.  A  particle  thus  "knocked  into"  a  trapped  orbit  will 
remain  in  it  until  another  collision  knocks  it  out  again.  Appendix  A  imposes  a 
modification  on  this  argument;  it  is  shown  there  that  it  is  much  more  common 
in  general  for  charged  particles  to  be  scattered  out  of  their  collisionless 
trajectories  by  numerous  small-angle  encounters  than  by  large  angle  collisions. 
Thus  particles  will  tend  to  "drift  into"  or  out  of  trapped  orbits  instead  of 
being  knocked  into  them.  In  any  case,  the  resulting  contributions  to  charge 
density  cannot  be  calculated  by  the  collisionless  theory  used  here. 

Since  the  assumption  has  been  made  (Sec.  II)  that  all  such  po¬ 
tential  wells  are  unpopulated,  the  results  of  this  investigation  may'  be  of  re¬ 
stricted  use  to  the  experimenter  in  any  situation  where  these  results  predict 
the  existence  of  potential  wells.  An  exception  to  this  will  occur  if  an  experi¬ 
mental  situation  arises  in  which  the  population  of  these  orbits  can  be  shown 
to  be  negligible.  It  may  be  argued  that  this  occurs  for  a  cylindrical  probe; 
even  when  the  lezgth-to-diameter  ratio  of  the  probe  is  large  enough  for  the 
infinite-cylinder  results  obtained  here  to  be  useful,  the  trapped  particles 
may  still  be  expected  to  leak  out  of  the  ends  of  the  geometry  rapidly  enough  to 
prevent  appreciable  charge  accumulation.  Moreover,  if  the  plasma  is  flowing 
parallel  to  the  cylinder  axis,  nearly  all  trapped  particles  will  be  carried 
downstream  by  their  longitudinal  velocity. 

This  is  a  fortunate  coincidence,  because  the  cylindrical  probe 
can  be  shown  to  be  always  surrounded  by  trapped  orbits,  which  exist  everywhere 
outside  a  certain  radius  .  Substitution  of  0  a  l/r,  the  asymptotic  potential 
for  large  radii,  into  expression  (8.6)  gives  a  form  for  Eq  whose  radial  deriva¬ 
tive  is  always  positive  in  the  case  of  the  attracted  species.  As  the  probe 
potential  is  increased,  the  innermost  radius  of  these  trapped  orbits  moves  out¬ 
ward.  At  sufficiently  large  probe  potentials,  a  second,  inner  family  of  trapped 
orbits  forms  adjacent  to  the  probe.  The  outer  boundary  of  this  family  then  moves 
outward  upon  further  increase  of  probe  potential. 

In  contrast  with  this  situation,  the  spherical  probe,  whose 
asymptotic  potential  0  Q  l/r2  is  steeper  than  that  for  a  cylinder,  develops 
only  the  inner  family  of  trapped  orbits.  In  both  the  spherical  and  cylindrical 
cases,  the  potential  in  the  vicinity  of  the  probe  will  be  more  shallow  in  form 
for  smaller  ratios  of  probe  radius  to  Debye  length,  and  the  inner  family  of 
trapped  orbits  will  begin  to  appear  at  smaller  probe  potentials. 

It  should  be  noted  here  that  qualitative  reasoning  of  the  type 
presented  above  to  argue  for  the  non-population  of  trapped  orbits  around  a 
cylindrical  probe,  is  often  dangerous.  The  final  answer  to  this  question  must 
ultimately  come  from  a  more  complete  theory  or  from  experiment. 

Although  ti»e  collisionless  theory  developed  here  cannot  be  used 
to  predict  the  effect  on  the  collected  current  of  trapped-orbit  population,  an 


argument  may  be  advanced  to  suggest  whether  the  effect  will  be  to  increase  or 
decrease  the  collected  current  in  any  given  case.  If  trapped  orbits  near  the 
probe  are  populated,  the  density  of  the  attracted  species  will  be  locally 
increased.  Examination  of  the  Poisson  equation  (4.3)  shows  that  the  magnitude 
of  V?#  near  the  probe  will  be  increased,  tending  to  increase  the  curvature  of 
the  potential  well  near  the  probe  and  hence  to  cause  the  potential  well  to 
steepen  and  contract.  Particles  which  would  otherwise  have  orbited  into  the 
probe  will  miss  it  and  the  collection  of  the  attracted  species  will  be  decreased. 

This  argument  is  subject  to  the  same  warning  as  the  preceding 
argument.  However,  it  may  be  made  more  convincing  by  examination  of  a  related 
effect.  Calculations  have  been  carried  out  in  this  investigation  for  the  case 
in  which  the  distribution  for  repelled  particles  is  replaced  by  one  corresponding 
to  the  simple  "Boltzmann  factor"  lav  (Eq.  13.13)*  This  situation  corresponds 
to  repelled  particles  which  are  not  absorbed  or  annihilated  at  the  probe  sur¬ 
face  but  simply  "reflected"  by  it.  These  calculations  are  discussed  in  greater 
detail  in  Sections  XIII  and  XV;  their  relevance  here  is  that  they  correspond  to 
an  increase  in  the  density  of  the  repelled  rather  than  the  attracted  particles 
near  the  prObe  and  therefore  constitute  the  converse  of  the  effect  of  populating 
the  trapped  orbits.  As  is  shown  in  Sec.  XV,  the  attracted-species  current  is  in 
all  such  cases  increased  above  corresponding  values  calculated  for  a  completely 
absorptive  probe.  Therefore,  if  trapped-orbit  population  increases  the  attracted 
species  density  near  the  probe,  we  may  indeed  suspect  that  the  attracted-species 
current  will  decrease.  In  other  words,  the  results  presented  here  will  in  thisT 
case  form  an  upper  bound. 

There  is  one  respect  in  which  the  two  situations  discussed  here 
will  fail  to  be  the  converse  of  each  other.  In  the  "reflecting  probe"  situation, 
the  increment  in  charge  density  will  have  its  largest  value  at  the  probe  surface, 
whereas  if  trapped  orbits  are  populated,  the  maximum  increment  will  occur  at  a 
certain  distance  from  the  probe.  Furthermore ,  an  increase  in  attracted-particle 
density  will  change  the  potential  everywhere,  and  situations  may  be  envisioned 
in  which  the  change  is  such  as  to  increase  rather  than  decrease  the  current 
collection. 


IX.  BOH-DDCKSIOHAL  EQUATIONS  -  SHffiRICAT  PROBE 

In  order  to  discard  unnecessary  groups  of  symbols  and  make 
easier  the  task  of  constructing  a  computation  scheme,  we  now  rewrite  the  ex¬ 
pressions  developed  in  Chapter  VII  in  nondimensionai  form.  We  therefore  intro¬ 
duce  the  following  dimensionless  quantities; 


£  -  B/kT 

0  -  J2/2»  Rp2  kX 
x  *  Rp/r 


*  *  .  0 
P 


Ze^/kT 


iC 


2. 

z; 


T1  -*  p/Poo  *  */*  oo 

V  •  v  (WW)*  (9.1) 

f  *  f/H„  (KT/mp/2 

r-Rp2/^2 
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The  Maxwell  velocity  distribution  (7-12)  becomes 


f  =  (1/27 r)3/2  e“& 

The  mono- energetic  distribution  (7.13)  becomes: 


(9.2) 


f  = 


From  (7.1*0;  we  have: 


5(P  -  V 

47 r  n/2  0m 


(9-3) 


(9.*+) 


Equation  (7-8)  for  the  density  of  either  species  of  charged  particle,  becomes: 

(9.5) 


t,  =  -  c^2  vj  dfi  f(0)  |  0  -  X  -  An  (0)  x2  j  2 


0  n 

Poisson's  equation  (4.3)  reduces  to: 

7  ^net 


dx2 


x 


(9.6) 


Equation  (4.4)  becomes: 

\et+ 


(9.7) 


Equations  (6.4)  and  (8.6)  become: 


_1  & 
2x  dx 


x  dX 
2  dx 


(9.8) 


The  above  equations,  (9.2)  to  (9*8),  together  with  appropriate 
te^ts  on  the  potential  x  and  its  derivatives  in  order  to  find  the  proper  values 
V*  i)n(8} v  define  the  iterative  scheme  necessary  to  carry  out  the  calculations. 

"he  current  collection  (7.10)  becomes: 

i  -  4  e  ?  (e)  0;  (p)  (9.9) 

If  electron  current  at  plaa^ia  potential  is  used  as  a  reference, 
the  net  current  equation  (7.1l)  becomes: 


‘r.»t  "  W^U  ‘  l-  *  l*  (V*7)i  (9-10a) 

A  convenient  reference  current  for  the  ions  is  that  ion  current 
which  would  be  collected  by  a  probe  at  plasma  potential  if  the  effective  tempera¬ 
ture  of  the  ions  were  the  same  as  that,  of  the  electrons .  If  we  define  the  ion 
current  rtondimensi  onalited  in  this  manner  as  i+~ ,  we  obtain: 
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i+.  =  i+  (\)= 

The  momentum-energy  boundaries  fln(f3)  may  take  any  one  of  four  i'<rms.  ^  X, 

is  the  nondimensional  form  of  the  cutoff  boundary  relation  (8.5): 

Vp>  -  &  -  *«  >/** 

The  second  corresponds  to  the  probe  surface  cutoff  boundary*'  #  % 

Vp>  ■*-  xp  . 

\  The  third  and  fourth  cors&spond  respectively  to  zer<» 
momentum  and  to  the  locus  of  extrema: 

0n(P)4:0  CSjW-^S 

nnO)  =  fi60> 

When  these  expressions  are  substituted  into  Eqs.  (9.5)  .and 
or  their  cylindrical  analogues  Eqs.  (ll.2)  3M  (11.4),  the  first  thre 2  <4.  them  **o- 
duce  integrals  in  0  that  may  be  evaluated  anafctically.  Expression  (£  .14)  prf 
duces  integrals  that  must  be  evaluated  numerically,  but  may  first  be  transform*,  dt 
into  integrations  over  radius. 

These  integrations  are  carried  out^  detail  in  Appendix  E. 


i*. 


0" 

A  *  v  .v 

/!$.  -1 

O'-.-.v 

From  the  definitions  of  77g  and  x  >  we%-tain  the  following 
lation  between  the  potential  nondimensionalized  in  tera^L^f  ion  energy  aril 
terms  of  electron  energy: 

X.  =  -X+  %  *N%  ( 

'  <r 


Finally,  from  the  definitions  of  7Tg  and  y  ,  and  making  use  of  thfcr^asma  neu¬ 
trality  condition  (3.l)>  we  obtain  the  following  relation  betweenptoe  ratios 
probe  radius  to  ion  and  electron  Debye  lengths:  ^s. 


ma  neu- 
ratios  of. 


■■■(?)“ 


Z.  «co_T+ 

7+  =  -5 -  y  =  y  7 7> 

z;  vT- 


(9.16) 


X.  CYLINDRICAL  PROBE 

r 

For  the  cylindrical  probe,  it  is  convenient  to  empLg>  the  usual 
coordinates  r,  0,  z.  The  number  density  of  either  species  of  parti "le  is  then 
given  by:  % 


■n 

N(r)  =  f(r,  v)  dv  dv  dv 
—  j  —  —  r  »  2 


(10.1) 


The  appropriate  constants  of  the  motion  are  the  enerfi  3  and 
angular  momentum  J  of  transverse  motion  in  the  (r,0  )  plane,  and  the^^locity 
vz  of  motion  parallel  to  the  cylinder  axis.  E  and  J  are  given  in  teres  of  vr 
and  vQ  by  expressions  similar  to  Eq.  (7*3)* 
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It  is  useful  to  define  a  reduced  velocity  distribution  as 


f  (E 


,  j)  -  r  f(s,  v jdv 


(10.2) 


-"We  then  proceed  as- in  the  spherical  case,  observing  that  the  same  discussion 
jjbput  the  limits  of  integration  on  vr  and  vg  ,  and  hence  on  E  and  J,  applies 
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(10.3) 


(10.4) 


J=Jn(E) 


(10.5) 
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d  E  f. 


WE>  I 


arc  sin 


2mr2  (E-Ze#(r)  )- 


(10.6) 


In  Eqs.  (10.4)  to  (10.6),  the  quantities  K,  Kjj,  and  Qn  are  as  defined  in  Sec. 
^  VII. 


The  collected  current  per  unit  probe  length  is 


I  =  2ttt  Ze  /  fVK0  (r,-H  Vr  d 


Jr=E 


(10.7) 


4irZe 


/E— 00 

J  f(E)J1(E) 


(10.8) 


The  velocity  distribution  that  is  Maxwellian  in  transverse  potion  is 

-E/kT 

*«  -  *•  1ST  e 

The  velocity  distribution  that  is  mono-energetic  in  transverse  motion,  is 


(10.9) 
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(10.10) 


?(E)  =  B(E  -  Ejj) 

As  before,  we  equate  collected  currents  at  plasma  potential  in 
order  to  fix  E^.  We  first  observe  that  if  V  is  the  average  velocity  of 
particle  motion  transverse  to  the  cylinder  axis,  rather  than  the  average 
velocity  of  three-dimensional  motion,  then  the  number  of  particles  striking 
the  probe  surface  per  unit  area  per  unit  time  is  Nv/v  rather  than  Nv/4. 

Equating  currents,  we  obtain: 

EM  =  -^  kT  (10.11) 

for  the  cylindrical  probe. 


XI.  NON-DIMEKSIONAL  EQUATIONS  -  CYLINDRICAL  PROBE 

We  define  a  non-dimensional  velocity  distribution  in  terms  of 
the  reduced  distribution  (10.2): 


1  ~  No,  m 


Equation  (10.6)  becomes: 

n 


0 


Poisson's  equation  becomes: 


2 

p 00  r-i  \  r  SI  X  i  ^ 

=  2  J  d0  f(p)  ^  sin| 


n 


f  (x|i  )  =  - 
dx  dx  '  x3 

The  current  collection  equation  (10.8)  becomes: 


=  4(tt)2  f  d£  f(p)  (flx(p)  )^ 
J- 


The  Maxwell  distribution  (10.9)  becomes: 

~  1-6 
f=  7  ep 
2tt 

The  mono-energetic  distribution  (10.10)  becomes: 

6(p  -  eM) 


where : 


f  = 


ft  -  I 
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(11.1) 

(11.2) 

(11.3) 

(u.*0 

(11.5) 

(11.6) 

(11.7) 
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XII.  THE  LIMIT  OF  ZERO-TEMPERATURE  RE  PET, I  JIT)  J&RTICLES 


A  frequently  occurring  experimental  situation  is  one  in  which 
the  ion-to-electron  temperature  ratio  is  very  small  compared  to  unity.  In  such 
situations,  the  positive  half  or  electron  collection  part  of  the  probe  character¬ 
istic  becomes  very  difficult  to  calculate.  The  ions,  which  in  this  case  are 
the  repelled  species,  have  relatively  little  thermal  energy  and  are  turned  back 
jy  a  correspondingly  small  rise  in  potential.  The  ion  density  falls  to  zero 
very  rapidly  as  the  sheath  is  entered,  and  the  sheath  edge  tends  to  become 
very  sharply  defined.  Calculations  of  electron  current  were  found  to  become 
very  sensitive  in  these  cases.  Since  these  calculations  were  considered  to  be 
of  substantial  value,  it  was  decided  to  consider  the  limiting  case  of  zero  repelled- 
species  temperature  and  modify  the  computation  scheme  to  obtain  the  correspond¬ 
ing  attracted- species  current  results .  These  would  then  form  end-point  data 
for  results  obtained  at  progressively  decreasing  Repelled- species  temperatures. 

This  modified  computation  scheme  is  described  here. 

We  first  examine  certain  expressions  for  number  density  N(r)  as 
a  function  of  potential  0( r),  derived  in  detail  in  Appendix  E.  For  the  repelled 
species  (Ze0p>O),  these  expressions  are  given  by  Eq.  (E.39)  for  the  spherical 
probe  and  by  Eq.  (E.92)  for  the  cylinder.  Examination  of  these  expressions 
shows  that  for  probe  potentials  much  larger  than  the  repelled- species  "thermal 
energy,  they  both  reduce  to: 

N/N^  =  (12.i) 


This  dependence  is  of  the  same  form  as  that  prediced  in  general 
by  equilibrium  thermodynamics.  In  the  limit  T  -*0,  the  value  of  N  given  by 
Eq.  (l2.l)  is  zero  for  Ze0  positive,  and  indeterminate  for  Ze0  zero.  The  region 
outside  the  probe  is  therefore  split  by  a  sharply  defined  sheath  edge  into  two 
regions:  a  plasma  in  which  0  vanishes  exactly  everywhere  and  the  density  of 
repelled  particles  is  exactly  equal  to  the  density  of  attracted  particles;  and 
a  sheath  where  0  rises  to  its  value  at  the  probe  and  from  which  repelled  particles 
are  completely  excluded.  The  density  of  repelled  particles  falls  discontinuously 
to  zero  as  the  sheath  is  entered.  The  electric  field  is  continuous  across  the 
sheath  edge  since  no  mechanism  exists  which  can  produce  an  infinite  charge 
density  there  or  anywhere  else  outside  the  probe.  Therefore  0  and  d0/ dr  both 
vanish  at  the  sheath  edge;  the  inward  flux  of  attracted  particles  at  this 
radius  is  entirely  due  to  their  random  thermal  motion.  The  density  of  the 
attracted  species  outside  the  sheath  is  affected  by  the  depletion  of  these  particles 
by  the  probe,  but  since  electric  fields  are  zero  in  this  region,  this  density 
no  longer  influences  the  rest  of  the  problem.  The  flux  of  attracted  particles 
reaching  the  probe  is  therefore  dependent  only  on  the  potential  distribution  in 
the  sheath,  and  not  on  conditions  outside  it.  Computations  of  potential  and 
charge  density  therefore  need  to  be  carried  out  only  inside  the  sheath.  The 
sheath  edge  radius  is  not  known  in  advance,  but  since  no  electric  fields  may 
penetrate  past  the  sheath  edge  into  the  plasma,  its  position  must  adjust  it¬ 
self  until  the  total  space  charge  within  the  sheath  exactly  cancels  the  charge 
on  the  probe.  This  condition  is  equivalent  to  the  vanishing  of  d0/dr  at  the 
sheath  edge. 

,  These  considerations  serve  to  define  a  boundary  value  problem  in 
which  not  only  the  potential  and  charge  density  distributions  but  also  the  position 
of  one  boundary,  the  sheath  edge,  must  be  found  as  part  of  the  solution,  ^his 
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problem  is  solved  here  in  order  to  calculate  the  collected  current  in  the  limit 
of  zero-temperature  repelled  particles.  Figure  9  shows  qualitatively  the  forms 
of  potential  and  charge  densities  as  functions  of  radius.  The  subscript  3  is 
here  defined  as  referring  to  the  sheath  edge  radius. 


The  modified  solution  scheme  used  to  calculate  the  collected  curr 
ents  is  as  follows.  The  boundary  condition  for  (d0/dr)g  is  relaxed.  For  a 
given  charge  distribution,  the  boundary  conditions  0-4  0p  as  r  -» Rp  and  0g  -  0 
then  serve  to  define  a  well-posed  two-point  boundary  value  problem  for  Poisson’s 
equation.  (The  solution  is  derived  in  detail  in  Appendix  D.)  An  initial  trial 
value  is  assumed  for  the  sheath  edge  radius  Rg.  An  iterative  procedure  is 
carried  out,  as  in  the  general  case,  to  obtain  the  potential  as  a  function  of 
radius,  and  the  collected  current.  The  value  thus  obtained  for  the  sheath  edge 
potential  gradient  (d0/dr)B  is  used  to  decide  whether  the  assumed  sheath  edge 
radius  is  too  large  or  too  small.  A  second  trial  value  of  Rg  is  computed  and 
the  process  is  repeated.  When  a  sheath  edge  position  is  found  which  produces  a 
sufficiently  small  sheath  edge  potential  gradient,  the  calculation  is  stopped. 

The  method  for  calculating  the  density  of  attracted  particles 
must-  be  modified  in  the  presence  of  the  zero-potential  sheath  edge,  in  order 
to  examine  why  this  is  so,  we  substitute  the  sheath  edge  boundary  condition 
0(Rb)  =  0  into  the  cutoff  boundary  expression  given  by  Eq.  (8.5)  and  use 
Eqs.  (9.1)  to  convert  the  resulting  expression  into  non-dimensional  form.  We 
then  obtain  the  following  expression  for  the  sheath  edge  cutoff  boundary  in 
the  (ft,  3)  plane; 

E  -  ftxB2  (12.2) 

This  boundary  appears  in  Fig.  10  as  a  straight  line  having 
positive  slope  and  passing  through  the  origin.  No  particles  coming  from 
infinity  can  reach  the  sheath  edge  having  an  angular  momentum  and  energy 
corresponding  to  any  point  below  this  line.  Therefore,  in  order  tc  influence 
the  current  and  charge  density,  the  locus  of  extrema  must  now  not  only 
enter  the  first  quadrant  of  the  (ft.  p)  plane,  but  must  also  rise  above  this 
line.  Figure  10  shows  the  resulting  changes  that  will  occur  in  Pigs.  3&  and 
6c.  As  in  Sec.  VIII,  it  is  instructive  to  identify  the  integration  paths 
J^(E)  and  Jg(E)  with  the  corresponding  loci  in  Fig.  10.  In  Figs.  10a  and  10b, 
J-j_(E)  is  represented  by  the  loci  ACF  and  ACHF,  respectively;  JglE)  is  repre¬ 
sented  by  the  paths  ABG  and  ACBG,  respectively.  Once  again,  it  should  be  noted 
that  these  particular  configurations  are  only  a  small  sample  of  the  many  that 
are  possible.  ■ , 

Using  Fig.  10a  and  the  notation  developed  in  Appendix  E,  we 
obtain  the  following  expression  for  the  maximum  current  of  collisionless 
attracted  particles  that  may  be  collected  by  a  probe  in  the  presence  of  the 
zero-potential  sheath  edge  at  the  location  x  =  xgs 

i  i2  (6C)  +  ix  (PC)  (12.3) 


where  &q  is  the  value  of  0  corresponding  to  the  intersection  between  the  lines 
3  =  ftxB*  and  £  =  4  ft?  which  is  therefore  given  by; 


(12.4) 
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For  the  spherical  probe,  we  substitute  Eqs.  (E„3^)  and  (E.35) 
into  Eq.  (12.3)  to  obtain: 

i  =  ^  (i  .  (pc  +  1)  e"PC)  +0C  -  Xp  +  l)e'PC  (12.5) 

For  the  cylindrical  probe,  we  substitute  Eqs.  (E.  89)  and  (E.90) 

to  obtain: 

e  Pc[  fa  *  *p  +  Xp) 

(12.6) 

These  expressions  give  the  maximum  values  of  collected  current 
that  can  be  drawn  from  a  concentric  outer  boundary  for  a  given  boundary  radius 
and  potential  difference  between  the  inner  and  outer  boundary,  when  the  outer 
boundary  emits  collisionless  Maxwellian  particles  inward.  An  expression  equi¬ 
valent  to  Eq.  (12.5  )  has  been  derived  by  Medicus  (Ref.  30)*  For  large  values 
of  Rg/Rp  expressions  (12.5)  and  (12.6)  approach  the  orbital-motion-limited 
current  expressions  (E.43a)  and  (E.94a),  respectively.  For  values  of  Rg/Rp 
only  slightly  greater  than  1,  they  reduce  to  the  usual  expressions  for  current 
increase  as  a  function  of  sheath  edge  radius  in  which  it  is  assumed  that  all 
particles  entering  the  sheath  strike  the  probe.  Large  values  for  Rg/Rp  may  be 
expected  to  occur  if  the  probe  diameter  is  small  compared  to  the  attracted- 
species  Debye  length  (Rp  «  Ag)  and  the  probe  potential  is  large;  Rg/Rp  will 
be  close  to  1  if  Rp  »  Ag. 

The  currents  given  by  Eqs.  ( 12 . 5 )  and  (12.6)  in  terms  of  sheath 
edge  location  are  upper  bounds  for  the  current  values  calculated  here  by  the 
solution  scheme  described  above.  These  upper  bounds  are  never  actually  attained 
* (for  a  given  sheath  edge  location)  because  barriers  of  effective  potential 
are  always  present  within  the  sheath.  This  is  because  there  will  always  be  a 
region  just  inside  the  sheath  edge  in  which  the  potential  varies  more  steeply 
with  radius  than  an  inverse  square  law.  (This  happens  in  spite  of  the  fact 
that  the  potential  gradient  approaches  zero  at  the  sheath  edge.)  This  is 
equivalent  to  the  statement  that  the  locus  of  extrema  always  enters  the  region 
ft  >  0,  0>  ft  xg2.  The  latter  may  be  proven  by  noting  that  at  x  «  xg, 

X  =  dx/dx  *  0  and  d2x/dx2  <.  0,  and  substituting  this  informatioh  into  Eqs. 

(9.8)  for  ft(j  and  0G. 

In  the  limit  of  large  Rp/^g*  the  sheath  lies  close  to  the  probe 
surface  and  is  well  approximated  by  a  planar  situation  in  which  all  particles 
entering  the  sheath  strike  the  probe.  The  collected  current  can  then  be  cal¬ 
culated  if  the  sheath  edge  radius  alone  is  known,  and  the  sheath  edge  radius 
can  be  obtained  from  the  solution  of  the  planar  Poisson  equation.  This  solu¬ 
tion  is  derived  in  Appendix  F  for  the  case  in  which  the  particles  being 
attracted  into  the  sheath  are  Maxwellian.  At  large  probe  potentials  the  form 
of  the  solution  curve  is  asymptotic  to  the  familiar  Child-Langmuir  sheath 
relation.  Since  this  relation  does  not  correctly  predict  the  form  of  the  sheath 
potential  at  small  potentials,  a  finite  difference  between  the  sheath  edge 
radii  predicted  by  the  Child-Langmuir  and  the  exact  solutions  will  persist 
ever,  at  large  probe  potentials. 
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If  either  the  spherical  or  cylindrical  mono-energetic  distribu¬ 
tions  (Eqs.  (9*3)  and  (11.6),  respectively)  are  substituted  in  place  of  the 
Maxwellian  in  Appendix  F,  and  the  corresponding  calculations  are  repeated, 
sheath  potentials  will  result  which  are  different  than  the  one  derived  there. 

These  can  also  be  shown  to  be  asymptotic  to  the  Child-Langmuir  result,  so  that 
the  above_ remarks  apply  once  again. 

These  spherical  and  cylindrical  mono-energetic  distributions 
will  produce  sheath  potential  shapes,  even  in  the  large-probe  limit,  that  differ 
from  each  other  as  well  as  from  the  Maxwellian  result.  This  is  because  the 
cylindrical  distribution  of  Eq.  (li.6)  is  mono-energetic  in  transverse  motion 
only.  The  spherical  distribution  of  Eq.  (9*3)  forms  a  spherical  shell  in  velocity 
space;  on  the  other  hand  the  distribution  corresponding  to  Eq.  (11.6)  forms  a 
cylindrical  shell.  No  distribution  of  longitudinal  velocity  exists  which  can 
make  the  two  equivalent. 


XIII.  MONO-ENERGETIC  ATTRACTED  PARTICLES;  THE  PLASMA  APPROXIMATION 

It  has  been  indicated  earlier  (Sec.  IV)  that  other  authors  have 
substituted  a  mono-energetic  model  for  the  velocity  distribution  of  the  attracted 
species,  in  place  of  the  more  realistic  Maxwellian,  in  order  to  reduce  the  pro¬ 
blem  from  a  system  of  integral  equations  to  an  ordinary  differential  equation 
and  make  the  task  of  obtaining  numerical  results  substantially  easier.  Since 
one  of  the  goals  of  thi§. research  has  been  to  display  explicitly  the  effects 
of  this  approximation  by  {Comparing  the  results  with  those  for  the  Maxwellian  case, 
a  routine  for  calculation  of  the  density  of  mono-energetic  attracted  particles 
has  been  incorporated  into  the  computing  program.  This  subprogram  operates 
within  the  iterative  scheme  designed  for  the  Maxwellian  case.  One  practical 
benefit  that  has  resulted  has  been  the  use  of  this  subprogram  to  provide  a  very 
good  first  approximation  for  the  Maxwellian  case,  which  is  much  more  expensive 
in  computation  time.  This  has  resulted  in  a  substantial  reduction  in  the  total 
computation  time  required  to  obtain  the  Maxwellian  results. 


Furthermore,  the  Maxwellian  and  mono-energetic  distributions 
coalesce  in  the  zero-temperature  limit,  so  that  the  zero- temperature  mono- 
energetic  results  provide  an  end  point  for  curves  of  collected  current  vs 
attracted- specie s  temperature  for  either  distribution. 

We  therefore  include  here  a  brief  derivation  of  the  expressions 
for  the  density  of  mono-energetic  attracted  particles.  Apart  from  notation, 
many  of  these  expressions  are  substantially  the  same  as  those  developed  in  Ref. 
5. 


For  the  spherical  probe,  substitution  of  Eq.  (9*3)  into  Eqs. 
(9*5)  and  (9*9)  gives: 
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where 


PM  7 r 


For  the  cylindrical  probe,  substitution  of  Eq.  (11.6)  into  Eqs. 
(11.2)  and  (11.4)  gives: 
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In  both  the  spherical  and  the  cylindrical  cases,  the  locus  of 
extrema  normally  has  the  general  appearance  shown  in  Figs.  5b  and  6,  with  two 
exceptions:  first,  the '"upper  cusps  shown  in  these  diagrams  are  generally  ab¬ 
sent  for  small  probe  potentials  or  large  probe  radii  because  the  potential  in 
these  cases  will  remain  steeper  than  an  inverse  square  law  near  the  probe  (no 
inner  family  of  trapped  orbits);  second,  for  the  spherical  probe  the  lower 
cusp  usually  vanishes,  because  in  contrast  with  the  cylinder,  the  potential  will 
remain  steeper  than  an  inverse  square  as  radius  increases.  In  this  case  the 
locus  of  extrema  corresponding  to  large  radii  becomes  tangent  to  the  Q  axi's  as 
shown  in  Fig.  7a. 

As  is  shown  in  Fig.  6,  as  the  radius  increases,  the  cutoff  line 
(shown  as  DE  in  Fig.  6b)  moves  downward  and  to  the  right,  and  its  point  of 
tangency  D  (Fig. 6b)  moves  downward  along  the  locus  of  extrema.  Two  cases  may 
be  distinguished:  at  smaller  radii,  D  is  above  the  energy  level  This 
energy  level  would  appear  as  a  fixed  horizontal  line  in  Fig.  5b  and  Figs.  6a  to 
6c  but  is  not  included  since  these  diagrams  have  not  been  drawn  for  a  specific 
distribution  function.  This  line  would  then  intersect  the  segment  CD  of  the 
locus  of  extrema  in  Fig.  6b.  Corresponding  to  this  situation  it  is  evident 
from  the  definitions  of  fli(P)  and  ftg(P)  that  we  have  Oi(D||)  «  ty>(f*M)  “  %(^m) 
At  larger  radii,  D  goes  below  the  energy  level  Djij.  In  this  case,  a  line  repre¬ 
senting  this  energy  level  would  intersect  both  the  segment  DH  of  the  locus  of 
extrema  and  the  cutoff  boundary  DE  in  Fig.  6.  Corresponding  to  this  situation 
we  have  8^(0^)  =  %(%)  w®*  %(®m)  *  (0M"*)/X  •  *n  cases,  Op  *  0, 
a  =  =  -1  and  Qg  =  2.  If  we  define  x^  as  the  value  of  x  at  which  the  point 

or  tangency  is  at  energy  {3u,  we  then  obtain  for  the  sphere,  from  Eq.  (I3«l): 


a  =  q,  =  -i  and  Qg  =  2.  If  we  define  x^  as  the  value  of  x  at  which 
or  tangency  is  at  energy  {3^,  we  then  obtain  for  the  sphere,  from  Eq. 
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Similarly,  for  the  cylinder  we  obtain  from  Eq.  (13.2): 


(13.3) 
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The  radial  coordinate  may  be  given  a  physical  interpretation 
by  noting  that  for  radii  smaller  than  the  one  corresponding  to  this  value, 

Oi(0n)  *  &2(0|()»  in  other  words,  all  particles  that  exist  at  these  radii  strike 
the  probe.  The  quantity  X34  therefore  corresponds  to  an  absorption  radius  for 
the  mono-energetic  attracted  particles;  any  of  these  particles  that  have  small 
enough  angular  momentum  to  allow  them  to  come  inside  this  radius  are  collected 
by  the  probe  (Fig.  4a).  If  the  distribution  function  . is  poly-energetic,  a 
continuum  of  such  radii  exists,  one  for  each  energy  level  in  the  distribution. 
These  radii  decrease  as  the  corresponding  energy  increases.  For  particles 
possessing  sufficiently  high  energies,  no  absorption  radius  exists;  collection 
of  these  particles  is  orbital-mot ion -limited.  In  situations  such  as  that  of 
Figs.  5  and  6,  where  the  locus  of  extrema  goes  through  a  maximum  and  an  inner 
family  of  trapped  orbits  exists  mar  the  probe,  there  also  exists  near  the  probe 
a  region  containing  no  absorption  radii. 


The  cutoff  boundary  0  *  %(xj|)  +  Ax^2  corresponding  to  the 
radial  coordinate  is  tangent  to  the  locus  of  extrema  Aq(£)  at  the  point 
Pm);  therefore,  at  x  *  we  have: 
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The  first  of  these  conditions  implies  that  the  second  bracketed 
quantity  in  Sq.  (13*3)  vanishes  at  x  ■  xg,  and  that  the  bracketed  quantities 
in  Eq.  (13.4)  are  equal  to  unity  at  x  ■ 

In  order  to  derive  the  Bernstein  and  Fabinowits  differential 
quations  for  potential  as  a  function  of  radius,  we  identify  the  attracted 
species  with  the  ions,  and  we  define  new  non-dimensional  radii  and  ion  currents. 
Me  assume  that  the  probe  potential  is  negative,  or  ion  attracting,  and  that  it 
is  much  greater  in  magnitude  than  the  electron  energy. 1  We  use  as  reference 
radius  the  electron  Debye  length  *  (c  kX_/q-2^J$  *nd  as  reference  current, 
the  ion  current  that  would  be  collected  by  a  sphere,  or  by  unit  length  of 
cylinder,  having  a  radius  of  one  electron  Debye  length  ir  the  ions  were  Max- 
welllsn  and  their  effective  temperature  (Sec .III)  were  equal  to  that  of  the 
electrons.  For  the  sphere  and  cylinder,  respectively,  the  non-dimensional 
currents  i*  referred  to  these  reference  currents  are: 
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We  note  that  Eqs.  (13.3)  an*  (13.**)  contain  the  expression  x+/Pm*  ^kls  becomes: 


(13.7) 


The  new  quantity  0*  defined  by  Eq.  (13*7)  represents  non-dimen¬ 
sional  energy  for  the  mono-energetic  ions,  now  referred  to  the  temperature  of 
Maxwellian  electrons  rather  than  to  the  temperature  of  a  corresponding  distribu- 
*  tier  of  Maxwellian  ions  as  in  earlier  Sections.  The  quantity  0jf,  which  is  the 
ratio  E+/kTj ,  is  therefore  not  contained  in  the  definition  of  0*.  For  singly 
charged  ions,  as  is  usually  the  case,  0*  is  identical  to  the  quantity  0  used  in 
Ref.  5. 


We  also  note  that  X->Ofor  all  x. 

We  define  a  new  radial  variable  (  as  follows: 
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We  substitute  Eqs.  (13.6)  to  (13*8)  into  Eqs.  (13*3)  and  (13. 5) 
to  obtain  for  the  spherical  case: 
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For  the  cylinder,  we  obtain  from  Eqs.  (13*^)  and  (13*5): 
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Expressions  (13*9)  and  (13.10)  are  in  a  form  equivalent  to  those 
derived  by  Bernstein  and  Rabinowitz  (Ref.  5)  for  ion  density.  By  comparing 
Eqs.  (13*9)  and  (13.10)  with  their  Eqs.  (3*0  and  (51),  it  is  possible  to  obtain 
expressions  for  their  nondimens ional  current  l  in  terms  of  the  quantities  de¬ 
fined  here.  For  the  sphere  and  cylinder,  respectively,  these  are: 


*0  (13.11) 

i*u 

The  second  expression  in  Eq.  (13. 11)  illustrates  the  reason  why 
Bernstein  and  Rabinowitz  were  unable  to  display  solution  curves  for  the  cylindri¬ 
cal  probe  for  the  case  B*  *  0,  which  is  a  nonsingular  limit  of  Eq.  (13.10);  they 
nondimensionalized  their  ion  current  using  a  reference  current  which  is  a  func¬ 
tion  of  B*.  As  B*  — *  0,  their  nondimensional  current  V  becomes  infinite  for  a 
given  probe  potential  x„_  and  probe  radius  |p,  whereas  the  actual  current 
collected  is  finite.  ? 


In  terms  of  the  radial  variable  £  ,  Poisson’s  equation  (4.3) 
becomes,  for  the  sphere  and  cylinder,  respectively: 


1  d  f.c  dX-  \ 
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From  Eqs.  (E.39)  and  (E.92),  we  obtain  for  x.p  »  1*  the  follow¬ 
ing  expression  for  electron  density:  p 

n.  =  «"*■  (13.13) 


This  approximation  together  with  Eqs.  (13*9)  to  (13*12)  con¬ 
stitutes  the  Bernstein  and  Rabinowitz  differential  equations  for  potential  vs 
radius,  for  the  sphere  *nd  cylinder.  This  expression  for  the  electron  density 
would  also  be  correct  for  small  repelling  probe  potentials  in  the  hypothetical 
case  of  a  probe  which  reflected  aU  electrons  which  struck  it,  because  the 
electrons  would  then  not  be  depleted  by  the  probe  and  would  be  in  thermodynamic 
equilibrium;  Eq.  (13*13)  coincides  with  the  well-known  distribution  correspond¬ 
ing  to  this  condition. 

If  the  limit  of  zero  ion  temperature ,  B*-*  0,  is  taken  in  Eq. 
(13*9) >  the  result  diverges  for  l>  for  \  <  (g,  we  obtain: 

n  -  —  -X- 

%  2jr  ?f5:  <«•») 

This  result  Implies  that  tg  -»  »  as  B*  -*0:  this  can  also  be 
proven  by  letting  B*-»  0  in  Eq.  (13.9b);  we  obtain  the  result  X.(l||)  this 
in  turn  Implies  t||  "♦*  •  **  Bernstein  and  Rabinowitz  have  pointed  outyEq. 
(13.ll*),  apart  from  notation,  is  identical  to  the  fora  which  Allen,  Boyd,  and 


Reynolds  (Ref.  6)  derived  by  assuming  that  the  ions  had  no  thermal  motion  and 
fell  radially  inward  from  infinity  under  the  influence  of  the  electric  field. 

The  form  of  Eq.  (13.1*0  indicates  that  the  solution  scheme 
developed  here  for  the  general  case  will  break  down  for  the  spherical  probe 
in  the  limit  of  zero  ion  temperature.  This  may  be  seen  by  noting  that  as 
|  -»oo  ,  we  require  tj+  -» 1;  we  observe  that  Eq.  (13.1*0  specifies  the  collect¬ 
ed  current  i  in  terms  of  the  limiting  behaviour  of  the  potential  x.  at  in* 
finite  radius.  Since  the  present  calculation  scheme  replaces  the  infinite 
plasma  by  a  finite  outer  boundary,  it  is  clear  that  the  scheme  will  fail  to  work 
in  the  limit  0*  -»0.  In  fact,  it  may  be  expected  that  the  calculation  scheme 
for  finite  ion  temperature  will  become  progressively  more  ill-behaved  as  ion 
temperature  decreases  because  the  form  of  the  potential  at  large  radii  will 
become  relatively  more  important.  This  expectation  has  been  borne  out  in  com¬ 
putations  for  the  spherical  probe  in  both  the  Maxwellian  and  the  mono-energetic 
cases  (Sec.  XV;  Appendix  H). 


-  -The  Bernstein  and  Rabinowitz  and  Allen,  Boyd  and  Reynolds  cal¬ 
cinations  do  not  have  this  difficulty  because  they  extend  to  infinite  radius. 
Neither  of  these,  however,  is  able  to  deal  with  a  Maxwellian  plasma  or  a  small 
probe  potential.  Therefore,  no  method  exists  at  present  to  adequately  treat 
these  cases  whan  the  ion  temperature  is  small.  However,  for  large  probe  po¬ 
tent  ■*al°.  the  Allen,  Boyd  and  Reynolds  equation  is  the  zero- ion- temperature 
limit  for  the  Maxwellian  as  well  as  for  the  mono- energetic  case.  Solutions  of 
this  equation  may  therefore  be  expected  to  provide  an  end  point  for  curves  of 
ion  current  vs  ion  temperature,  and  thereby  enable  graphical  determination  of 
ion  current  in  the  complete  range  of  temperatures  extending  to  zero. 


Accordingly,  a  numerical  solution  of  the  Allen,  Boyd  and  Rey¬ 
nolds  equation  has  been  carried  out  here  (Appendices  G  and  I)  in  order  to  pro¬ 
vide  these  limiting  values.  This  is  in  spite  of  the  fact  that  this  task  has 
already  been  carried  out  by  three  other  authors  (Refs.  5,  6  and  8);  none  of 
these  has  carried  out  calculations  in  the  complete  range  required  here,  and 
none  of  them  has  published  his  computer  program. 


A  qualitatively  different  situation  is  obtained  for  the  cylindri¬ 
cal  probe  if  the  limit  0*-»  0  is  taken  in  Eq.  (13.10);  we  note  that  does 
not  become  infinite,  and  that  the  expression  for  q+  does  not  approach  the 
expression  that  may  be  derived  by  assuming  that  the  ions  move  radially  inward 
(Ref.  8).  This  anomalv  has  been  a  source  of  concern  to  several  previous 
authors  (Reis.  6  and  8);  some  light  may  be  shed  on  it  by  studying  the  behaviour 
of  the  electric  potential  at  large  radii. 


For  the  sphere ,  we  assume  g  >  g)4,  g-*»  and  x.  -*  0,  and  approxi¬ 
mate  the  set  of  Bernstein  and  Rabinowitz  differential  equations  (13. 9),  (13.12) 
and  (13*13)  to  obtain: 
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If  X.  cr  g*®  ,  the  left  side  of  Eq.  (13.15)  a  g-^2)  and 
vanishes  to  order  N;  neither  bracketed  term  on  the  right  side  vanishes;  there¬ 
fore,  N  ■  2,  and  we  obtain,  to  second  order  in  g  : 
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Apart  from  notation,  this  result  is  the  same  as  that  obffined 
by  Bernstein  and  Rabinowitz  using  the  plasma  approximation.  ** 

If  P*  0,  the  coefficient  of  g“2  in  Eq.  (13.16)  vanislfcs,- 
and  the  leading  term  in  the  potential  for  large  radii  may  be  found  from  q. 
(13*i4)  by  noting  that  as  |  -»<»,  tj+  -*1;  this  gives:  f 
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For  the  cylinder,  we  confcine  Eqs.  (13.10),  (13.12)  and  (I&13) 
and  approximate  as  before  to  obtain:  * 
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For  finite  B  ,  x_  vanishes  in  comparison  with  p  in  the  limit 
of  large  radii;  once  again,  if  x  £"N,  the  left  side  vanishes  to  order  % 
we  obtain,  to  first  order  in  §  :**  t 
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To  obtain  the  leading  term  in  the  case  P  =  0,  we  proceed  to4; 

this  limit  in  Eq.  (13.18)  before  letting  %_  — »  0;  we  then  obtain:  | 


Examination  of  these  asymptotic  potentials  shows  that  in  the 
case  of  the  sphere,  the  potential  becomes  a  steeper  function  of  radius  in  the^ 
limit  of  zero  ion  temperature,  whereas  for  the  cylinder,  it  becomes  shallower.* 
Furthermore,  for  sufficiently  small  ion  temperatures  and  large  radii,  the  de-  % 
pendence  of  potential  on  radius  will  always  be  steeper  than  an  inverse  square  \ 
law  for  the  sphere,  and  shallower  for  the  cylinder. 

In  order  to  illustrate  the  significance  of  this  difference,  we 
consider  an  ion  of  zero  total  energy  and  zero  angular  momentum,  which  suffers 
a  small  deflection  while  failing  radially  inward  toward  the  probe  under  the  in¬ 
fluence  of  the  electric  field.  We  assume  that  this  ion  is  deflected  in  angle 
but  that  its  speed  is  unchanged;  i.e.,  its  total  energy  remains  zero  but  it 
acquires  a  finite  angular  momentum.  It  is  possible  to  show  (Fig.  4)  that  if  it 
is  moving  in  a  potential  steeper  than  an  inverse  square,  it  will  always  continue 
to  fall  inward  to  the  probe,  but  if  the  potential  is  shallower  than  an  inverse 
square,  and  the  ion  has  acquired  sufficient  angular  momentum,  there  exist r  a 
turning  poin*  in  its  orbit.  It  will  miss  the  probe  and  move  back  out  into 
the  plasma;  it  will  fail  to  be  collected. 


r 


In  any  physical  situation  all  of  the  ions  are  scattered  to  some 
extent  by  the  presence  of  other  particles  (Appendix  A)  and  will  in  general 
acquire  a  non-zero  distribution  of  angular  momenta.  If  this  distribution 
corresponds  to  one  isotropic  at  infinite  radius,  and  if  the  total  energy  of 
each  ion  remains  unchanged,  the  results  computed  here  for  the  cylinder,  which 
are  based  on  the  zero- ion- temperature  limit  of  Eq.  (13.10),  will  correctly  pre¬ 
dict  the  current.  Chen  (Ref.  8)  has  carried  out  zero-ion- temperature  cylindri¬ 
cal-probe  calculations  based  on  the  assumption  that  the  ions  have  zero  angular 
momentum  and  move  radially  inward.  His  results  may  be  expected  to  over¬ 
estimate  the  current  collection. 

Since  the  cold- ion  limit  gives  a  result  that  disagrees  with 
the  zero- ion- temperature  assumption  of  radially  inward  motion,  the  ion  tempera¬ 
ture  0  plays  the  role  of  a  singular  perturbation,  similar  to  that  of  the  in¬ 
verse  Reynolds  number  in  continuum  fluid  mechanics.  It  is  this  fact  that  Chen 
has  not  taken  into  account. 


Of  some  interest  in  studying  the  behaviour  of  the  potential  is 
the  "plasma  approximation"  or  "quasi-neutral  solution".  This  solution  is  Ob¬ 
'S  tained  by  observing  that  outside  the  sheath  the  ion  and  electron  charge  den- 
,  sities  approach  each  othefr  very  rapidly,  so  that  the  difference  between  the  two 
^  rapidly  becomes  much  smaller  than  the  magnitude  of  either.  Therefore,  the 
potential  obtained  by  making  the  approximation  of  equal  charge  densities, 

^  *4  =  r*.,  is  a  close  approximation  to  the  actual  potential. 


Using  this  approximation,  together  with  Eqs.(l3*9) >  (13-10)  and 
(13.13)}  and  solving  for  the  radius  5  ,  we  obtain,  for  the  sphere  and  cylinder, 
respectively: 

*  -£-3-  =  e“*-  JFTT  -  sg*  e-2*- 

■  &fir  r  * 

(13.21) 

Y  y-  =  0*  +  X_)2  sin  (7 re“x-) 

We  observe  that  in  both  cases,  the  radius  |  becomes  large  as 
tff^potential  x.  becomes  small,  as  expected,  but  that  |  also  becomes  large 
for  T^rge  x_*  This  means  that  for  a  certain  value  of  x->£  goes  through  a 
minimum,  and  the  potential  slope  dx_/d|  becomes  infinite.  This  suggests 
that  the  corresponding  radius  !  is  a  lower  limit  for  radii  at  which  the  plasma 
approximation  will  hold. 


It  is  of  interest  to  compare  the  value  of  x-  at  which  dx_/d£ 
becomes  infinite,  with  a  prediction  derived  by  Bohm  (Ref.  12)  that  at  the  sheath 
edge  x-  >  for  a  stable  sheath. 


V 


*  Pi 

differentiating  and  |”A  with  respect  to  X.  in  Eqs. 
and  (l§.^lb)  respectively,  and  equating  the  result  to  zero,  we  obtain 


♦J^^^jiowing  expressions  for  the  sheath  edge  potential  XgE: 


v 
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(13.22) 


\  -  (0*  +  Xsg)  +  2  e  ^  ^0*""(fi*"  +  Xse)'  =  0 


.  /  -*se<  -xse  ,  * 

tan  (ire  )  -  27 re  (p  +  XSe)  =  0 


Solving  Eqs.  (13.22)  numerically  for  the  value  of  XSE  associated 
with  a  given  p*  shows  that  Bohm's  criterion  is  fulfilled  in  all  cases.  For  the 
sphere,  Xgg  =  1/2  when  P*  =  0;  as  3*  increases  Xgg  first  increases,  then  maxi¬ 
mizes  for  P*  somewhat  less  than  unity,  then  decreases  toward  in  2  =  0.693*.. 
as  p*  becomes  large.  For  the  cylinder,  Xgg  is  slightly  less  than  unity  for  p*=0, 
and  decreases  to  in  2  as  (3*  becomes  large.  Therefore,  another  qualitative 
difference  between  the  sphere  and  the  cylinder  is  seen  to  exist;  fo>~  moderately 
small  p*,  the  rate  of  change  of  sheath  edge  potential  with  3*  is  positive  for 
the  sphere  and  negative  for  the  cylinder. 


Expressions  for  the  absorption  boundary  potential  and  radius  may 
be  obtained  by  substituting  the  expressions  for  |j,j  in  Eqs.  (13*9)  and  (13.10) 
into  Eq.  (13.21).  For  the  sphere,  this  procedure  gives: 


For  the  cylinder: 


=  in  2 


i*2 


,  9  7 r 

5M  ~  5  p*  +  in  2 


(13.23) 


(13-24) 


Expressions  ( 13.23)  and  (13.24)  show  once  again  that  for  the 
sphere,  the  absorption  boundary  moves  out  to  infinity  as  the  ion  temperature 
becomes  small,  whereas  for  the  cylinder,  it  remains  finite.  By  allowing  p* 
to  become  large  in  Eq.  (13.23a)  we  obtain  XM  -*  in  2;  for  the  cylinder, 

=  in  2  for  any  p  .  Therefore,  in  both  cases,  as  p*  becomes  large, 

XM  XSE»  1**  the  attracted  species  is  much  hotter  than  the  repelled  species, 
the  absorption  boundary  and  sheath  edge  radius  tend  to  coincide. 


Many  of  the  results  obtained  here  may  be  expected  to  agree 
qualitatively  with  the  Maxwellian  case,  for  which  it  is  impossible  to  use 
these  methods  to  obtain  similar  expressions. 
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XIV.  ORBITAL-MOTION-LIMITED  COLLECTED  CURRENT  EXPRESSIONS 


The  orbital-motion-limited  current  (Sec.  VIII)  is  that  collected 
by  a  probe  when  none  of  the  particles  which  come  from  infinity  and  are  capable 
of  penetrating  inward  to  the  probe  are  excluded  from  it  by  intermediate  barriers 
of  effective  potential.  In  other  words,  all  particles  which  lie  above  the  probe 
cutoff  boundary  of  Eq.  (8.3)  in  the  (J2,E)  plane  actually  reach  the  probe.  For 
the  attracted  species,  it  is  the  collected  current  in  the  limit  Rp/^j)  -»0,  and, 
in  certain  cases,  it  is  the  collected  current  within  a  finite  neighbourhood  of 
this  limit  (Appendix  E;  Sections  XV  and  XVI).  We  summarize  here  the  expressions 
for  orbital-'-motion-limited  current  derived  in  other  sections.  From  Eqs.  (E.43) 
and  (E.94),  we  have  for  Maxwellian  particles: 

For  the  spherical  probe: 


i  =  1  -  Xp 

5 

Xp<  0 

(14.1) 

-Xp 

i  =  e 

> 

Xp  >  0 

and  for  the  cylindrical  probe: 

2 

1  =  W~  ' 

+  S  (  ^“Xp*  )^  »  Xp  ^  0 

-Xp 

(14.2) 

i  =  e 

►a 

IV 

0 

From  Eqs.  (13.I)  and  (13.2),  setting  %((%)  =  Pm  "  *p>  we  ol3_ 
tain  for  mono-energetic  particles,  for  the  sphere  and  cylinder,  respectively: 


(14.3) 


It  is  often  useful  to  non-dimensionalize  the  ion  current  by 
dividing  by  its  value  when  the  ions  are  at  electron  temperature  and  the  probe 
is  at  plasma  potential.  We  substitute  expressions  (9.10b)  and  (9*15)  into  Eqs. 
(l4.l)  to  (l4.3)  to  obtain  the  following  ion  current  expressions.  For  Max¬ 
wellian  ions  collected  by  a  spherical  probe,  we  have: 


(14.4) 
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For  Maxwellian  ions  collected  by  a  cylindrical  probe: 


i+-  *  5T  (  \|*pT  +  ^6  8  ( {hj%)  )■>  X,  >  0 

Xp  /*g 

4-  *  ^6  e  :  *p_<  0 

For  mono-energetic  ions,  we  obtain  from  Eq.  (14.3)  the  following 
expressions  for  the  sphere  and  cylinder,  respectively: 


Examination  of  Eqs.  (l4.4)  to  (l4.6)  shows  that  in  general,  the 
mono- energetic  expression  approximates  the  Maxwellian  much  more  closely  for 
the  cylindrical  case.  For  the  sphere,  the  two  do  not  approach  each  other  at 
large  probe  potentials  as  they  do  for  the  cylinder.  It  is  also  noteworthy 
that  as  the  ion  temperature  becomes  zero,  the  orbital -motion-limited  current 
becomes  infinite  for  the  sphere,  but  remains  finite  for  the  cylinder. 

Computations  of  current  for  a  cylindrical  probe  in  the  general 
case  show  that  in  certain  ranges  of  Rp/\>  ,  the  differences  between  the  Maxwellian 
and  the  mono-energetic  results  are  considerably  greater  than  in  the  orbital- 
motion-limited  case  (Sec.  XV). 


We  also  note  once  again  that  the  roles  of  ions  and  electrons  in 
expressions  .  (l4.4)  to  ( l4 . 6 )  are  completely  interchangeable. 


XV.  RESULTS  AND  DISCUSSION  -  SPHERICAL  PROBE* 

Before  beginning  discussion  of  the  relevant  features  of  the  cal¬ 
culated  results,  a  brief  description  is  given  of  where  can  be  found  the  various 
items  of  background  material  in  this  report.  The  Fortran  II  programs  that  have 
been  developed  and  used  to  obtain  the  numerical  results  presented  here  are 
listed  in  Appendix  I,  Table  3  identifies  the  most  important  Fortran  variables 
and  formulas  in  these  programs  with  their  text  equivalents.  Representative 
samples  of  printed  output  obtained  from  the  University  of  Toronto  IBM  7094 
digital  computer  using  these  programs  are  shown  in  Appendix  J.  Computed  current 
collection  results  are  presented  in  Table  5  for  the  spherical  probe  and  in  Table 
6  for  the  cylindrical  probe.  Appendix  H  contains  a  discussion  of  the  accuracy  of 
these  results.  Current  collection  results,  potential  and  charge  density  distri¬ 
butions,  and  trapped-orbit  and  orbital-motion-limited-current  boundaries  are 
shown  in  Figs.  13  to  31  for  the  spherical  probe  and  in  Figs.  32  to  51  for  the 
cylindrical  probe . 

It  is  common  usage  to  employ  the  electrons  as  the  reference 
species  in  any  discussion  of  Langmuir  probes}  this  convention  is  followed  in 
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presenting  these  results.  The  electrons  are  also  the  hotter  species  in  the 
majority  of  situations  of  laboratory  interest;  accordingly,  results  are  pre¬ 
sented  here  for  the  range  0  <  T+/T.  <  1. 

For  brevity  of  presentation,  we  also  assume  in  presenting  all 
results  that  Z+  =  1  and  Z_  =  -1.  As  pointed  out  in  Sec.  Ill,  this  assumption 
involves  no  real  loss  of  generality  since  the  results  may  be  applied  to  the  case 
of  multiply  charged  ions  by  scaling  the  temperature  ratio  T+/T_.  Since  the 
nondimensional  probe  potential  Xp_  referred  to  electrons  always  has  the 
opposite  sign  to  the  probe  potential  0p,  it  is  also  common  practice  to  use  as 
a  nondimensional  probe  potential  the  quantity  -Xp_J  since  Z_  =  -1,  we  have 
~Xp_  =  e0p/kT_ . 

It  has  already  been  pointed  out  (Sec.  Ill)  that  the  roles  of 
ions  and  electrons  are  interchangeable  for  purposes  of  this  discussion;  also 
that  these  results  may  be  applied  to  the  case  of  multiply  charged  particles 
by  scaling  the  quantity  T+/T„.  It  is  also  note-worthy  that  if  the  need  arises 
to  use  the  colder  species  as  reference,  these  results  may  be  expressed  in  terms 
of  nondimensional  probe  potential  relative  to  the  colder  species,  and  the  ratio 
of  probe  radius  to  colder- species  Debye  length,  by  using  Eqs.  (9.15)  and  (9.16) 
to  scale  the  quantities  Xp  and  7. 

Furthermore,  the  nondimensional  probe  potential  referred  to  the 
colder  species  is  always  larger  than  that  referred  to  the  hotter  species  so 
that  these  results,  which  are  computed  for  values  of  Xp,  referred  to  the  hotter 
species,  from  -25  to  25,  will  always  cover  a  range  larger  than  this  when  referr¬ 
ed  to  the  colder  species.  By  identifying  the  colder  species  wi.th.-the  electrons, 
it  is  possible  by  the  above  reasoning  to  apply  the  results  presented  here  to 
cases  in  which  T+/T-  is  greater  than  unity.  '  / 

The  results  of  these  calculations  therefore  apply /to  a  considerably 
larger  range  of  situations  than  those  evident  at  first  glance.  ’ 

The  preceding  remarks  in  this  Section  apply  not  <  nly  to  the  re¬ 
sults  for  the  spherical  probe  but  also  those  for  the  cylindrical  probe  presented 
in  Sec.  XVI.  The  remainder  of  this  section  is  devoted  to  a  discussion  of  the 
computed  results  for  the  spherical  probe  which  appear  in  Figs.  1.3  to  31*  The 
current,  collection  results  plotted  in  Figs.  20  to  29  are  also  presented  in 
Table  5. 

Figure  13  shows  potential  vs  distance  from  probe  ^surface  in 
electron  (or  ion)  Debye  lengths  for  a  probe  at  a  fixed  potential!  e^p/kT.  =  -  25, 
for  equal  ion  and^electron  temperatures  and  a  range  of  ratios  oflprobe  radius 
to  either  Debye  length  from  1  to  100.  Figure  14  shows  corresponding  ion  and 
electron  charge  densities.  In  both  cases  the  influence  of  the  probe  may  be 
seen  extending  a  greater  number  of  Debye  lengths  into  the  plasma  &s  Rp/^D.  is 
increased.  The  local  rise  in  attracted- species  charge  density  n$ar  the 
probe  for  the  smaller  values  of  Rp/^j)  shown  is  due  to  two  causes.  ^  First ?the 
potential  in  this  region  is  of  a  form’which  allows  particles  having  Certain 
values  of  angular  momentum  and  energy  to  orbit  the  probe  many  times  before 
falling  into  it  or  moving  back  out  to  infinity;  the  presence  of  these  particles 
in  this  region  therefore  produces  a  rise  in  charge  density  because  of  their 
long  dwell  time.  The  second  reason  is  that  because  of  the  spherical  geometry, 
the  particles  moving  toward  the  probe  are  concentrated  into  a  smaller  volume 
as  they  approach  it;  their  density  must  rise  accordingly. 
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A  situation  in  which  the  ions  and  electrons  are  at  different  tem¬ 
peratures  is  shown  in  Fig.  15.  In  this  diagram  potential  is  plotted  against 
radius  for  various  values  of  probe  potential  for  the  values  T+/T_  =  0.1  and 
Rp/\>.  =  10*  The  marked  asymmetry  between  the  cases  of  positive  and  negative 
probe  potentials  is  due  to  the  fact  that  in  these  two  ranges  the  colder  and 
hotter  species,  respectively,  are  repelled.  As  discussed  in  Sec.  XIII,  the 
amount  of  electric  field  that  penetrates  past  the  sheath  edge  into  the  plasma 
is  nearly  proportional  to  the  thermal  energy  of  the  repelled  species;  therefore, 
shielding  by  the  ions  at  positive  probe  potentials  is  nearly  complete,  whereas 
electron  shielding  at  negative  probe  potentials  allows  a  much  larger  amount  of 
electric  field  to  penetrate  into  the  plasma. 

A  related  set  of  charge  distributions  is  plotted  in  Fig.  l6, 
which  shows  ion  and  electron  densities  for  a  pr.obe  at  positive  potentials  for 
the  same  range  of  cases  as  those  shown  for  a  positive  probe  in  Fig.  15.  The 
progressive  increase  in  charge  separation  associated  with  sheath  formation  and 
growth  is  evident  here.  If  the  results  corresponding  to  e0p/kT_  =  -25  and 
Rp/^D_  =  10  are  compared  in  Figs.  l4  and  l6,  the  difference  between  them  is  that 
in  Fig.  l6,  the  repelled  species,  i.e.  the  ions,  is  no  longer  at  the  same  tem¬ 
perature  as  the  attracted  species  but  only  at  a  tenth  of  it.  Comparison  of  these 
results  shows  the  sharpening  of  the  sheath  edge  as  the  repelled- species  tempera¬ 
ture  is  reduced  with  attracted- species  parameters  held  constant.  The  dotted 
curve  in  Fig.  l6  showing  the  corresponding  result  for  T+/T_  =  0  shows  this  trend 
carried  to  completion. 

Figures  17  and  18  show  potential  and  charge  densities,  respectively, 
plotted  as  functions  of  radius  for  the  case  of  zero  attracted-particle  temperature 
and  large  probe  potential,  obtained  by  numerical  solution  of  the  Allen,  Boyd,  and 
Reynolds  equation  (Ref.  6)  as  treated  in  Sec.  XIII  and  Appendix  G,  and  carried  out 
by  Program  4  (Appendix  I).  Figure  17  also  shows  as  a  dotted  curve  the  trapped- 
orbit  boundary.  If  some  particular  situation  involving  zero  attracted-species 
(ion,  in  this  case)  temperature  has  values  of  probe  potential  and  Rp/^p  corre¬ 
sponding  to  values  of  potential  and  r/^p_  in  Fig.  17  which  lie  above  this  bourd- 
ary,  then  the  form  of  the  potential  adjacent  to  the  probe  will  be  such  that 
trapped  orbits  of  the  type  discussed  in  Section  VIII  exist.  The  results  plotted 
above  this  boundary  are  therefore  subject  to  the  qualifications  noted  in  that 
Section,  namely,  that  the  population  of  such  orbits  must  be  negligible.  In  Fig. 

17  and  in  all  later  diagrams  in  which  trapped-orbit  boundaries  appear,  it  is  to 
be  understood  that  they  refer  only  to  a  fully  Maxwellian  plasma,  and  not  to  one 
with  a  mono-energetic  distribution  for  the  attracted  species;  zero-temperature 
attracted  particles  are  included  in  this  definition  as  a  limiting  case  of  the 
Maxwellian  distribution, 

i'he  increasing  concentration  of  the  attracted  particles  as  they 
move  radially  inward  toward  the  probe  is  again  visible  in  Fig.  17,  as  in  Fig. 
l4;  in  this  case  the  particles  do  not  orbit  the  probe  and  the  increase  in  their 
density  is  due  only  to  the  decrease  in  the  volume  that  they  occupy  as  they 
approach  the  probe. 

If  the  probe  potential  is  now  changed  in  sign  so  that  the  particles 
which  are  at  zero  temperature  are  now  the  repelled  ones,  then  the  situation  is  as 
described  in  Sec.  XII.  In  particular,  the  sheath  edge  radius  in  this  case  is 
now  a  sharply  defined  location  at  which  the  repelled- species  density  falls  dis- 
continuously  from  its  value  outside  the  sheath  to  zero  within  it.  Computed 
values  of  this  sheath  edge  radius  are  plotted  in  Fig.  19  as  a  function  of  probe 
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potential  and  ratio  of  electron,  i.e.  attracted  species,  Debye  length  to  probe 
radius.  The  results  for  non- zero  values  of  Ap  /B  have  been  computed  using 
Program  2  (Sec.  XII:.  Appendix  l):  the  curve  for  \>_/Rp  =  0  has  been  computed 
using  Program  3,  which,  calculates  the  probe  characteristic  in  the  planar- 
sheath  limit  (Appendices  F,l).  The  smooth  transition  in  the  result  from  the 
non- zero  case  to  the  limit  may  be  regarded  as  a  check  on  the  correctness  of 
both  programs;  on  the  other  hand,  the  steep  variation  of  sheath  edge  radius  with 
A p  /Bp  near  this  limit  at  larger  probe  potentials  is  an  indication  that  the 
more  complete  description  deviates  rapidly  from  the  planar-sheath  approximation 
as  Ap_/Rp  increases.  The  trapped-orbit  boundary  is  also  shown  in  this  diagram. 

The  trapped-orbit  boundaries  shewn  in  Fig.  19  and  subsequent 
diagrams  have  been  obtained  from  the  computed  results  by  the  following  method. 
Corresponding  to  each  set  of  values  of  the  three  parameters  T+/T. ,  e0_/kT_, 
and  Rp/^p  is  a  maximum  radius  at  which  the  shape  of  the  potential  allows 
trapped  orbits  to  exist.  Table  3  identifies  this  quantity  in  the  output  of  the 
computer  programs.  The  ratio  T+/T_  and  either  one  of  the  two  quantities 
e0p/kT_  or  Rp/Ap  are  held  constant  and  this  maximum  radius  is  obtained  as  a 
computed  result  for  several  values  of  the  other.  It  is  then  extrapolated  back 
to  zero  distance  from  the  probe  as  a  function  of  this  quantity. 

Figure  20  shows  attracted- species  (ion  or  electron)  current 
collection  as  a  function  of  probe  potential  for  the  case  T+/T_  =  1  for  various 
values  of  Rp/Ap  .  The  result  for  Rp/Ap_  -  0,  the  orbital-motion-limited 
current,  is  obtained  from  Sq.  (lh.l),  the  remaining  curves  are  computed  re¬ 
sults  appearing  in  Table  5c. 

Figure  20  also  shows  the  trapped-orbit  boundary  for  T+/T_  -  1; 
as  in  Figs.  17  and  19,  this  boundary  corresponds  to  the  smallest  probe  potential 
for  a  given  value  of  R^/Ap^,  or  equivalently  the  largest  value  of  Rp/Ap_  for 
a  given  probe  potential,  for  which  the  form  of  the  potential  adjacent  to  the 
probe  is  shallow  enough  so  that  trapped  orbits  exist.  The  question  of  whether 
these  trapped  orbits,  when  they  exist,  will  be  populated,  has  been  discussed 
j.n  Sec.  VIII.  In  that  section  it  is  pointed  out  iiiat  if  these  orbits  are 
populated,  the  probable  effect  will  be  a  decrease  in  current  collection  below 
the  values  shown  in  Fig.  20.  All  results  in  this  diagram  corresponding  to 
points  above  this  boundary  are  therefore  subject  to  this  qualification. 

Ion  current  results  for  the  case  T+/T.  =  0  are  sh^wn  in  Fig. 

21,  plotted  as  functions  of  probe  potential  for  various  values  of  Rn/Ap_. 

These  results  correspond  to  the  potentials  and  charge  densities  of  Figs.  17 
and  18  and  are  therefore  based  on  the  simplified  electron  density  model  of 
Eq.  (13.13) •  Accordingly,  for  values  of  -e0 p/kT.  smaller  than  about  5,  -bey  can 
be  expected  to  deviate  significantly  from  current  collection  values  correspond¬ 
ing  to  the  more  realistic  model  of  an  absorbing  probe  (i.e.  one  that  collects 
every  charged  particle  that  strikes  it),  and  should  therefore  be  used  with 
caution.  In  contrast  with  the  case  of  finite  ion  temperature  (Fig.  20)  the  ion 
current  at  zero  ion  temperature  increases  without  limit  as  Rp/AD_  is  decreased, 
for  any  fixed  probe  potential.  Figure  21  also  shows  the  trapped-orbit  boundary 
corresponding  to  T+/T.  »  0.  The  current  collection  results  shown  in  this  dia¬ 
gram  appear  in  Table  5a. 

Figure  22  shows  electron  current  as  a  function  of  probe  potential 
for  various  values  of  Rp/Ac_>  for  case  i.e.  f or  the  case  of  zero- 

temperature  repelled  particles.  The  results  for  non- zero  values  of  Rp/Ajj. 
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have  been  computed  using  Program  2  (Appendix  I);  the  result  for  Rp/Ap_  =  0  is 
the  same  as  that  for  Fig.  20.  Once  again,  the  trapped- orbit  boundary" is  shown. 

Comparison  of  Fig.  22  with  Fig.  20  shows  that  the  electron 
current  decreases  more  rapidly  as  Rp/Ap_  increases  when  the  ions  are  at  zero 
temperature  than  when  they  are  at  electron  temperature.  This  effect  is  brought 
out  more  clearly  in  Fig.  26;  the  reasons  for  it  are  discussed  in  connection 
with  that  diagram.  The  current  collection  results  in  Fig.  22  correspond  to 
the  same  cases  as  the  sheath  edge  radii  shown  in  Fig.  19. 

Ion  collection  as  a  function  of  Ap_/Rp  is  shown  in  Fig.  23  for 
e0p/kT_  =  -25  and  values  of  T+/T_  of  0,  0.5  and  1.  This  diagram  has  been 
plotted  in  this  manner  in  order  to  best  illustrate  the  behaviour  of  the 
collected  current  as  Ap_/Rp  becomes  small.  This  diagram  shows  that  for  smaller 
values  of  Ap  /Rp  the  ion  collection  is  not  a  monotonic  function  of  ion  tempera¬ 
ture;  this  behaviour  is  brought  out  more  clearly  in  Figs.  27 a  and  28.  This 
diagram  also  shows  the  corresponding  results  for  mono-energetic  ions.  The 
curve  shown  for  the  case  T+/T_  =  0  is  a  member  of  both  the  Maxwellian  and  mono- 
energetic  families  of  curves  in  this  diagram  since,  as  pointed  out  in  Sec. 

XIII,  the  mono-energetic  and  Maxwellian  distributionsare  the  same  in  this 
limit. 

The  kink  in  the  mono-energetic  curve  for  T+/T.  =  1  is  caused  by 
the  fact  that  current  collection  for  mono- energetic  ions  becomes  orbital -mot ion- 
limited  at  this  point.  It  may  also  be  noted  that  no  such  feature  appears  in 
the  corresponding  Maxwellian  result.  The  reasons  for  this  behaviour  have  been 
discussed  An  Sec.  VIII;  this  section,  also  defines  what  is  meant  by  orbital- 
motion-lidited  current  when  the  attracted  species  is  Maxwellian.  The  results 
for 'ion  and  electron  collection  are  of  course  the  same  for  the  case  T+/T.  =  1. 

None  of  these  curves  extend  to  Ap,/R_  =  0  since  the  computation 
scheme  has  been  defined  only  for  finite  values  of  Rp/Ap_.  An  exception  to  this 
occurs  in  Figs.  25  and  45  for  the  case  where  the  repelled  particles  are  at  zero 
temperature. 


The  trapped-orbit  boundary  for  the  Maxwellian  case  is  also  shown 
in  Fig.  23.  As  mentioned  in  connection  with  Fig, 17,  all  trapped-orbit  boundaries 
shown  in  this  and  other  diagrams  refer  to  a  fuixy  Maxwellian  plasma  only. 

In  order  to  display  more  clearly  the  behavior  of  the  ion  current 
at  small  values  of  Rp/Ap_ ,  the  same  results  as  those  of  Fig.  23  are  shown  again 
in  Fig.  24,  plotted  as  functions  of  Rjj/A p_  instead,  of  Ap,/Rp.  Here  the  re¬ 
sults  shown  for  non-zero- values  of  T+/T.  Indicate  that  in’ the  Maxwellian  case, 
the  current  collection  for  non-zero  values  of  Rp/Ap,  approaches  the  result 
for  Rp/Ap.  =  0  only  as  a  limit.  In  contrast,  the  mono-energetic  results  show 
a  finite  range  of  values- of  Rp/Ap_  in  which  the  current  has  a  constant  value. 

In  Sec.  XVI,  it  will  be  seen  that" the  corresponding  Maxwellian  results  for  the 
cylindrical  probe,  unlike  those  for  the  sphere,  also  show  such  a  region  of  con¬ 
stant  current  level.  Appendix  E  contains  a  discussion  of  the  reasons  for  this 
difference  in  behavior.  Since  it  was  impractical  to  use  the  computation  scheme 
arbitrarily  close  to  zero  Rp/Ap.  (the  smallest  value  of  Rp/Ap.  for  which  com¬ 
putations  were  done  was  0.2j>  the  question  of  whether  the  current  collection  be¬ 
comes  orbital-motion-limited,  i.e.  reaches  this  maximum  value,  for  any  non-zero 
values  of  Rp/Ap,  cannot  be  definitely  settled  without  an  asymptotic  analysis 
of  the  problem  for  small  Rp/Ap.;  such  an  analysis  is  beyond  the  scope  of  this 
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research.  Moreover,  this  question  is  of  academic  interest  only  since  the 
result  for  zero  Rp/A d_  is  known  'and  the  residual  uncertainty  for  very  small 
Rp/Xjj..  is  extremely  small. 

Figure  25  snows  electron  current  as  a  function  of  Ad^/R-d  f°r 
e0p/kf _  =  25  and  values  of  T+/T_  of  C,  0.5,  and  1.  Once  again,  the“trapped- 
orbit  boundary  is  shown.  The  corresponding  mono- energetic  current  results  are 
also  shown.  The  planar- sheath  approximation  to  the  result  for  large  Rp/Ar,_ 
and  Tj./T_  "  0  (Appendices  F«  J)  is  also  shown-  in  spite  of  the  fact  that  the 
Maxwellian  and  nono-energetic  curves  for  T.:./T...  -  0  are  indistinguishable  in  this 
diagram  for  small  values  of  Ab_/Rv ,  it-  should  be  noted  that  only  the  Max¬ 
wellian  curve  has  the  planar- sheath  approximation  as  an  asymptote.  The  curves 
for  T-:-/T..  ~  0  include  the  end  point  at  Ap  /t£p  -  0  since  the  limiting  result 
i_  --  1  is  known  (dec.  XU). 

The  electron  current  results  of  Fig.  25  are  shown  again  in  Fig. 
2b,  plotted  as  functions  of  Rp/Aj)_  instead  of  A^  /Rp.  As  noted  earlier  in 
connection  with  Fig.  22,  the  electron  current  decreases  more  rapidly  as  R o/A]^ 
increases  when  the  ions  are  at  a  lower  temperature.  This  occurs  because  the 
ions  are  in  this  case  the  repelled  species ;  for  lower  values  of  their  tempera¬ 
ture  a  smaller  amount  of  the  field  of  the  probe  is  able  to  penetrate  past  the 
sheath  edge  into  the  plasma  (Sec.  XIII )  and  attract  electrons  to  the  probe.  As 
noted  earlier  in  connection  with  Figs.  14  and  1.6,  if  the  temperature  of  the 
repelled  species  is  lowered  while  the  attracted-species  parameters  are  held  con¬ 
stant;  the  sheath  edge  tends  to  sharpen  since  the  repelled  particles  are  now 
turned  back  by  a  smaller  rise  in  potential.  As  a  result,  the  potential  well 
surrounding  the  probe  steepens  and  contracts;  fewer  particles  enter  this  well; 
current  collection  decreases. 


Once  again,  as  mentioned  in  connection  with  Fig.  24,  the  precise 
dependence  of  current  on  Rp/A])_  for  values  near  zero  cannot  be  determined  with¬ 
out  an  asymptotic  analysis  for  cases  near  this  limit.  In  particular,  when 
T+/T_  -  0,  the  behaviour  of  the  sheath  edge  radius  as  Rp/Xjj^  -» 0  is  a  very  in¬ 
volved.  question.  As  before,  the  answers  to  these  questions  are  of  very  minor 
irapo *fance  in  determining  current  co? lection  since  the  limiting  result  is 
known . 


Figure  27a  shows  ion  and  electron  currants  as  functions  of 
T+/T.  for  various  attracting  probe  potentials  and  Kp/Xj)_  =  10.  Mono-energetic 
results  with  finite  collection  of  the  repelled  particles,  and  the  simplified 
case  based  on  the  assumption  of  zero  collection  of  these  particles,  are  both 
shown;  the  latter  corresponds  to  the  use  of  the  simplified  relation  ( 13 • 1 5 )  for 
electron  density.  Current  collection  values  for  e0p/kT.  -  -10  obtained  from 
the  tabulated  results  of  Bernstein  and  Rabinowitz  (Ref.  81)  are  shown  circled 
for  comparison.  They  are  s*en  to  ,j°ih  smoothly  on  to  the  mono-energetic  results 
computed  here  for  larger  values  of  ion  temperature.  The  most  striking  feature 
of  these  results  is  that  as  ion  to  electron  temperature  ratio  T+/T_  is  de¬ 
creased,  the  ion  collection  passes  through  a  minimum,  then  increases  very 
rapidly  as  T+/T_  approaches  zero.  The  reason  for  this  behaviour  is  tbit  as 
ion  temperature  decreases,  the  dominant  influence  is  at  first  the  decrease  of 
ion  therma]  motion  and  therefore  ion  random  flux;  as  ion  temperature  decreases 
further,  the  absorption  radii  discussed  in  Sections  VIII  and  XJ.II  move  outward 
to  infinity,  slowly  at  first,  then  very  rapidly,  so  that-  the  increase  in  ion 
collection  volume  becomes  tbe  dominant  influence.  The  reason  why  this  behaviour 
occurs  has  also  bee::  discussed  if.  S.c.  XIII.  Ori  the  other  hand  the  electron 
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collection  for  positive  probe  potentials  is  seen  to  be  a  smoothly  increasing 
function  of  T+/T_.  Since  the  points  corresponding  to  T+/T_  =  0  are  calculated 
using  a  different  solution  scheme  (Program  2;  Appendix  I)  than  those  correspond¬ 
ing  to  non-zero  values  of  T+/T_,  these  results  also  furnish  a  check  on  the 
correctness  of  both  programs. 

Figure  27b  shows  ion  or  electron  collection  as  a  function  of 
probe  potential  for  T+/T.  =  1  and  Rp/Ap..  =  100.  This  diagram  has  been  plotted 
for  the  cases  of  Maxwellian  attracted  particles  and  mono-energetic  attracted 
particles  with  and  without  collection  by  the  probe  of  repelled  particles.  In 
the  latter  case  the  distribution  of  repelled  particles  again  corresponds  to 
the  simplified  model  of  Eq.  (13.13)*  The  difference  between  these  results  for 
mono-energetic  attracted  particles  is  typical  of  all  corresponding  results 
obtained  for  both  the  spherical  and  cylindrical  probes,  though  it  is  smaller  at 
lower  values  of  Rp/Xp  •  The  reason  why  the  current  in  the  case  of  non-collection 
is  increased  relative'to  its  values  in  the  case  of  collection  has  been  discussed 
in  Sec.  VIII.  It, is  due  to  the  fact  that  the  assumption  of  zero  collection  re¬ 
sults  in  an  increase  in  the  density  of  the  repelled  particles  adjacent  to  the 
probe  and  decreases  the  steepness  of  the  potential  near  the  probe,  allowing 
more  of  the  attracted  particles  to  reach  it. 

In  order  to  illustrate  more  clearly  the  behaviour  of  the  ion 
current,  this  quantity  is  plotted  again  in  Fig.  28,  as  a  function  of  both 
V*.  801(1  probe  potential  for  Rp/Aj)_  =  10.  As  explained  in  connection  with 
Fig.  21,  the  zero- temperature  result  is  of  the  required  accuracy  for  the  com¬ 
pletely  absorptive  probe  assumed  in  this  research  only  in  the  range  etf> p/kT.i  -5. 
Accordingly,  this  curve  is  not  drawn  for  probe  potentials  closer  to  zero.  The 
non-monotonic  nature  of  the  dependence  on  ion  temperature  is  again  visible,  as 
in  Fig.  27a.  The  curve  for  T+/T.  =0.1  extends  only  to  e0p/kT_  =  -10  since  the 
computation  scheme  proved  unable  to  carry  out  these  calculations  at  larger  probe 
potentials  (Sec.  XIII;  Appendix  H)  Accordingly,  the  regions  between  T+/T_  =  0 
and  0.25  of  the  curves  corresponding  to  values  of  -e0p/kl.  of  15,20,  and  25, 
have  been  plotted  on  the  basis  of  the  expected  behaviour  of  these  curves, 
using  as  guides  the  curves  shown  for  smaller  values  of  -e$p/kT„,  as  well  as 
the  mono-energetic  curve  shown  for  -e0 p/kT_  =  25.  Results  for  mono-energetic 
ions  are  shown  for  T+/T_  =  1  and  for  e^p/kT.  =  -25.  The  trapped-orbit  boundary 
is  also  shown. 

Figure  29  shows  electron  current  as  a  function  of  probe  potential 
for  Rp/^D.  *  TO  and  values  of  T+/T_  from  0  to  1.  The  manner  in  which  the  curves 
for  decreasing  values  of  T+/T.  depart  at  progressively  lower  probe  potentials 
from  the  result  for  T+/T.  =  1  is  because  of  the  progressively  smaller  probe 
potentials  at  which  the  electron  sheath  begins  to  form  as  T+/T.  decreases. 

Again,  the  trapped-orbit  boundary  is  shown;  as  indicated  earlier,  the  location  of 
this  boundary  corresponds  to  the  smallest  probe  potential  for  which  trapped 
orbits  exist,  for  given  values  of  T+/T.  and  Rp/Aj^* 

mhe  trapped-orbit  boundary  locations  plotted  in  the  preceding 
diagrams  have  been  summarized  in  Figs.  30  and  31  for  negative  and  positive  probe 
potentials,  respectively,  for  values  of  T+/T.  from  0  to  1.  The  boundary  for 
T+/T.  =  0  in  Fig.  30  is  shown  as  a  dotted  line  in  the  range  0  <  -e^p/kl.  ^5 
since  this  curve  is  based  on  solutions  of  the  Allen,  Boyd,  and  Reynolds  equation 
(Appendices  G,  I)  corresponding  to  the  equilibrium  distribution  (13. 13)  for 
electrons.  Also,  in  Fig.  30,  it  is  evident  that  the  trapped-orbit  boundary 
location,  like  the  ion  current,  is  not  a  monotonic  function  of  T+/T„.  The  fact 
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that.  ;■  out-  o'.'  t -re  boundaries  shown  in  Figs.  3 0  and  31,  as  well  as  those  for  the 
ty linden  in  figs.  ><;  and  >1,  are  not  extended  to  zero  probe  potential  is  because 
only  cnougr.  computer  nuns  were  carried  out  in  these  ranges  of  parameters  to 
obtain  complete  information  about  the  quantity  of  primary  importance,  the 
current  collection. 

Thin,  completes  the  discussion  of  the  results  computed  for  the 
s pr.t?.  mnl  pr  due . 
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This  section  is  ae voted  to  a  discussion  of  the  computed  results 
fur  the  ir.inrcai  probe  which  are  shown  in  Figs.  32  to  52.  The  general  re- 
••janK.o  malt’  av.  the  beginning  of  Sec.  XV  also  apply  to  the  presentation  of  these 
result.,.  The  current  collection  results  plotted  in  Figs.  39  to  !l9  are  also  pre¬ 
sented  in  Table  6. 


The  potential  ar.n  charge  density  distributions  shown  in  Figs  - 
.Sc  to  ,s3  csrre.-.pond ,  respectively,  to  those  of  Figs.  13  to  l6  for  the  sphere. 

In  comparison  with  the  spherical  probe,  all  c.V  these  diagrams  show  the  larger 
extent  of  the  disturbances  m  both  potential  and  charge  density  created  by  the 
press-: nee  of  the  cylindrical  probe.  Figure  33  in  comparison  with  Fig.  shows 
a  smaller  concentration  of  the  attracted  particles  near  the  probe  at  low  values 
of  VAil.-  this  IS  be  cause  the  volume  occupied  by  the  inward-moving  particles 
decreases  more  slowly  ir  the  cylindrical  geometry  as  they  move  toward  the  probe. 


Figure  3 6  snows  potential  vs  radius  for  Rp/Ap_  =  10,  for  values 
of  !-/T_  of  0  and  1,  and  for  valves  of  e0~,/.lr.T_  of  -1,  «3,  -10  and.  -25.  It  has 
been  shown  in  Gee.  XIi.il  that  for  mono- energetic  ions  the  form  of  the  potential 
at  large  radius  becomes  more  shallow  in  the  limit  as  T+/T_  ->  0 .  These  results 
for  a  fully  Maxwellian  plasma  show  the  same  effect.  Corresponding  charge  den¬ 
sities  are  plotted  as  functions  of  radius  in  Fig.  37,  for  the  same  values  of 
Rp/\jj_  and  T+/T_ ,  and  for  values  of  e0p/kl_  of  -0.1,  -3,  and  -25.  The  charge 
densities  are  aiso  observed  to  have  a  more  gradual  dependence  on  radius  when 
T+/T.  -  o. 


Sheath  edge  thickness  is  shown  in  Fig.  38  as  a  function  of  both 
probe  potential  and  Ap_/Rp  for  T+/'T_  --  0  and  positive  values  of  probe  potential 
i.e.  for  the  case  of  zer cl temperature  repelled  particles,  corresponding  to  Fig. 
19  for  the  sphere.  Comparison  of  these  two  diagrams  shows  that  the  sheath  edge 
always  lies  farther  from  the  probe  in  the  cylindrical  case  for  the  same  values 
of  probe  potential  and  AD-A'o'  One  reason  for  this  is  that,  as  shown  ir.  See, 
XII ;  if  the  repelled  particles  are  at  zero  temperature,  none  of  the  electric 
field  due  to  the  probe's  presence  can  penetrate  past  the  sheath  edge  into  the 
plasma.  This  means  that  the  total  net  space  charge  in  the  sheath  must,  exactly 
cancel  the  charge  on  the  probe.  In  the  cylindrical  case,  the  sheath  volume 
per  unit  probe  surface  area  is  smaller  for  a  given  sheath  thickness  because  of 
the  geometry.  The  sheath  edge  must  therefore  tc-nd  to  lie  farther  from  the 
probe . 


Figure  38  also  shows  part  of  the  trapped-orbit  boundary.  The 
portion,  of  this  boundary  corresponding  to  smaller  values  of  Ap  /?.p  is-  not  shown 
because  the  computer  program  was  unable  to  produce  results  in  this  region 
(Appendix  H) .  This  trapped- or bit  boundary,  and  all  others  shown  on  diagrams 


which  refer  to  the  cylindrical  probe,  refer  only  to  the  inner  family  of  trapped 
orbits  discussed  in  Sec.  VIII. 

Ion  or  electron  current  is  plotted  in  Fig.  39  as  a  function  of 
probe  potential  for  T+/T_  =  1  and  various  values  of  Rp/Ap  ,  corresponding  to 
Fig.  20  for  the  sphere.  In  comparison,  the  current  collection  for  the  cylinder 
increases  considerably  more  slowly  with  increasing  probe  potential.  In  contrast 
with  the  sphere,  it  remains  orbital-motion-limited  at  non-zero  values  of  Rp/Ai)_. 

For  instance,  the  curve  for  Rp/Aj)  =  2  in  Fig.  39  coalesces  with  the  orbital- 
mot  ion-  limited  result  (Eq.  l4.5a  with  %  =  l)  at  e0p/kT_  =  -  2.9.  Figure  50b 
may  be  used  to  verify  this  value.  Figure  39  also  snows  the  trapped  orbit  boundary. 
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Figure  40  shows  ion  collection  as  a  function  of  probe  potential 
for  T+/T_  =  0  and  various  values  of  Rp/Ap  •  This  diagram  corresponds  to  Fig. 

21  for  the  sphew£,  except  tl$at  the  correct  form  of  the  electron  distribution 
for  small  probe  potentials  has  been  used  in  the  cylindrical  case.  Another 
difference  between  the  two  diagrams  is  that  current  collection  for  the  cylinder 
remains  finite  in  the  limit  Rp/Ap_->  0  and  becomes  orbital-motion-limited  for 
non-zero  values  of  Rp/Ap_  as  this  limit  is  approached.  The  result  in  Fig.  4o 
.corresponding  to  Rp/Ap_  =  0  is  that  of  either  Eq.  (l4.5a)  or  Eq.  (l4.6b)  with 
77£  set  equal  to  zero.  ~  * 
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Electron  collection  is  shown  in  Fig.  4l  as  a  function  of  probe 
potential  for  various  values  of  Rd/Ad_  and  fyt  T+/T_  =  0,  i.e.  for  the  case  of 
zero- temperature  repelled  particles,  corresponding  to  Fig.  22  for  the  sphere. 

Part  of  the  trapped-orbit  boundary  is  shown/i  The  reason  why  a  section  of  it  is 
not  shown  has  been  discussed  in  connection  'with  Fig.  38  which  corresponds  to  the 
same  cases  as  those  of  Fig.  4l.  As  in  thq  spherical  case,  for  increasing  values 
of  Rp/Ap_  the  electron  collection  initially  decreases  more  rapidly  when  the  ions 
are  at  zero  temperature  than  when  they  ai/e  at  electron  temperature.  In  contrast 
to  the  results  shown  in  Figs.  39  and  40,  current  collection  in  Fig.  4l  is  equal 
to  the  orbital-motion-limited  result  only  in  the  limit  as  Rp/Ap_  -*0.  The  rea¬ 
son  for  this  is  that  the  orbital-motion-limited  current  cannot  be  attained  in 
the  presence  of  a  zero-potential  sheath  edge  at  any  finite  radius  (Sec.  XII). 

In  order  to  display  more  clearly  the  behaviour  of  the  current  at 
small  Debye  lengths,  the  ion  or  electron  collection  has  been  plotted  in  Fig.  42 
as  a  function  of  Ap_/Rp  for  T+/T_  =  1  and  various  values  of  probe  potential. 
Trapped-orbit  and  orbital-motion-limited  current  boundaries  are  shown.  The  me¬ 
thod  of  obtaining  the  location  of  the  orbital-motion-limited  current  boundary 
from  the  computed  results  is  described  later  in  connection  with  Fig.  50a.  As 
is  the  case  with  the  trapped-orbit  boundaries,  all  orbital-motion-limited 
current  boundaries  shown  in  this  and  subsequent  diagrams  refer  to  a  fully  Max¬ 
wellian  plasma,  with  the  understanding  that  zero-temperature  attracted  particles 
are  included  as  a  special  case. 

The  corresponding  dependence  of  ion  collection  on  Ap^/Rp  for 
T+/T_  =  0  is  shown  in  Fig.  43  for  various  probe  potentials.  In  comparison  with 
Fig.  42,  both  the  trapped-orbit  and  orbital-riotion-limited  current  boundaries 
in  general  lie  at  larger  values  of  Rp/Ap_  for  any  given  probe  potential. 

Figure  50a  and  50b  also  show  these  boundaries.  The  kink  in  the  current-collection 
curves  of  Fig.  43  occurs  because  when  the  attracted  species  is  at  zero  temperature, 
it  is  mono- energetic,  and  the  discussion  in  Sec.  VIII  applies. 
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Figure-  .  -ii  c  jii*  ction  u„  •»  f-nctior  o*'  a^  /Ru  for 

tW'hT.  -  -kft;  ana  vuiuvj  of  T-»/T.  of  u.5,  and  1.  In  contrast  with  Fig.  23, 
which  shows  the  coi  responding  results  tor  the  sphere,  the  ion  current  is  bounded 
at  large  values  of  Ap^/Rp  and  small  values  of  T+/T_,  for  any  given  probe  potentia 
Current  results  for  mono-energetic  ions  are  shown  for  comparison; once  again, 
the  result  for  T+/T_  =  0  is  a  member  of  both  the  Maxwellian  and  mono-energetic 
families  of  results.  There  is  seen  to  be  a  range  of  values  of  Ap  /Rp  in  which 
the  current  collection  at  fixed  Ap_/RD  is  not  a  monotonic  function  of  T+/T_. 

A  detailed  comparison  of  Figs.  42  and  £3  shows  that  this  occurs  only  for  values 
of  -e0p/kT_  greater  than  about  10.  The  trapped-orbit  boundary  is  also  shown. 


Electron  collection  results  have  been  plotted  in  Figs.  45  and  46 
as  functions  of  Ap_/Rp  and  RpAp_>  respectively,  in  order  to  illustrate  the 
behaviour  of  the  current  collection  for  both  small  and  large  Debye  lengths. 

These  results  are  plotted  for  e0p/kT_  =  25  and  values  of  T+/T_  of  0,  0.5,  and  1. 
These  diagrams  correspond  to  Figs.  25  and  26  for  the  sphere.  Figure  45  shows  the 
trapped-orbit  boundary  in  incomplete  form  since  its  location  for  T+/T_  =  0  is 
not  available,  as  discussed  in  connection  with  Fig.  38*  As  in  Fig.  25,  the  re¬ 
sults  for  T+/T_  =  0  in  Fig.  45  include  the  end  point  for  Rp/Ap_  =  0  since  the 
limiting  result  i_  =  1  is  known.  Current  collection  for  Maxwellian  electrons 
based  on  the  planar- sheath  approximation  is  also  shown  again  in  Fig.  45.  Figures 
45  and  46  also  show  corresponding  current  collection  results  for  mono-energetic 
electrons.  In  contrast  to  the  spherical  case  of  Fig.  26,  current  collection  for 
non-zero  values  of  T^/T^  in  Fig.  46  is  seen  to  be  orbital-motion-limited,  i.e. 
not  a  function  of  Rp/Ap_,  over  a  non-zero  range  of  Rp/Aj)  . 


Figure  47  shows  ion  collection  for  e0t)/kT_  =  -25  and  electron 
collection  for  e0p/kT_  =  25,  as  functions  of  T+/T_,  for  Rp/Ap  =  10.  Results 
for  mono- energetic  attracted  particles  are  shown  for  comparison.  The  Maxwellian 
and  mono-energetic  ion  current  results  are  seen  to  coalesce  as  T+/T_  -*0,  as 
must  be  the  case  (Sec.  XIII).  Since  the  electron  collection  result  for  a  posi¬ 
tive  probe  in  the  limiting  case  T+/T_  =  0  is  calculated  by  a  different  program 
(Appendix  I)  than  the  results  for  non- zero  values  of  T+/T_,  the  fact  that  these 
results  are  seen  to  join  smoothly  in  Fig.  47  serves  to  verify  the  operation  of 
both  programs.  We  also  note  that  the  ion  current  for  the  negative  probe  is 
equal  to  the  electron  current  for  the  positive  probe  when  T+/T  =  1,  as  it  must 
be  (Sec.  III). 


Ion  collection  is  shown  in  Fig.  48  for  Rp/^p_  =  10  as  a  function 
of  both  T+/T_  and  probe  potential.  This  diagram  corresponds  to  Fig.  28  for  the 
sphere.  The  trapped-orbit  boundary  is  shown,  as  well  as  the  current  collection 
for  mono-energetic  ions  for  T+i/T_  =  1  and  for  e0p/kT_  =  -25.  In  contrast  with 
Fig.  28,  the  ion  collection  is  seen  to  be  a  monotonic  function  of  ion  temperature 
for  the  cylinder  for  Rp/Ap_  =  10;  the  fact  that  this  is  not  true  for  some  values 
of  Rp/Ap_  has  been  noted  in  connection  with  Fig.  44.  The  curve  for  T+/T_  =  0  is 
seen  to  be  complete  in  the  cylindrical  case,  unlike  that  for  the  sphere. 

Figure  49  shows  electron  current  as  a  function  of  probe  potential 
for  Rp/Ap_  =  10  and  values  of  T+/T_  from  0  to  1.  This  diagram  corresponds  to 
Fig.  29  for  the  sphere.  In  comparison,  the  increase  in  current  collection  with 
probe  potential  is  smaller  in  all  cases,  and  the  inner  family  of  trapped  orbits 
(Sec.  VIII)  occurs  at  smaller  probe  potentials  in  the  cylindrical  case  than 
trapped  orbits  occur  in  the  spherical  case. 
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Xiapped-orbit  and  orbital -Motion-  Limited  current  boundaries  are 
plotted  in  Fig.  50a  for  an  ion-collecting  probe  for  values  of  T*/T„  of  0,  0.5, 
and  1.  This  diagram  corresponds  to  Fig.  30  for  the  sphere}  in  contrast,  the 
trapped-orbit  boundary  position  is  for  nearly  all  values  of  probe  potential  seen 
to  be  a  monotonic  function  of  T+/T.  in  the  cylindrical  case.  In  this  case, 
trapped  orbits  also  exist  at  larger  values  of  Rp/Ai>_  than  in  th®  corresponding 
spherical  case;  this  is  because  the  potential  in  the  cylindrical  case  is 
generally  more  shallow  in  form  (Sec.  VIII).  Another  difference  between  Figs. 

30  and  50a  is  that  in  the  spherical  case,  no  orbital-motion-limited  current 
boundaries  are  shown  since  there  are  no  non-zero  values  of  Rp/Ap„  for  which 
this  amount  of  current  is  actually  collected;  a  discussion  or  the  reasons  for 
this  difference  appears  in  Appendix  E.  These  bounauries  have  been  obtained  in 
the  cylindrical  case  by  obtaining  as  computer  output  for  a  sequence  of  cases 
the  value  of  the  maximum  energy  level  for  which  current  collection  is  not 
orbital-motion-limited  (Sec.  VIII;  Table  3)  and  extrapolating  this  result  to 
zero  as  a  function  of  either  probe  potential  or  Rp/Ap_.  Figure  50b  shows  the 
data  of  Fig.  50a  plotted  on  a  larger  scale  in  Rp/Ap_  to  show  more  clearly  the 
location  of  the  orbital-motion-limited  current  boundaries. 

Figure  51  shows  the  same  boundaries  as  those  of  Fig.  50  in  the 
case  of  an  electron-collecting  probe.  This  diagram  corresponds  to  Fig.  31  for 
the  sphere.  The  trapped-orbit  boundary  for  T+/T_  =  0  is  incomplete  as  in  Figs. 

38  and  4l.  The  boundaries  for  T+/T_  =  1  are  the  same  as  those  for  ion  collection 
in  Fig.  50,  as  they  must  be  (Sec.  III). 

It  is  clear  from  examination  of  the  preceding  diagrams  that 
much  of;  the  information  computed  here  for  both  the  spherical  and  the  cylindrical 
probes  is  in  the  region  where  trapped  orbits  exist.  The  fact  that  populating 
these  orbits  in  any  particular  case  is  likely  to  cause  a  decrease  in  the  attracted- 
species  current  has  been  pointed  out  in  Sec.  VIII.  Since  no  quantitative  pre¬ 
dictions  exist  of  the  magnitude  of  these  effects,  it  is  evident  that  theoretical 
or  experimental  investigation  of  them  would  be  of  great  value  in  finding  out 
whether  in  any  given  situation  they  appreciably  affect  the  current  collection. 

It  is  noteworthy  that  Bernstein  and  Rabinowitz  (Refs.  5  and  2l) 
were  sufficiently  concerned  about  this  problem  to  forego  carrying  out  their 
mono-energetic  calculations  in  the  trapped-orbit  region.  However,  important 
cases  are  believed  to  exist  in  which  the  population  of  these  orbits  will  be 
negligible  (Sec.  VIII);  the  obtaining  of  these  results  was  accordingly  considered 
to  be  a  worthwhile  task. 

This  completes  the  discussion  of  the  computed  results  of  this 
investigation.  As  noted  in  Sec.  XV,  these  results  may  be  applied  by  scaling 
of  the  appropriate  parameters  to  situations  involving  multiply  charged  ions 
and  values  of  T+/T.  greater  than  1. 
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XVII.  COHHkBISQa  wft*  tj  M .X.j^.S. 


The  theory  and  numerical  calculations  which  form  the  subject  of 
this  investigation  have  been  carried  out  as  part  of  a  coordinated  project  in 
the  development  of  plasma  diagnostic  techniques  at  U.T.I.A.S.  As  part  of  this 
project,  experimental  work  closely  related  to  the  work  described  herein  has 
been  performed  by  Graf  (Ref.  3)  and  Sonin  (Ref.  4).  Results  of  this  combined 
investigation  have  also  been  reported  in  Ref.  19 . 

Reference  3  reports  the  results  of  a  comparison  made  between 
Langmuir  probe  and  microwave  measurements  on  the  subsonic  portion  of  a  free- 
expansion  argon  plasma  jet.  Figure  52,  which  has  been  obtained  from  the  re¬ 
sults  of  Ref.  3  as  they  appear  in  Ref.  19,  shows  a  comparison  of  electron  num¬ 
ber  density  results  obtained  using  these  two  techniques.  The  Langmuir  probe 
measurements  used  in  constructing  this  diagram  were  made  using  a  cylindrical 
probe  of  large  length-to-diameter  ratio  aligned  parallel  to  the  local  flow 
direction;  numerical  results  which  appear  in  Table  6  were  used  in  calibrating 
this  probe . 


Reference  4  reports  the  results  of  experiments  undertaken  to 
compare  the  experimentally  measured  current  collection  of  cylindrical  probes 
with  the  results  of  this  investigation  (Table  6)  and  with  results  obtained  from 
other  theoretical  formulations  (Sections  I,  V,  XIII).  These  probes  were  used 
under  essentially  similar  conditions  to  those  mentioned  above  in  connection 
with  Ref.  3*  Figure  53  is  reproduced  from  Ref.  4.  This  diagram  corresponds  to 
a  situation  in  which  the  ion  to  electron  temperature  ratio  was  nearly  zero 
and  shows  ion  current  1^  measured  at  10  dimensionless  units  below  the  floating 
potential  Xf>  plotted  as  a  function  of  (RpAp)2  Ii(Xf-lO)  where  Rp/Xp  is  in  Fig. 

53  the  ratio  of  probe  radius  to  electron  Debye  length.  Numerical results  of 
this  investigation,  and  results  calculated  by  Chen  (Ref.  8)  are  shown  for  com¬ 
parison.  It  is  seen  that  at  larger  values  of  the  abscissa  in  this  diagram,  the 
experimental  results  give  good  agreement  with  the  theoretical  results  obtained 
here  rather  than  with  those  of  Ref.  8,  which  are  based  on  the  zero- angular-momentum 
or  radially- inward- motion  assumption  for  zero-temperature  ions.  The  implications 
of  this  assumption  have  been  discussed  in  Sec.  XIII;  the  experimental  data  shown 
in  Fig.  53  therefore  amount  to  a  verification  of  the  assumption  made  here  in 
this  investigation  that  the  zero  energy  ions  have  a  uniform  distribution  of 
angular  momentum  far  from  the  probe.  In  other  words,  their  distribution  is 
correctly  predicted  by  the  zero-energy  limit  of  the  mono-energetic  distribution 
(Sec.  XIII). 


It  is  also  seen  in  this  diagram  that  the  experimental  points  de¬ 
part  from  the  theory  at  the  point  where  the  theory  predicts  that  the  current 
becomes  orbital-motion-limited  and  no  longer  increases.  This  effect  must  almost 
certainly  be  a  collisional  one;  it  means  that  a  significant  number  of  ions  pre¬ 
sumably  undergo  collisions  while  orbiting  by  the  probe  and  are  deflected  so  as 
to  strike  it  when  they  would  otherwise  miss  it.  The  purpose  of  this  investigation 
has  been  to  explore  the  implications  of  a  collisionless  theory,  and  calculations 
involving  collisions  are  beyond  its  scope.  However,  this  diagram  illustrates 
the  fact  that  it  is  possible  to  find  some  situations  in  which  the  collision.  - 
less  results  are  much  more  sensitive  to  the  presence  of  collisions  than  in 
other  cases. 
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The  foregoing  questions  are  discussed  in  acre  detail  in  Refs.  3 
and  4,  which  also  contain  complete  descriptions  of  the  experimental  procedures 
involved.  Reference  19  has  been  written  as  a  summary  of  some  of  the  results 
of  this  combined  research  program;  it  also  contains  further  information  on  the 
relationships  between  this  theory  and  the  experiments  just  described. 


XVIII.  CONCLUDING  REMARKS 

A  method  has  been  developed  and  used  to  obtain  theoretical  pre¬ 
dictions  of  the  current  collected  from  a  collisionless,  fully  Maxwellian  plasma 
at  rest  by  an  electrically  conducting  Langmuir  probe  having  spherical  or  cylindri¬ 
cal  symmetry;  the  results  for  the  cylinder  have  the  advantage  of  being  appli¬ 
cable  to  an  aligned  probe  in  a  flowing  plasma.  The  probe  characteristic  has 
been  determined  for  both  spherical  and  cylindrical  geometries  for  probe  radii 
up  to  100  times  the  Debye  shielding  distance  of  the  hotter  species  of  charged 
particle,  for  a  complete  range  of  ion-to-electron  temperature  ratios,  and  for 
probe  potentials  from  -25  to  25  times  the  thermal  energy  of  the  hotter  species. 
Results  have  been  presented  explicitly  for  temperature  ratios  in  the  range 
0  <  T+/T„  <  1,  and  it  has  been  indicated  (Sections  IX,  XV)  that  results  for 
greater  values  of  T+/T_  may  be  obtained  from  these  by  scaling  the  appropriate 
rondimensional  parameters.  Each  current  collection  result  has  been  computed 
to  a  relative  accuracy  of  0.002  or  better  in  an  average  time  of  approximately 
two  minutes  on  the  IBM  7094  at  the  University  of  Toronto. 

Maxwellian  velocity  distributions  and  finite  current  collection 
have  been  assumed  for  both  ions  and  electrons.  The  key  to  the  construction  of 
a  workable  computation  scheme  has  been  the  replacement  of  the  infinite  plasma 
by  an  outer  boundary  at  a  finite  radius,  beyond  which  a  power-law  potential  is 
specified.  Experience  with  the  computer  program  has  in  most  cases  shown  that 
the  computed  results  are  remarkably  insensitive  to  the  precise  location  of  this 
boundary,  so  that  it  may  be  placed  relatively  close  to  the  probe  surface,  at  a 
major  gain  in  computation  economy  without  appreciably  disturbing  the  results. 

The  problem  defined  by  these  assumptions  is  expressible  as  a 
nonlinear  system  of  integral  equations,  which  has  been  solved  numerically  by  an 
iterative  scheme  involving  a  sequence  of  successive  approximations  to  potential 
and  charge  density  distributions.  An  extension  of  the  method  of  Bernstein  and 
Rabinowitz  (Refs.  5>  21)  has  been  used  to  provide  charge  densities  for  ions 
and  electrons  at  each  step  in  the  iterative  process.  The  iteration  has  been 
found  to  be  divergent  in  general,  and  convergence  has  been  forced  by  modifying 
the  computation  scheme  to  provide  mixing  of  each  successive  charge  density  re¬ 
sult  with  its  predecessor1.  The  procedure  does  not  assume  any  a  priori  separation 
into  sheath  and  quasi-neutral  regions. 

Calculations  based  on  the  assumption  of  a  mono-energetic  distri¬ 
bution  for  the  attracted  particles  have  been  made  within  the  framework  of  this 
computation  scheme,  in  order  to  provide  explicit  comparison  with  the  results  for 
a  fully  Maxwellian  plasma,  and  to  provide  an  efficient  first  approximation  for 
computations  with  the  Maxwellian  plasma.  In  general,  the  results  based  on  the 
mono- energetic  model  have  been  found  to  be  a  good  approximation  to  those  for  the 
Maxwellian  plasma  for  values  of  Rp/Ap_  greater  than  about  5  but  show  marked 
deviation  from  them  for  smaller  values  of  Rp/AD»  (figs.  23  to  26,  44  to  46). 
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It  has  also  been  shown  that  the  difficulties  encountered  by 
Bernstein  and  Rabinowitz  (Ref.  5)  in  computing  the  ion  current  for  the  cylinder 
in  the  zero- ion- temperature  limit  are  illusory,  and  that  the  computations  of 
Chen  (Ref.  8)  for  this  case  do  not  take  into  account  the  fact  that  the  ion 
temperature  acts  as  a  singular  perturbation. 

Experimental  results  by  Sonin  (Ref.  4),  using  a  cylindrical 
probe  have  been  cited  in  Sec.  XVII  to  indicate  that  even  in  the  zero-ion- 
temperature  limit,  the  current  collection  appears  to  be  correctly  predicted 
by  the  assumption  of  a  uniform  distribution  in  angular  momentum  as  made  here, 
rather  than  by  the  radially  inward  motion  assumption  made  by  Chen  (Ref.  8). 

It  is  also  pointed  out  in  Sec.  XVII  that  an  exception  to  this  occurs  for  values 
of  Rp/^D  in  the  orbital-motion-limited  range,  where  the  ion  collection  rises 
above  the  orbital-motion-limited  value  and  hence  disagrees  with  either  theory, 
apparently  because  of  collisional  effects  (Fig.  53) • 

Although  the  computation  scheme  used  in  this  investigation  to 
obtain  results  in  the  general  case  has  been  found  to  break  down  in  certain 
extreme  ranges  of  the  plasma  parameters,  modifications  or  simpler  theories  have 
been  found  to  give  end-point  data  at  nearly  all  of  these  limits,  particularly 
when  either  the  repelled  or  attracted  species  is  at  zero  temperature  (Sections 
XII,  XIII,  Appendix  H) .  In  the  case  of  zero-temperature  repelled  particles, 
the  modifications  involved  a  major  effort  and  allowed  results  to  be  obtained 
in  an  area  in  which  up  to  now,  even  for  the  simplified  case  of  mono-energetic 
ions,  no  results  exist  in  the  literature. 

Computed  charge  density  and  potential  distributions,  as  well  as 
trapped-orbit  and  orbital-motion-limited  boundaries  and  certain  other  informa¬ 
tion,  have  been  presented  graphically.  Computed  probe  characteristics  have 
been  presented  in  both  graphical  and  tabular  form  (Sections  XV  and  XVI,  Tables 
5  and  6) .  A  listing  is  included  of  the  Fortran  programs  used  to  obtain  these 
results  (Appendix  I) . 
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TABUS  1 


Maximum  Number  Density  Nnax.  *  Species  of  Charged  Particles  Whose  Scattering 
Distance  Sd  is  to  be  Larger  Than  One  Probe  Diameter,  As  a  Function  of  Rp/Aj)  and  T 


BjA) 

®max. 

T  =  10^°K 

T  =  2  x  10^ 

2.5 

6.34 

4.3  x  1015 

3.5  x  1019 

10 

0.712 

5.5  x  10*3 

4.4  x  101? 

100 

0.0415 

1.85  x  1011 

1.48  x  IX)15 

TABLE  2 


Asymptotic  Potentials  at  Large  Radius 


Spherical 

Symmetry 

Cylindrical 

Symmetry 

Unshielded 

Coulomb  Potential 

0  a  r'l 

Logarithmic 

Divergence 

Debye  Shielded 
Potential 

e’r/XD 

0  a  2__ 

e  -r/*D 

♦°  v- 

Current-Collecting 

Probe 

.p 

0  a  r 

0  a  r"1 

Current-collecting 

-4 

0  a  r 

0  a  r-2/3 

Probe;  Attracted 
Particles  at  Zero 
Temperature 


TABLE  3a 


Partial  List  of  Correspondences  Between  Text  Symbols  and 
Fortran  Variable  Names 


!xt  Reference 

Text 

Symbol 

Fortran 

Variable 

Name 

Program  Reference 

Eq.  (9.1) 

X 

X 

Main  Programs  1  and  2  and 
Related  Subprograms 

X2 

XSQ 

It 

Eq.  (D.2) 

s 

s 

II 

Eq.  (D.2) 

dx/ds 

DXDS 

tf 

r/Kp 

ROP 

FFN  362*,  256* 

SCOT 

FFN  18*,  255* 

Eq.  (5.1) 

M(r) 

COOK 

Function  COOKIE 

Eq.  (9.1) 

X 

XI 

Main  Programs  1  and  2  and 
Related  Subprograms 

Eq.  (D.2) 

dx/ds 

DXIDS 

It 

Eq.  (9.1) 

n 

ETA 

»l 

Eq.  (9.7) 

1+ 

ETAFS 

Subprograms  Charge,  Chamon 
Cal 

Eq.  (9-7) 

V- 

ETANG 

V 

Eq.  (E.28) 

flG 

OMGAG 

If 

II 

% 

BETAG 

II 

Eq.  (E.  29) 

°G 

ALFAG 

ft 

Eq.  (E.31) 

€g 

EPSG 

FUNCTIONS  CHARGE,  CAL 

APPENDIX  D 

y,K0,K! 

Y 

Main  Programs  1  and  2, 

FFN  33,38,  31* 

APPENDIX  D 

y 

Y 

Function  CAL,  FFN  290 

Eqs*  (D.21) 

Y 

Z 

Main  Programs  1  and  2, 

FFN  3^,  35 

FFN-  Fortran  Formula  Number 


*  Nearest  Numbered  Formula 


TABLE  3a 
(continued) 


Text  Reference 


Text  Fortran 

Symbol  Variable 

Name 


Program  Reference 


Figure  5;  If  sjj,  SH 

the  value  of  s 

at  point  I)  is 

the  value  of  the 

Fortran  Variable 

S(I),  Then  the 

value  of  S  at 

Point  L  is  the 

value  of  SH(l). 

It  follows  that 
Sti  is  Stored  in 
SH(1) 


Subroutine  Charge, 
FFN  320 


7 r 

PI 

Main  Programs  1  and  2, 
FFN  101 

"s/7T 

SQTPI 

1/tt 

VIPI 

1  /"Jw 

SAY 

Eq.  (D.21) 

As 

DELTS 

Main  Programs  1  and  2, 
FFN  16* 

Sqs.  (3.2),  (9.1) 

7+ 

GAMMA 

Main  Programs  1  and  2 

^3 

PI3 

*6 

PI6 

SB 

P 

YPOS 

i_ 

YNEG 

Figure  5b,  6a, 10b 

*H 

BETH 

Figure  10a 

Pc 

BETH 

-\*C 
e  ORe 

EXY 

Smallest  and 

SW,  SWA 

Subroutine  Charge 

Largest  Values 
of  s  at  Which 
Locus  of  Extrema 
Enters  First 
Quadrant 


TABLE  3a 
(concluded) 

Text  Reference 

Text 

Symbol 

Fortran 

Variable 

Name 

Program  Reference 

Values  of  £  corre¬ 
sponding  to  above 
values  of  s 

BETAW, 

BETAWA 

Subroutine  Charge 

Smallest  and  larg¬ 
est  values  of  s  at 
which  maxima  occur 
in  locus  of  extrema 
Coordinate  indices 
corresponding  to  smallest 
values  of  s,  if  any, 
for  which  the  point  H 
in  Figs.  5  and  6, 
corresponding  to  the 
cutoff  boundary  tan¬ 
gent  at  s,  is  not  in 
the  first  quadrant 

SCRIT, 
SCRITA  • 

LK,  LKA 

Subroutine  Charge 

! 

Eqs.  (E.45),(E.67) 

mj 

Fuctions  DYO,  TRY 

Eqs.  (E.45),(E.67) 

e 

THETA 

Functions  DYO,  TRY 

Eqs.  (9.4), (11.7) 

Pm 

ENG 

Subroutine  Chamon, 

FFN  535,  536 

—  Eq.  (9.10b) 

i+- 

YEN 

MaJ.n  Program  1,  FFN  357 

Eq.  (13.6a) 

i* 

CURRNT 

Main  Program  4 

Appendix  D 

(dx/dx) 

EDGE 

s«o 

Main  Programs  1  and  2 

Fig.  8 

• 

'Case 

Number 

LINK 

Subroutines  Charge , 

First,  Second,  Third, 

Fourth  (Sphere  and  Cylinder) 

Eq.  (E.3) 

K 

CAPRA 

Functions  DUO,  DYO 

Eq.  (E.5) 

h 

JAMDA 

\bh 

Function  TRE 

Function  TRY 

Ratio  of  largest 
Trapped-orbit 
radius  to  Rp 

Jrkrit 

|RTRAP 

Subroutine  Charge,  FFN  234 
Subroutine  Charge,  FFN  241, 
Subroutine  Chamon,  FFN  48l* 

Ratio  of  largest 

STRAP 

Main  Program  4,  FFN  99* 

Trapped-orbit  radius 
to  Xp. 


TABLE  3b 

Partial  List  of  Correspondences  Between  Text  Equations  and 

Fortran  Formula  Numbers 


Text  Equation 

Fortran  Formula 
Number 

Program  Reference 

(9.4), (13.1c) 

535 

Subroutine  CHAMON 

(5.1), (9.7) 

4o 

Main  Programs  1  and.  2 

(9.8) 

103* 

402* 

Subroutine  CHARGE 
Subroutine  CHAMON 

(9.10b) 

357 

Main  Program  1 

(9.16) 

16* 

102 

Main  Program  1 

Subroutine  CHARGE 

(9.15) 

706*,  712* 

331*,  328* 

Subroutine  CHARGE 

Subroutine  CHAM0N 

(11.7), (13.2c) 

536 

Subroutine  CHAMON 

(12.5) 

750 

Subroutine  THIRD  (Sphere) 

(12.6) 

108*,  746* 

Subroutine  THIRD  (Cylinder) 

(13. la) 

438,  44o, 

444,  446, 

452,  454 

Subroutine  CHAMON 

(13.16) 

456 

Subroutine  CHAMON 

(13. 2a) 

439,  44i, 

445,  447, 

453,  455 

Subroutine  CHAMON 

(13.2b) 

530 

Subroutine  CHAMON 

(13.3a) 

446,  452 

Subroutine  CHAMON 

(13.4a) 

"  447,  453 

Subroutine  CHAMON 

(13.13) , 

(13.14) 

27*,  42*, 

48*,  177* 

Main  Program  4 

(14.1), (E.43) 

751,  204 

Subroutine  THIRD  (Sphere) 

(14.2), (E.94) 

180*,  204 

Subroutine  THIRD  (Cylinder) 

(D.2) 

33 

Main  Programs  1  and  2 

(D.7),(D.8) 

39*,  39 

Main  Programs  1  and  2 

(D.10) 

326 

Main  Program  1 

(D.U) 

325 

Main  Programs  1  and  2 

(D.12) 

281 

Main  Programs  1  and  2 

(D.15),(D.l6) 

285* ,  285 

Main  Programs  1  and  2 

(D.18) 

331 

Main  Program  1 

(D.19) 

330 

Main  Programs  1  and  2 

Nearest  Numbered  Formula 


TABLE  3b 
(continued) 


Text  Equation 

Fortran  Formula 

Program  Reference 

(D.21) 

Number 

34,  35 

Main  Programs  1  and  2 

25,  32 

Main  Program  3 

(D.22) 

332  to  337 

Function  CAL 

(E.3) 

501* 

Function  DUO 

205* 

Function  DYO 

(E.5) 

401* 

Function  TRE 

35* 

Function  TRY 

(E.l) 

Function  UNO 

(E.2) 

Function  DUO 

(E.4) 

Function  TRE 

(E.10) 

Function  DYO 

(E.ll) 

Function  TRY 

(E.17),(E.42) 

176,  751 

Subroutine  THIRD  (Sphere) 

(E.17) 

176,745,180* 

Subroutine  THIRD  (Cylinder) 

(E.18) 

177*, 571, 204 

Subroutine  THIRD  (Sphere) 

177  ,  571,  204 

Subroutine  THIRD  (Cylinder) 

(E.19) 

552*, 552, 

Subroutine  FIRST  (Sphere  or 

551  ,  560* 

Cylinder) 

(E.20) 

552*,  556, 

Subroutine  FIRST  (Sphere) 

560*,  562 

552*,  556, 

Subroutine  FIRST  (Cylinder) 

(E.21), 

571,  573, 

560*,  575* 

Function  COEFT 

(E.22) 

(E.23) 

305 

'  Function  UNO 

(E.25) 

506 

Function  DUO 

(E.27) 

406 

Function  TRE 

(E.30) 

126* 

Subroutine  CHARQE 

126 

Subroutine  CHAMON 

(E.31) 

126 

Subroutine  CHARQE 

(E.32),(E.33) 

221,  292 

Function  CAL 

(E.34),(E.89) 

560* 

Subroutines  FIRST 

540* 

Subroutines  SECOND 

750,180* 

Subroutines  THIRD 

320* 

Subroutines  FOURTH 

Text  Equation 

Fortran  Formula 
Number 

(E.35),(E.90) 

562*, 575* 

750  ,  746* 
370,  375* 

(E.36),(E.9l) 

226,  310 

(E.39) 

177,  177* 

(E.44) 

200,190,84 

(E . 52) 

10* 

(E.53) 

50 

(E.57) 

125* 

(E.58) 

116* 

(E.59) 

102* 

(E.60)  to  (E.65) 

199  to  216 

(E.66) 

19,  72,  73 

(E.69)  to  (E.72) 

40  to  16 

(E.73) 

22* 

(E.76)  to  (E.78) 

4l  to  501 

(E.82) 

508,  509 

(E.84),  (E.85) 

525  to  510 

(E.86) 

316* 

317 

(E.87),(E.88) 

221,  294 

(E.92) 

177,  571 

(P.9) 

30* 

(F.15) 

25,32 

(F.l6) 

23 

(G.l4) 

(Q.15) 

140  to  152 

TABLE  3b 
(concluded.)' 

Program  Reference 

Subroutines  FIRST 
Subroutines  THIRD 
Subroutines  FOURTH 

Function  CAL 

Subroutine  THIRD  (Sphere) 

Function  DYO 

Function  DYO 

Function  DYO 

Function  DYO 

Function  DYO 

Function  CDO 

Function  DYO 

Function  TRY 

Function  TRY 

Function  TRY 

Function  TRY 

Function  TRY 

Function  TRY 

Subroutine  CHARGE 
Subroutine  CHAMON 

Function  CAL 

Subroutine  THIRD  (Cylinder) 
Main  Program  3 
Main  Program  3 
Main  Program  3 
Subroutine  POWERS 
Main  Program  4 


TABLE  4 


Suggested  Computation  Net  Spacings  and  Outer  Boundary  Radii  for  Use  With 


Sphere:  T+/T_  =  1  ;  Xp_  =  -  25 


Rp/AD. 

As 

Points 

Per  Xj) 

/  ds\ 

N  /  f-U 

r 

SB 

Re 

Rp 

RB  -  Rp 

—K — 

at  Probe 

Jr 

D 

0.5 

.0667 

30 

-1 

2.8 

16.44 

7.7 

1 

.05 

20 

-1 

2.4 

11.02 

10.0  * 

2 

.0333 

15 

-1 

2.0 

7.39 

12.8 

5 

.0133 

15 

-1 

0.80 

5.00 

20.0 

10 

.01 

10 

-1 

0.72 

3-57 

25.7 

20 

.005 

10 

-1 

0.56 

2.27 

25.5 

50 

.005 

10 

-2.5 

0.56 

1.64 

31.8 

100 

.005 

10 

-5 

0.50 

i.4o 

40.3 

Cylinder:  0  <  T+/T_  <  1  ;  Xp_  =  25 


Rp/AD_ 

As 

Points 

Per  Xp 
at  Probe 

/  ds\ 

SB 

Rb 

*P 

Bb  -  R. 

1 

.025 

40 

-1 

2.9 

18.17 

17.2 

2 

.025 

20 

-1 

2.3 

9.97 

17.9 

5 

.01 

20  « 

-1 

0.80 

5.00 

20.0 

10 

.01 

10 

-1 

0.72 

3.57 

25.7 

20 

.0067 

7.5 

-1 

0.60 

2.50 

30.0 

50 

.01 

5 

-2.5 

0.56 

1.64 

31.8 

100 

.01 

5 

-5 

0.56 

1.53 

53.4 

TABLE  $a 


Spherical  Probe;  Ions  at  Zero  Temperature;  Electrons  Not  Collected  by  Probe  Surface; 
Ion  Currents  Obtained  from  Solution  of  the  Allen,  Boyd  and  Reynolds  Equation 


Rp/XD_ 

=  0.5 

RpAD_ 

=  0.75 

Rp/AD_ 

=  1.0 

rpAd_ 

=  1.5 

e0p/KT_ 

i+- 

e0p/kT. 

i+- 

e0p/kT_ 

i+. 

e0p/kT_ 

i+_ 

0.3136 

4.0000 

0.1250 

1.7778 

0.0563 

1.0000 

0.0145 

0.4444 

0.8115 

8.0000 

0.3575 

3.5556 

0.1767 

2.0000 

0.0525 

O.8889 

1.4094 

12.0000 

0.6540 

5.3333 

0.3393 

3.0000 

0.1088 

1.3333 

2.0770 

16.0000 

0.9970 

7.1111 

0.5339 

4.0000 

0.1807 

1.7778 

2.8011 

20.0000 

1.3787 

8.8889 

0.7557 

5.0000 

0.2663 

2.2222 

3.5843 

24.0000 

1.8017 

10.6667 

1.0076 

6.0000 

0.3678 

2.6667 

5.2656 

32.0000 

2.7292 

14.2222 

1.5718 

8.0000 

0.6035 

3.5556 

7.0923 

40.0000 

3.7614 

17.7778 

2.2163 

10.0000 

0.8865 

4.4444 

10.56 

54.0000 

5.-77 

24.0000 

3.50 

13.5000 

1.482 

6.0000 

12.15 

60.0000 

6.69 

26.6667 

4.10 

15.0000 

1.769 

6.6667 

17.8113 

80.0000 

10.0603 

35.5556 

6.3338 

20.0000 

2.8855 

8.8889 

23.9553 

100.0000 

13.7698 

44.4444 

8.8363 

25.0000 

4.1972 

11.1111 

30.4775 

120.0000 

17.7467 

53.3333 

11.5497 

30.0000 

5.6611 

13.3333 

26.4155 

71.1111 

17.5429 

40.0000 

9.0028 

17.7778 

24.1979 

50.0000 

12.8173 

22.2222 

31-3gy» 

60.0000 

16.9775 

26.6667 

26.3051  33.5536 


rpAd. 

«  2.0 

rpAd. 

=  2.5 

=  3.0 

Rp/*D. 

=  4.0 

-e^ra. 

i+- 

-e0I1/kT- 

4- 

-e0^/kl. 

i+- 

-e0p/  KT_ 

i+. 

0.0191 

0.5000 

0.0180 

0.4800 

0.0157 

0.4444 

0.0111 

0.3750 

o.o4n 

0.7500 

0.0316 

0.6400 

0.0246 

0.5556 

0.0202 

0.5000 

0.0708 

1.0000 

0.0488 

0.8000 

0.0347 

0.6667 

0.0317 

0.6250 

0.1075 

1.2500 

0.0693 

0.9600 

0.0617 

O.8889 

0.058 

0.8438 

0.1522 

1.5000 

0.1214 

1.2800 

0.0967 

1.1*111 

0.073 

0.9375 

0.2594 

2.0000 

0.1882 

1.6000 

0.179 

1.5000 

0.1322 

1.2500 

0.3932 

2.5000 

0.340 

2.1600 

0.219 

1.6667 

0.2150 

1.5625 

0.688 

3.3750 

0.415 

2.4000 

0.3964 

2.2222 

0.3191 

1.8750 

0.833 

3.7500 

0.7366 

3.2000 

0.6359 

2.7778 

0.6164 

2.5000 

1.4259 

5.0000 

1.1550 

4.0000 

0.9313 

3.3333 

1.0381 

3.1250 

2.1616 

6.2500 

1.6575 

4.8000 

1.7171 

4.4444 

1.5921 

3.7500 

3.0136 

7.5000 

2.9250 

6.4000 

2.7478 

5.5556 

3.1198 

5.0000 

5.0479 

10.0000 

4.5001 

8.0000 

3.9872 

6.6667 

5.1487 

6.2500 

7.4572 

12.5000 

6.3168 

9.6000 

7.0478 

8.8889 

6.6316 

7.0313 

10.1480 

15.0000 

10.6207 

12.8000 

10.7385 

11.1111 

8.2427 

7.8125 

16.3272 

20.0000 

15.6457 

16.0000 

13.3015 

12.5000 

10.0306 

8.5938 

23.3638 

25.0000 

19.0763 

18.0000 

16.0195 

13.8889 

11.9001 

9.3750 

28.1026 

28.1250 

22.6842 

20.0000 

18.9623 

15.2778 

13.8188 

10.1250 

33tftS& 

_3U£00 

26.5548 

22.0000 

21.9963 

16.6667 

16.2165 

11.0000 

30-rag 

24.0000 

25.0659 

18.0000 

20.5608 

12.5000 

28.8479 

19*5556 

25.2359 

14.0000 

30.6338 

TABLE  5a  (concluded) 


Vxd_ 

=  5.0 

Rp/^D. 

=  7.5 

rpAd. 

=  10 

RpAo_ 

=  15 

-e0p/kT_ 

i+- 

-e0p/kT_ 

i+_ 

-e0p/kT. 

i+- 

-e0p/kT_ 

i+- 

0.0128 

0.4000 

0.0104 

.0.3556 

0.0129 

0.4000 

0.0100 

0.3556 

0.024 

0.5400 

O.OI63 

0.4444 

0.0207 

0.5000 

0.0162 

0.4444 

0.029 

0.6000 

0.0236 

0.5333 

0.0299 

0.6000 

0.0211 

0.5000 

0.0541 

0.8000 

0.0431 

0.7111 

0.0562 

0.8000 

0.0260 

0.5556 

0.0855 

1.0000 

O.O696 

0.8889 

0.0929 

1.0000 

0.0315 

0.6111 

0.1271 

1.2000 

0.1046 

1.0667 

0.1209 

1.1250 

0.0376 

O.6667 

0.2455 

1  .6000 

0.2081 

1.4222 

0.1589 

1.2500 

0.0452 

0.7200 

0.4148 

2.0000 

0.3680 

1.7778 

0.2009 

1.3750 

0.0532 

0.7822 

0.6493 

2.4000 

0.5137 

2.0000 

0.2546 

1.5000 

0.0716 

O.8889 

1.3553 

3.2000 

0.6912 

2.2222 

0.3139 

1.6200 

.0.0942 

0.9956 

2.4107 

4.0000 

0.9244 

2.4444 

0.4024 

1.7600 

0.1220 

1.1111 

3.2467 

4.5000 

1.2009 

2.6667 

0.6000 

2.0000 

0.1966 

1.3333 

4.1936 

5.0000 

1.5221 

2.8800 

0.8772 

2.2400 

0.3104 

1.5556 

5.2873 

5.5000 

1.9801 

3.1289 

1.2889 

*  2.5000 

0.4922 

1.7778 

6.4589 

6.0000 

2.9282 

3.5556 

2.4710 

3.0000 

0.7682 

2.0000 

7.6883 

6.4800 

4.0977 

3.9822 

4.1858 

3.5000 

1.2052 

2.2222 

9.2571 

7.0400 

5.5930 

4.4444 

6.4377 

4.0000 

2.7249 

2.6667 

12.1543 

8.0000 

9.0476 

5.3333 

9.0921 

4.5000 

5.1857 

3.1111 

15.3356 

8.9600 

13.1432 

6.2222 
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Ion-Attracting  Spherical  Probe:  Jed  Values  of  Ion  Current  1+^. 

For  Values  of  T+/T.  Between  0  and  1 
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Spherical  Probe:  Computed  Values  of  Attracted-Species  Current  i+  or  i.  for  T+/T. 

Both  Species  Maxwellian, 
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Electron-Attracting  Spherical  Probe:  Computed  Values  of  Electron  Current 

For  Values  of  Tj7t_  Between  0  and  1 

(Repelled  Species  Colder) 
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(ONL)  -  Orbital  Motion  Limited 
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Ion-Attracting  Cylindrical  Probe;  Computed  Values  of  Ion  Current  for  T+/T_ 
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Ion-Attracting  Cylindrical  Probe: 

Computed  Values  of  Ion  Current  i+_  For  Values  of  T+/T.  Between  0  and  1 


e0  p 

h 

h 

K- 

kT_ 

T. 

A 

D 

Ions 

Ions 

Ions 

Maxwellian 

Mono-Energetic 

Mono-Energetic 
Electrons  Not 

Collected  by 
Probe  Surface 

-25 

0.75 

10 

3.238 

3.182 

It 

0.5 

11 

3.075 

3.026 

I! 

0.25 

II 

2.891 

2.856 

ft 

0.1 

11 

2.768 

2.753 

-20 

0.1 

10 

2.587 

2.574 

-15 

If 

11 

2.383 

2.369 

-10 

11 

If 

2.138 

-  7 

11 

11 

1.957 

-  5 

11 

II 

1.805 

-  3 

11 

11 

1.594 

-  2 

11 

11 

1.425 

-  1.5 

11 

II 

1.304 

-  1.0 

II 

II 

1.131 

-  0.6 

11 

11 

0.9283 

-  0.3 

11 

II 

0.7066 

-  0.1 

It 

II 

0.4926 

-20 

0.5 

10 

2.875 

2.832 

-15 

II 

11 

2.650 

2.611 

-10 

It 

11 

2.380 

2.345 

-  5 

II 

11 

2.014 

1.988 

1.989 

-  1 

II 

It 

1.326 

1.306 

1.331 

-25 

0.5 

2 

5.588 

5.686  (OML) 

It 

11 

3 

5.231 

.5.686  (OML) 

It 

11 

5 

4.317 

4.298 

It 

II 

20 

2.311 

2.266 

II 

11 

50 

1.757 

1.718 

II 

tl 

100 

1.537 

1.500 

OML  -  Orbital  Motion  Limited 


-4  -4  ON  CO  00  H  CJsOO  O  NO  ON 
ONH  O  t“HvO  ONOJ  UNCO  H4- 
H  on -3-  -4  IfN  IAIAmO  NO  VO  C-  f- 

•  ••••••••••• 

HHHHHHHHHHHH 

00  t>-  ONOOnOOQ  noNOco  00  ON  OO 
CN  CM  no  CM  SnO  UN  ONnQ  OJ  OQ 
H  m-3-  UNlfNNO  P-  P-  t-CO  On  on 

•  ••••••••••• 

HHHHHHHHHHHH 


CM  t—  CM 
CO  C-NO 
O  H  CM 

CM  CM  CM 


t—  ON  lAnO 
UNH  lAt“ 
H  nO.4  lA 


HHHHHHHCMCMCMCMCM 


\  00  NO  IfN 
'  -4  55  Q  1 
I  00.4  NO  ' 


00 

O  00  CM  CO  t*-oo 
00  ONO  CM  t-ON 
owm itn no  c*- 


CM  CM  ON 


HHHHHHHCMCMCUCM0O0O 


6  H  ONIAMH4  O  H  OnMUN 
H  t'-j-  no  ON  IfN  3-  CM  00-4  00  NO 
CM  no  IfN  l>- 00  H  IfN  ON  CM  t-  H  uV 
■  ••••••••«•» 

HHHHHCMCMCMnO  00-4  -4 


4  NfOOl  O  O  CM 
ifN  .4  H  On  CM  if\  O 
A004 


OnHnO  O 


•  •  •  • 


rlHH  wwmm  CO-4*  -4 


H  H  CM  CM  CO  no -4 -4  ifN 


CM  CM  no  no -4  -4  lA 


hum 

cm  cm  no  no -4  knia 


ia  no  H  H 

PS'S  5 

•  •  •  • 

CO-4  UMTS 


•  ••••••••••••• 

HHHHHHHCMCMnO  CO-4  US  US 


H  CO  NO  OUSOOOUSOOOO 
•  ••••••••»••• 

OOOOHHCMnOUSb-gU^gjjfS 


TABLE  6d 


Cylindrical  Probe:  Computed  Values  of  Attracted-Species  Current  1+  or  i.  For  T.|./T_  =  1; 
Attracted  Species  Mono-Energetic,  Results  For  the  Case  of  Repelled  Particles  Not 


Collected  by  Probe  Surface  Are  Shown  in  Brackets 
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Electron- Attracting  Cylindrical  Probe: 

Computed  Values  of  Electron  Current  For  Values  of  T+/T_  Between  0  and  1 
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Ions  Not  Collected  by 
Probe  Surface 


1.455 


probe 


spherical  probe 


FIGURE  1 

PROBES  AND  BASIC  CIRCUIT 


FIGURE  2 

COMPLETE  LANGMUIR  PROBE  CHARACTERISTIC. 
(AFTER  REF.  2)  ION  CURRENT  EXAGGERATED. 


E,£ 


co  u 


0 

18“ 

83® 

gsL 

w  ww 
os 

w  S< 
o*> 
uSB 

*3* 

SM 

H  2 

SS| 
?2| 
s  wg 

3  WQ 

<xz 

0*2 
o  w  * 

Z  CO  W 

3  <£ 

c.yf- 

ISJ 

;»5S 

O  W  Q 
as  «  sz 

"»8« 

w*2b 

fe  o  w  . 

o  §  p  o 

s4s 

sas@ 

Sggk 

as.  v*  g 
k  k  W*Q 

toi  y  >*1 

05  2  tt  *-5 

§Sgg 

Si  ■  S5 
w  <  5  < 


Increasing 

Angular 

Momentum 


FIGURES  4c  and  4d:  FAMILIES  OF  ATTRACTED-PARTICLE 
ORBITS  CORRESPONDING  TO  THE  SAME  TOTAL  ENERGY  E 
AND  VARIOUS  VALUES  OF  ANGULAR  MOMENTUM  J,  SHOWN  FOR 
SITUATIONS  WHERE  AN  ABSORPTION  BOUNDARY  CORRESPOND¬ 
ING  TO  THE  ENERGY  E  DOES  NOT  OR  DOES  EXIST,  RESPECTIVELY. 


"Unpopulated"  orbit 
corresponding  to  the 
same  E  and  as 
particle  shown  coming 
from  infinity 


Absorption  Boundary 

rM<E) 


FIGURES  4e  and  4f:  FIGURE  4e  SHOWS  THE  ORBIT  OF  A 
PARTICLE  PREVENTED  FROM  REACHING  THE  PROBE  BE¬ 
CAUSE  OF  THE  EXISTENCE  OF  AN  ABSORPTION  BOUNDARY. 
FIGURE  4f  SHOWS  A  TRAPPED  ORBIT  OF  THE  TYPE  WHICH 
EXISTS  WHENEVER  THE  DEPENDENCE  OF  POTENTIAL  ON 
RADIUS  IS  LOCALLY  SHALLOWER  THAN  AN  INVERSE 
SQUARE  POTENTIAL,  CREATING  MINIMA  IN  EFFECTIVE 
POTENTIAL  FOR  SOME  VALUES  OF  J. 


FIGURE  5:  INFLUENCE  OF  POTENTIAL  BARRIERS  ON  PARTICLE  TRAJECTORIES 

FOR  A  CYLINDRICAL  PROBE  AT  LARGE  ATTRACTIVE  POTENTIAL 


FIGURE  6  QUALITATIVE  CHANGES  IN  THE  PATH  J22<E) 

CORRESPONDING  TO  3  SUCCESSIVELY  INCREAS¬ 
ING  VALUES  OF  RADIUS  r  LARGER  THAN  THE 
VALUE  CORRESPONDING  TO  FIG.  5b. 


FIGURE  7 


LOCI  OF  EXTREMA  IN  THE  (r,  U)  AND  <J2,  E) 
PLANES,  SHOWING  EFFECTS  OF  IRREGULARLY 
SHAPED  POTENTIAL  WELLS 


CASES  8,  9,  and  10  differ  from 
CASE  7  in  the  same  manner  as 
CASES  2,  3,  AND  4  differ  from 
CASE  1 


FIGURE  8:  LOCI  OF  EXTREMA  IN  THE  <J2,  E)  PLANE,  SHOWING 

THE  10  CASES  FOR  WHICH  COMPUTATION  OF  CHARGE 
DENSITY  HAS  BEEN  PROGRAMMED. 
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FIGURE  9: 


POTENTIAL  AND  CHARGE  DENSITIES  NEAR 
A  PROBE  SURFACE  IN  THE  LIMIT  OF  ZERO- 
TEMPERATURE  REPELLED  PARTICLES 


FIGURE  10  a 


\ 


FIGURE  10:  MODIFICATION  OF  THE  FUNCTIONS  A  x{$)  AND 
A  2(0)  CAUSED  BY  THE  PRESENCE  OF  A  ZERO- 
POTENTIAL  OUTER  BOUNDARY  AT  A  FINITE 
RADIUS.  FIGURE  10a  CORRESPONDS  TO  FIGURE  3a 
FIGURE  10b  CORRESPONDS  TO  FIGURE  6c  . 


w 

2  a  > 

£Lj  CO  ii 

£  2  ffl 

5  w  os  ' 

§  Q  J* 

§  W  O'q. 

^  O  co  «T 

CO  PS  W  a> 

O  <  £>  - 
MJ 

X  U  g  H 
OS  2  >  , 

<  O  J  Q 
Q  OS  <<<T 

§  U  W  of 

m  j  w  £ 

WQ«^ 

S<2g 

°zg8 

£m  O  2  BJ 
O  Q  a, 

y$*« 

£§05 

fjWwo 
«  OS  Z  g 

>.q2j 

:«^h 

gs  Z  2  " 

g  a,  d  <  • 

nSfeost 
SOcoO^ 
O  <  fa  H 


MIXING  FUNCTION  DECREASED 
BY  A  FACTOR  OF  0.  9 


10 


FIGURE  13  POTENTIAL  VS  DISTANCE  FROM  PROBE  SURFACE  IN 

TERMS  OF  EITHER  DEBYE  LENGTH.  SPHERICAL^HOBE; 
e0p/kT.  =  *  25;  T+/T.  =  1;  PLOTTED  FOR  VARIOUS  'ATIOS 
OF  PROBE  RADIUS  TO  ION  OR  ELECTRON  DEBYE  LENGTH. 


FIGURE  14  ION  AND  ELECTRON  CHARGE  DENSITIES  +  ANDYj.  VS 
DISTANCE  FROM  PROBE  SURFACE  IN  DEBYE  LENGTHS; 
SPHERICAL  PROBE;  e0  /kT_  *  25;  T+/T_  *  1;  PLOTTED 
FOR  VARIOUS  RATIOS  OF  PROBE  RADIUS  TO  ION  OR 
ELECTRON  DEBYE  LENGTH 


FIGURE  18  ION  AND  ELECTRON  CHARGE  DENSITIES  VS  RADIUS 

CORRESPONDING  TO  THE  SAME  SITUATION  AS  THAT  OF 
FIG.  17. 
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FIGURE  22  ELECTRON  CURRENT  i.  VS  PROBE  POTENTIAL  FOR  VARIOUS 
RATIOS  OF  PROBE  RADIUS  TO  ELECTRON  DEBYE  LENGTH; 
ELECTRON- ATTRACTING  SPHERICAL  PROBE;  T+/T_  *  0 
(REPELLED  SPECIES  AT  ZERO  TEMPERATURE).  DOTTED 
CURVE  SHOWS  TRAPPED-ORBIT  BOUNDARY. 


FIGURE  2.1  ION  CURRENT  4.  VS  *q  /Rp  FOR  VALUES  OF  T*/T.  OF  0, 
tt.S  AND  1;  SPHERICAL  PROBE;  e#p/kT.  -  -25. 
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FIGURE  24  ION  CURRENT  i+.  VS  ! 

FROM  0  TO  1;  SPHERI 


FOR  VARIOUS  VALUES  OF  T+/T 
PROBE;  e0p/kT-  «  -25. 


FIGURE  25:  ELECTRON  CURRENT  i.  VS  /  Rp  FOR  VALUES  OF  T+/T 
OF  0,  0.  5  AND  1;  SPHERICAL  PSOBE;  e0„/kT.  =  25. 
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FIGURE  27a 


ION  AND  ELECTRON  CURRENTS  COLLECTED  BY  ION  -  AND 
ELECTRON-ATTRACTING  SPHERICAL  PROBE,  RESPECTIVELY, 
AS  FUNCTIONS  OF  T+/T.,  FOR  Rp /\D  =  10  AND  VALUES  OF 
e0p/kT.  OF  -25,  -10,  -1,  1,  10  and  25.  RESULTS  FOR  MONO- 
ENERGETIC  ATTRACTED  SPECIES  WITH  AND  WITHOUT 
REPELLED-SPECIES  COLLECTION  BY  PROBE  SURFACE  SHOWN 
FOR  COMPARISON. 
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FIGURE  28  ION  CURRENT  i+.  AS  A  FUNCTION  OF  e0p/kT-  AND  T+/T.  FOR 
A  SPHERICAL  PROBE  WITH  Rp  3  10.  MONO- ENERGETIC 
RESULTS  SHOWN  FOR  T+/T.  -  1  AND  FOR  e0p/kT_  3  -25  FOR 
COMPARISON. 


FIGURE  30  TRAPPED-ORBIT  BOUNDARY:  UPPER  LIMIT  OF  R p/XD.  FOR 
WHICH  TRAPPED  ORBITS  EXIST;  PLOTTED  AS  A  FUNCTION 


OF  e0p/kT_,  FOR  VALUES  OF  T+/T.  OF  0,  0.  25,  0.  5  AND  1.  0. 
ION -ATTRACTING  SPHERICAL  PROBE. 


TRAPPED-ORBIT  BOUNDARY:  UPPER  LIMIT  OF  Rp/AD  FOR 
WHICH  TRAPPED  ORBITS  EXIST;  PLOTTED  AS  A  FUNCTION 
OF,  e#p/kT_  FOR  VALUES  OF  T+/T.  OF  0,  0. 5,  AND  1. 0. 
ELECTRON -ATTRACTING  SPHERICAL  PROBE. 


FIGURE  31 


10 


POTENTIAL  VS  DISTANCE  FROM  PROBE  SURFACE  IN  DEBYE 

m^^;^LINDR,CAL  PROBE:  •*/»-  "  *  ATt+7t?  . V 

PLOTTED  FOR  VARIOUS  RATIOS  OF  PROBE  RADIUS  TO  ION 
OR  ELECTRON  DEBYE  LENGTH. 
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FIGURE  36  POTENTIAL  VS  RADIUS  FOR  VALUES  OF  T+/T.  OF  0  AND  1; 

ION- ATTRACTING  CYLINDRICAL  PROBE;  Rp  AD_  *  10. 
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FIGURE  43  ION  CURRENT  VS  Xq -l*v>  POR’VARIOUS  VALUES  OF  -e#p/kT_; 

CYLINDRICAL  PROBE;  1+/T-  »  0.  ORBITAL- MOTION- LIMITED- 
CURRENT  AND  TRAPPED-ORBIT  BOUNDARIES  LABELLED  AS 
IN  FIGURE  42. 


CURRENT  4.  VS  Ao./Rp  FOR  VALUES 
AND  1;  CYLINDRICAL  PROBE;  e0  / kT 


FIGURE  45  ELECTRON  CURRENT  i.  VS  *d  / R-,  FOR  VALUES  OF  T+/T 
OF  0,  0.  5  AND  1;  CYLINDRICAL  PROBE;  e0D/kT_  =  25. 
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FIGURE  50a  TRAPPED-ORBIT  AND  ORBITAL- MOTION- LIMITED- CURRENT 

BOUNDARIES  PLOTTED  AS  FUNCTIONS  OF  PROBE  POTENTIAL  FOR 
AN  IpN- ATTRACTING  CYLINDRICAL  PROBE  FOR  VALUES  OF 
T+/T.  OF  0,  0. 5  AND  1. 


TRAPPED -ORBIT 
BOUNDARIES 


FIGURE  50b 


SAME  QUANTITIES  AS  THOSE  OF  FIG  50»  PLOTTED  ON  A 
LARGER  SCALE  IN  RpAp.» 
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FIGURE  51  TRAPPED- ORBIT  AND  ORBITAL-MOTION-LIMITED-CURRENT 

BOUNDARIES  PLOTTED  AS  FUNCTIONS  OF  PROBE  POTENTIAL 
FOR  AN  ELECTRON- ATTRACTING  CYLINDRICAL  PROBE  FOR 
VALUES  OF  T+/T.  OF  0,  0.  5  AND  1. 


ELECTRON  NUMBER  DENSITY  FROM  MICROWAVE 
MEASUREMENTS  (CM*3) 

FIGURE  52  COMPARISON  OF  LANGMUIR  PROBE  AND  MICROWAVE  MEASURE 
MENTS,  AFTER  REFS.  3  AND  19. 
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APHSNDIX  A 


Limits  on  the  Validity  of  the  Collisionless  Boltzmann-Vlasov  Equation 

The  idealized  collisionless  plasma  represented  by  the  Vlasov  equa¬ 
tion  is  an  abstraction  which  describes  the  behaviour  of  a  more  general  plasma 
only  in  the  limit  as  its  number  density  N  becomes  small  or  its  temperature  be¬ 
comes  large.  More  precisely,  it  has  been  shown  in  a  paper  by  Rostoker  and  Rosen- 
fcluth  (Ref.  10)  that  the  Vlasov  equation  is  obtained  from  the  full  kinetic  equa¬ 
tion  for  the  plasma  in  the  limit  as  the  number  of  particles  in  a  Debye  cube  be¬ 
comes  large  for  each  species  in  the  plasma;  i.e.,  as  g  =  l/NXp3  -»0.  For  a 
plasma  which  has  a  finite  N  and  T,  there  exists  a  finite  value  of  g,  which  is 
much  smaller  than  unity  in  most  cases  of  physical  interest.  It  follows  that  in 
a  hypothetical  sequence  of  physical  situations  in  which  all  relevant  non-dimen¬ 
sional  parameters  are  held  constant  except  g,  which  is  made  to  approach  zero, 
the  effect  of  collisions  must  in  some  manner  become  negligible.  In  particular, 
the  distance  traversed  by  a  particle  in  the  plasma  before  it  is  appreciably 
scattered  from  its  collisionless  trajectory  by  encounters  with  other  individual 
particles  must  become  large.  We  note  again  as  in  Sections  I  and  III  that  the 
collisionless  plasma  obtained  in  the  limit  as  g  -» 0  still  allows  an  individual 
particle  to  be  influenced  by  the  electric  fields  of  others,  but  only  by  their 
collective  macroscopic  charge  density  rather  than  by  their  presence  as  individuals, 
which  is  the  subject  of  concern  here. 

Spitzer  (Ref.  13)  has  shown  that  in  such  a  plasma,  i.e.  one  hav¬ 
ing  a  small  but  non-zero  value  of  g,  corresponding  to  finite  N  and  T,  particles 
are  scattered  out  of  their  collisionless  trajectories  by  numerous  small-deflection 
encounters  with  other  particles,  and  that  on  the  average,  they  are  deflected 
much  sooner  by  an  accumulation  of  these  distant  encounters  than  by  single  close 
collisions. 


These  considerations  serve  to  define  a  criterion  which  applies 
to  situations  wherein  a  probe  of  given  size  is  present  in  a  plasma  having 
particular  values  of  N  and  T.  In  such  a  situation,  the  results  of  a  collisionless 
theory  may  be  expected  to  be  useful  for  predicting  current  collection  if  the 
average  distance  which  the  charged  particles  travel  before  being  deflected 
appreciably  from  their  collisionless  trajectories  is  large  compared  to  the  dia¬ 
meter  of  the  probe.  Since  the  ions  in  the  plasma  have  much  greater  mass  than  the 
electrons,  the  amounts  of  scattering  accumulated  by  ions  or  by  electrons  as  a  re¬ 
sult  of  encounters  with  ions  or  with  electrons  will,  in  general,  be  different 
for  each  of  the  four  possible  combinations  of  these  particles.  By  considering 
separately  each  possible  combination  of  scattered  and  scattering  species,  it  is 
possible  to  derive  a  set  of  four  scattering  distances  for  the  plasma;  the 
smallest  of  these  distances  then  becomes  an  upper  limit  on  the  proibe  size  for 
which  the  collisionless  theory  will  apply. 

In  order  to  consider  these  four  scattering  processes  separately, 
it  is  here  assumed  that  the  scattering  accumulated  by  a  particle  due  to  encounters 
with  particles  of  each  species  may  be  added  linearly  to  find  the  scattering  due 
to  simultaneous  interaction  with  both. 

In  an  incompletely  ionized  plasma,  charged  particles  are  alsj  de¬ 
flected  by  collisions  with  neutral  atoms.  This  process  has  been  treated  else¬ 
where,  for  example  in  Chapters  3  and  5  of  Ref.  14.  Because  of  the  short-range 
nature  of  the  interaction  potential  between  a  charged  and  a  neutral  particle, 
collisions  involving  neutrals  do  not  isually  form  the  most  severe  limit  on  the 
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collisionless  theory  if  the  degree  of  ionization  of  the  plasma  is  greater  than 
a  few  percent. 


The  derivation  given  by  Spitzer  (Ref.  13)  assumes  that  a  test 
particle  moving  through  the  plasma  Is  deflected  by  a  sequence  of  independent 
binary  encounters  with  the  unmodified  Coulomb  fields  of  nearby  particles.  This 
assumption  is  untrue  since  the  test  particle  is  under  the  influence  of  many 
other  particles  at,  any  given  time.  However,  Spitzer  shows  by  a  physical  argu¬ 
ment  that  his  results  may  be  expected  to  approximate  usefully  the  actual  behaviour 
of  the  test  particle.  It  has  also  been  shown  by  Sundaresan  and  Wu  (Ref.  15) 
that  expressions  for  the  thermal  conductivity  of  a  plasma,  obtained  using 
Spitzer' s  assumption,  are  in  good  agreement  with  results  obtained  by  a  rigorous 
solution  of  a  truncated  form  of  the  B-B-G-K-Y  hierarchy. 

We  now  consider  the  four  scattering  processes  mentioned  earlier. 

The  ion-ion  and  electron-electron  processes  may  be  considered  together.  It  may 
also  be  shown  that  in  the  limit  of  small  deflections,  and  for  a  given  impact 
parameter  and  initial  velocity,  an  electron  is  scattered  the  same  amount  (except 
for  sign)  by  an  encounter  either  with  a  stationary  ion  or  with  a  stationary 
electron.  In  the  case  of  the  encounter  with  an  ion,  the  reduced  mass  (Ref.  13) 
for  the  encounter  is  nearly  the  electron  mass,  and  the  mass-center  encounter 
coordinates  coincide  closely  with  the  laboratory  reference  frame.  For  the 
electron-electron  encounter,  the  reduced  mass  is  one-half  the  electron  mass. 
However,  the  transformation  from  mass-center  to  laboratory  coordinates  decreases 
the  scattering  angle  by  one-half  (Ref.  ll),  and  the  two  effects  cancel.  There¬ 
fore,  a  test  electron  moving  much  faster  than  the  random  thermal  velocity  ex¬ 
periences  the  same  amount  of  scattering  from  ions  as  from  other  electrons. 

Spitzer  also  shows  that  the  dominant  effect  on  a  test  particle 
moving  at  or  above  the  random  speed  of  the  field  particles  is  transverse  scatter. 
In  this  situation  the  distance  of  interest  is  that  in  which  it  is  scattered 
through  a  large  angle;  Spitzer  uses  as  a  reference  an  angle  of  90°.  In  the 
fourth  case  to  be  considered,  that  of  an  ion  test  particle  moving  through  elec¬ 
tron  field  particles,  the  ion  normally  is  moving  much  more  slowly  than  the 
electrons  and  the  dominant  effect  is  to  cause  the  ion  to  lose  its  forward  mo¬ 
mentum.  In  this  case,  the  distance  of  interest  is  that  in  which  it  is  effectively 
stopped. 


In  order  to  study  the  first  three  of  these  four  types  of  scatter¬ 
ing,  we  consider  a  test  particle  with  velocity  v  and  mass  m  traversing  a  plasma 
which  consists  of  one  species  of  charged  particle  having  a  Maxwellian  velocity 
distribution.  Let  m^  be  the  mass  of  each  field  particle  in  the  plasma  and  let 
Tj  and  be  the  temperature  and  number  density  of  the  field  particles.  Let  q 

and  q^  be  the  charge  on  test  particle  and  field  particles,  respectively.  Let 
b0  be  the  impact  parameter  between  test  particle  and  field  particle  that  would 
correspond  to  90°  deflection  if  the  field  particle  were  infinitely  massive.  Let 
tc  and  t<j  be  the  average  time  taken  by  the  test  particle  to  deflect  through  90° 
by  a  single  close  encounter  and  by  many  small-angle  encounters,  respectively. 
Making  use  of  Eq.  (5.22)  in  Spitzer,  we  obtain 
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tc  =  1/77M1  Vb02 

9 

bQ  =  q  (l^/b-rre  mv 


(A.l) 


¥  is  a  function  of  the  ratio  of  test  particle  speed  to  field 
particle  thermal  speed.  When  this  ratio  is  large,  ¥  -*  1.  For  ratios  of  order 
unity,'?  is  somewhat  less  than  1,  so  that  esimates  of  deflection  time  based  on 
y  =  i  form  a  lower  bound  on  the  actual  value,  and  are  therefore  conservative. 

In  general,  td  «  tc,  so  that  most  particles  are  deflected  from 
their  collisionless  trajectories  by  multiple  small-angle  encounters. 

We  assume  that  ¥  =  1,  that  q^  =  q,  and  that  the  test  particle 
has  the  same  energy  as  the  average  over  field  particles.  We  then  have: 

|  v2  =  |  k  Tx  (A. 2) 

bQ  =  q2/l277€  kT1  =  1/127%  XD2  (A.3) 

A  =  XD/b0  =  12tt«1Xd3  =  127r/g  (A.U) 

We  define  Sd  as  the  distance  travelled  by  the  test  particle  while  accumulating 
90°  deflection.  We  then  obtain: 


j,  .  _ 1  187 r  /. 

bd  ~  v  d  “  67%  b0^inA  *  gin  (iZir/g) 

We  assume  that  the  Vlasov  solution  will  become  invalid  for  probe  diameters 
larger  than  the  90°  deflection  distance.  We  note  that  S<|/2Rp  is,  in  effect,  a 
Knudsen  number  for  each  of  the  four  scattering  processes  that  ve  are  discussing. 
The  condition  for  validity  of  results  obtained  from  the  Vlasov  equation  is  there 
fore: 


Rp/^D  -  9*/&Ml27r/g)  (A.6) 

This  relation  puts  an  upper  limit  on  g.  This  limit  becomes  more  severe  as 
Rp/^D  increases. 

In  order  to  study  the  fourth  scattering  case,  that  of  a  test  ion 
being  deflected  by  electron  field  particles,  we  make  use  of  Eqs.  (5.27)  to 
(5.29)  in  Spitzer,  to  obtain  the  following  expression  for  the  rate  of  slowing 
down  of  the  ion: 


A3 


v 


*.  q+u<L‘ 


.  i 

K  depends  on  v  only  through  iaA  _  Ignore  this  dependence  to  obtain  the 

following  expression  for  the  distant  travelled  by  the  ion  before  losing  most 
of  its  forward  velocity: 


t  =  t. 


-r 


Kdv  =  Kv, 


(A.3) 


v  =  v. 


We  assume  that  the  Wi  is  initially  moving  at  the  mean  ion  thermal  speed: 


—  m .  v  2  =  3.  fcT 
2  +  o  2 


Substituting,  and  setting  q+ ^  =  q_2,  we  obtain: 


Ss  ■  <*$  ( M:  J 


a  i 1 2  T+  \ 
g.in(—  TjT  ) 


If  T+  =  T_,  we  obtain,  from  (A.-5)  and  (A.10): 


(A. 10) 


27T  m+  V 

3  m  J 


(A. 11) 


For  a  hydrogen  plasma,  this  ratio  is  62;  for  an  argon  p.  sma  it  is  39° •  There¬ 
fore,  unless  the  ratio  T+//T,  is  extremely  small,  the  ion-ion  scatter^  £  dis¬ 
tance  Sd  will  always  be  stall er  than  the  distance  Ss 


xn  G.G.S.  units,  we  obtain,  for  the  Debye  length: 


Ap'tcm.)  =  6.90 


t(°k) 


N(cm.  ) 


(A. 12) 


1/g  -  NA^J  =  328 


N(cm.“3) 


(A.13) 


For  any  given  Rp/A^,  it  is  now  possible  v.o  obtain  a  maximum  allowable  value  of 
g  from  (A, 6),  and  thence  to  obtain  a  maximum  allowable  number  density  for  any 
given  T,  from  (A. 13).  Table  1  gives  a  set  of  values  of  Nmax.  derived  in  this 
manner,  for  values  of  the  rat,io  Rp/AD  of  2.5,  10,  and  100,  and  values  of  T  of 
10 J  and  2  x  10^  °K» 

It  should  become  in  mind  that  when  the  scattering  of  electrons 
in  a  plasma  is  being  considered,  N  is  the  total  number  density  N+  +  N_,  since, 
as  has  been  shown, ions  and  electrons  contribute  equally  to  electron  scattering. 
In  this  case  it  is  also  necessary  to  modify  the  definition  of  V  in  Eq.  (A.l) 
and  hence  the  argument  of  the  logarithmic  term  in  subsequent  expressions.  This 


is  because  Xp  appears  in  the  derivation  of  this  expression  as  the  effective  pene¬ 
tration  distance  of  the  test  particle  electric  field;  the  Debye  length  of  the  plas¬ 
ma  as  a  whole  is  related  to  the  ion  and  electron  Debye  lengths  as  follows: 


1 


(A.lU) 


If  T+  =  T_,  the  Debye  length  of  the  plasma  as  a  whole  is  less 
than  that  for  ions  or  electrons  by  the  factor  sfe;  if  T+«  T_,  the  plasma 
Debye  length  is  approximately  equal  to  that  of  the  ions. 


Finally,  it  should  be  remembered  that. the  criteria  developed  here 
are  useful  only  for  a  qualitative  estimate  of  the  safety  of  using  the  results 
of  the  Vlasov  solution  in  any  given  situation.  To  obtain  a  quantitative  value 
of  the  error  made  by  using  the  collisionless  theory  would  require  a  solution  of 
the  more  general  problem  including  the  effects  of  collisions. 


» 
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APPENDIX  B 


Discussion  of  the  Collisionless  Boltzmann  Equation 

It  can  be  shown  that  the  Liouville  equation  (Ref.  ll)  that  des¬ 
cribes  the  statistical  behaviour  of  a  physical  system  is  valid  only  when  the 
system  is  described  in  terms  of  position  coordinates  and  momentum  coordinates 
pi  which  are  canonical;  that  is,  rj_  and  satisfy  Hamilton's  equations: 

=  ~h  (B-i) 

H  is  a  function  of  tiae  r^  &  p*  which  can  usually  be  identified 
with  the  energy  of  the  system.  The~totai  number  of  position  and  momentum 
coordinates  r^  and  p^  is  equal  to  the  number  of  degrees  of  freedom  of  the  sys¬ 
tem.  For  example,  if  the  system  consists  of  n  interacting  particles  and  each 
of  these  is  free  to  move  in  three  dimensions,  then  the  values  of  6n  coordinates 
must  be  specified  to  determine  completely  the  state  of  the  system.  In  rectangu¬ 
lar  coordinates,  the  3n  position  coordinates  ri  then  became 

xq,  Xl>  zl>  x2>  X2»  z2>  *••  xn>  yni  zn*  ^kis  case  Pi  =  “^i  =  ““^i  the 
pi  become  mxq,  mx2,  ...  mzn. 


In  the  collisionless  limit,  the  motion  of  each  charged  particle 
becomes  independent  of  the  individual  positions  of  all  the  others  and  depends 
only  on  the  macroscopic  overall  field  resulting  from  their  collective  charge 
density  (Sec.  III).  The  Liouville  equation  that  describes  the  motion  of  that 
particle  then  becomes  independent  of  the  coordinates  of  all  others;  in  fact, 
it  reduces  to  a  form  identical  with  the  collisionless  Boltzmann  equation  (4.1a 
or  b).  This  fact,  namely  that  the  collisionless  Boltzmann  equation  is  in  reality 
a  one-particle  form  of  the  Liouville  equation,  is  pointed  out  here  in  order  to 
make  clear  that  it  is  subject  to  the  same  restrictions,  namely  that  it  is  only 
true  when  expressed  in  canonical  coordinates.  The  Boltzmann  equation  is  very 
often  derived  from  elementary  considerations  rather  than  as  a  special  case  of 
the  Liouville  equation,  and  this  restriction  then  does  not  appear  explicitly. 

Such  derivations  are  usually  carried  out  in  rectangular  coordinates,  in  which 
case  the  position  coordinates  rq,  expressed  in  vector  form,  became  r  *  (x,y,z), 
and  the  velocity  coordinates  Vq  can  be  written  as  v  =  r  =  (vx,  v„,vz) .  The 
momentum  coordinates  pq  canonical  to  rq  are  then  expressible  as  £  =  (mvx,mvy,mvz) . 
It  is  then  customary  to  write  £  =  mv  .  If  this  vector  relation  is  substituted 
into  the  collisionless  Boltzmann  equation  (4.1a  or  b)  the  result  is  the  form 
commonly  seen,  for  instance  in  Ref.  5,  as  follows: 


Df  _  df  v  .  df  £  _  n 

Dt  ~  <5r  *-  3v  *  m 


(B.2) 


However,  the  relation  n  =  mv  itself  is  a  formally  incorreet 
statement,  since  the  use  of  vector  notation  implies  that  this  relation  is  true 
independently  of  its  expression  in  a  particular  coordinate  system;  this  is  not 
the  case  if  £  is  to  fit  the  definition  of  Eqs.  (B.l).  For  example,  in  cylindri¬ 
cal  coordinates,  where  r  =  (r,0,z)  and  v  =  (vr,  vq,  vz)  =  (f,  r0  ,  £),  the  mo¬ 
mentum  canonically  conjugate  to  r  by  Eqs.  (B.l)  is  £  =  (mf,  mr2§,  ml);  this 
expression  is  not  equal  to  mv  because  the .momentum  Pq  canonical  to  the 
co9rdinate  0  is  the  angular"” momentum  mr20  rather  thcui  the  linear  momentum 
mr0.  This  warning  is  mentioned  here  because  the  Boltzmann  equation  is  most 
often  written  in  the  form  of  Eq.  (B.2)  rather  than  that  of  Eqs.  (4.1)  and  may 
therefore  be  a  potential  source  of  confusion.  The  fact  that  Eq.  (B.2)  can  give 
incorrect  results  may  be  verified  by  substituting  into  Eqs.  (4.1)  and  (B.2) 


B1 


the  expressions  for  r,v  and  jg  in  cylindrical  coordinates,  and  then  solving  these 
equations  by  standard  aethods  to  find  the  corresponding  loci  of  constant  value 
of  f,  i.e.  particle  trajectories.  Examination  of  these  resulting  trajectories 
for  the  case  of  a  central  force  field  will  indicate  that  those  obtained  from 
Eq.  (B.2)  do  not  show  conservation  of  angular  momentum  as  required.  A  similar 
situation  holds  for  spherical  coordinates.  This  anomaly  was  found  during 
the  early  stages  of  this  investigation  when  an  attempt  was  made  to  use  Eq.  (B.2) 
to  obtain  explicit  trajectory  equations. 

A  related  problem  is  the  precise  definition  of  the  distribution 
function  f  which  appears  in  both  Eqs.  (4.1)  and  (B.2)  as  well  as  in  Sections 
VII  and  X.  Since  Eq.  (4.1)  is  expressed  in  terms  of  canonical  coordinates  ri 
and  the  distribution  function  f  referred  to  in  this  equation  must  be  a  ^ 
density  in  the  space  defined  by  these  same  coordinates.  In  other  words,  if  N 
is  now  the  total  number  of  particles  in  a  6-dimensional  volume  element  in  this 
space,  whereas  H  has  been  defined  as  number  density  in  physical  space,  then  the 
definition  of  f  is  f  =  d®H/d3rd3£  *  d3lf/d3|>.  However,  both  of  the  distribution 
functions  given  by  Eqs.  (7*127  and  (7*13) >  Tor  instance,  are  of  the  form  implied 
by  their  appearance  in  Eq.  (7*1)  and  therefore  are  given  in  terms  of  position- 
velocity  rather  than  position-momentum  space.  In  other  words,  f  in  these  equa¬ 
tions  has  the  definition  f  =  d^H/d^rd3v  *  d3N/d3v.  This  is  in  spite  of  the  fact 
that  f  appears  in  these  equations  as  a  function- of  energy  E.  By  way  of  further 
illustration,  the  density  in  (E,J2)  space  (in  spherical  coordinates)  i.e. 
dSl/dEdJ?,  is  given  by  a  different  expression,  namely  the  integrand  of  Eq.  (7*5), 
which  is  the  quantity  7rf(E,j)  d(vr,vt2)/d(E,J2) . 
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APEMDIX  C 


Behaviour  of  the  Iterative  Solution  Method 

We  first  examine  Poisson's  equation  in  its  nondlmensional  fora, 

Eqs.  (9.6)  or  (11.3).  We  imagine  that  we  have  a  net  charge  density  T)net(x) 
that  differs  from  the  solution  of  the  problem  by  a  small  positive  increment 
over  a  certain  range  of  x.  Because  of  the  negative  sign  in  the  Poisson  equation, 
the  resulting  effect  will  be  to  depress  the  second  derivative  of  X  by  a  small 
increment  over  this  range.  .This  increment  will  be  proportional  to  y  ,  the 
square  of  ratio  of  probe  radius  to  the  reference  Debye  length.  Since  we  have 
a  two-point  boundary  value  problem  involving  a  constraint  on  potential  at  either 
end  of  the  range  of  x,  a  rise  in  potential  will  be  produced  over  the  entire 
range,  with  the  maximum  rise  tending  to  occur  near  the  region  where  the  charge 
increment  has  been  imposed.  If  the  distribution  of  charged  particles  in  position 
space  is  now  calculated,  and  the  result  is  compared  to  that  for  the  true  solu¬ 
tion,  there  will  be  fewer  ions  but  more  electrons  in  this  region.  The  result 
will  be  a  net  charge  density  that  now  differs  from  the  true  solution  by  a  nega¬ 
tive  rather  than  a  positive  increment. 

The  magnitude  of  this  increment  will  increase  if  either  7  is 
increased  or  the  range  of  x  between  end  points  is  increased.  If  the  process 
is  repeated,  the  increment  again  changes  sign.  The  *-*sult  of  repeating  this 
process  is  therefore  a  sequence  of  functions  T)n»t(*)  which  oscillates  about  the 
true  solution.  If  y  or  the  range  of  x  is  sufficiently  large,  the  oscillations 
will  diverge  and  must  be  damped  by  mixing  the  3Pth  and  l'th  iterates  at  each 
•  step. 
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APPENDIX  D 


Integration  of  the  Poisson  Equation 


From  Eq.  (9.6),  the  Poisson  equation  for  the  spherical  probe  is: 


d2X  7  Vet 


(D.l) 


dx" 


We  introduce  a  new  radial  variable  s(x)  which  is  zero  at  the 
probe  surface  (x  =  l)  and  which  increases  as  radius  increases  (x  decreases). 

We  arrange  the  radial  dependence  of  s  so  that  s  is  a  steeply  rising  function 
near  the  probe  surface  and  a  less  steeply  rising  function  farther  out.  This  is 
done  in  order  to  define  a  suitable  computation  net;  points  in  this  net  will  be 
placed  at  equal  increments  in  s.  Varying  the  form  of  s(x)  allows  us  to  place 
points  in  this  net  densely  within  the  sheath  region  and  sparsely  outside  it. 

The  specific  forms  of  s(x)  that  have  been  used  in  the  computations  are  con¬ 
tained  in  the  listing  of  Program  1  in  Appendix  I.  We  assume  that  dx/ds  can  be 
explicitly  calculated  everywhere .  We  then  have: 


r  W») 


Let: 


ds  _d  ( d£  da  \ 
dx  ds  \ds  dx  J 

dJ.to/dXdsN  +  dx  fa  (  )  dx^ 
ds  ds  \da  dxy^  ds  J  *°'  '  ds' 

*!<•>- S  /**»<•*> 


(D.2) 


(D.3) 


(D.4) 


Integrating  a  second  time,  and  noting  that  the  bracketed  quantity  in  Eq.  (D.3) 
is  equal  to  (dV<lx)t.o>  w  obtain: 

*{•)  •  *(0)  (*(.)  -*(0))  +  J*KX (••)«»'  (B.5) 


Let: 


Then: 


Kg(.)  -  X(0)  ♦  (  «*’ 


*(.)  •  (U  )  (*(«)-!)  ♦ 

>  /s«0 

From  (D.3),  we  obtain: 

« j.)  /  $l)  . 


(B.6) 


(B.7) 


(B.8) 


D1 


Equations  (D.7)  and  (D.8)  are  now  used  together  with  appropriate 
boundary  conditions  at  the  outer  edge  of  the  computation  net,  to  solve  for 
(dx/dx)s=o*  Equations  (8.9),  expressed  in  non-dimensional  form  in  terms  of  x, 
give  in  the  spherical  case  the  following  boundary  condition  at  x  =  xg: 


(D.9) 


By  setting  s  =  sg  in  (D.7)  and  (D.8),  and  substituting  the  re¬ 
sulting  two  equations  in  (D.9)>  we  obtain: 


2K2(sg)  -  xBK1(sg)(^B 
2  -  xB 


(D.10) 


This  value  of  (dx/dx)s=o  may  now  be  substituted  into  (D.7)  and 
(D.8)  to  compute  X  ,  dX/dx,  and  thereby  dX/ds,  as  functions  of  s.  The  quantities 
X  and  dX/ds  are  used  in  the  subsequent  calculation  of  charge  densities  as  out¬ 
lined  in  Appendix  E. 


In  solving  the  boundary-value  problem  concerned  with  zero-tempera¬ 
ture  repelled  particles  (Sec.  XII),  the  outer  boundary  of  the  computation  net 
becomes  the  sheath  edge,  so  that  the  required  boundary  condition  becomes 
Xg  =  0,  Setting  the  left  side  of  Eq.  (D.7)  equal  to  zero  gives: 


(D.ll) 


In  this  case  we  choose  a  function  r(x)  which  places  points  den¬ 
sely  near  the  sheath  edge  and  less  densely  closer  to  the  probe.  The  function 
actually  used  is  indicated  in  the  listing  of  Program  2  in  Appendix  I. 


A  similar  procedure  can  be  derived  in  the  cylindrical  case. 
Here  the  Poisson  equation  (11.3)  becomes 


<L  (jfit) 

dx  Vox/ 


y  nnetU) 


K0(») 


Proceeding  as  before,  we  obtain: 


We  define: 


*>'•>•  iS  f 


M»')  fr  d*' 


(D.12) 


dX  1  dx  /d£\  +  1  dx  f  8  r  d*l  da.  /D 

di  *  x  di  x  ds  J  '  da7  (D*13) 

N  '  8*0  '■'n 


(D.1U) 
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We  integrate  again,  and  use  the  definition  of  K2(s)  in  Eq.  (D.6) 


to  obtain: 


From  (D.13),  we  obtain: 


X(s)  -(g)  in  x(s)  +  Kg(s) 

1 

(&) 

dX  /  v  Ws=0  Kl(s) 


(D.15) 


dX  /  \  _  Ws=0  Kl(s) 

dx  8'  /  \  d X/  \ 

x(s)  s(s) 


(D.16) 


Using  (8.9b),  we  obtain: 


/ dx\  .  *B 
Wb  xB 


(D.17) 


We  proceed  as  in  the  spherical  case  and  set  s  =  Sg  in  (D.13)  and 
(D.l6),  then  substitute  in  (D.17)  to  obtain: 


K2(sb)  -  XB  K1  (8bV 

1  -  in  X3 


(*4 


(D.18) 


If  we  again  use  the  boundary  condition  Xg  *  we  obtain: 


*2  (sb) 


(D.19) 


The  numerical  integrations  required  in  calculations  of  the  fun¬ 
ctions  K^(s)  and  Kg(s)  involve  integrands  that  are  specified  at  n  discrete 
values  of  s  separated  by  equal  intervals  As.  It  is  necessary  to  compute 
values  of  these  functions  corresponding  to  the  same  n  values  of  s.  If  we  let 
yi  ■  y(8i)  represent  the  given  integrand  and  Y^  ■  Y(s^)  represent  the  required 
result  for  i  «  1,  2,  ...  n,  we  then  have: 


rm  i 

■  *imX  *  J  y(a)  da 


(D.20) 


This  integration  process  is  approximated  as  follows:  we  pass 
a  parabolic  arc  through  the  points  y1?  y2»  and  y^  to  find  Yg  -  Y^;  a  cubic 
arc  through  y^  o  Yi+1  T*  -  Y^  for  i  »  3»**»  •*»&*!»  and  another 

parabolic  arc  through  yn„2>  yn-l»  •***  yn  to  *  Yn-1*  The  resulting 

formulae  are: 

f2  -  *i  ♦  (5yx  ♦  8y2  -  y3)  As/12 

yi  *  Yi-i *  U3  (yi-i  ♦  yi)  -  yi.g  *  y^-i)  i«3, »-i 

Yn  *  Yn-1  ♦  <5yn*  8yn-l  *  yn-2)  **/l2 


(D.2l) 


V 


1 

4 


i 

<1 


1 

} 


V 


j 


* 


If  we  set  Yi  =  0  and  sum  expressions  (D.2l),  we  obtain  the 
following  approximation  formulae  for  Yn,  for  various  values  of  n: 

*3  =  (yx  +  ^2  +  3^3)  As/3 

*4  =  (3yi  +  9y2  +  9y3  +  3yi*)  As/8 

Y5  =  (9yi  +  28y2  +  22y3  +  28yL  +  9yJ  As/24 
?  ^  4  5  (D.22) 

y6  =  (9yi  +  28y2  +  23y3  +  23y4  +  28y^  +  9y^)  As/24 

Yn  =  (9yx  +  28y2  +  23y3  +  24(y^  +  y5  +  ...  yn_3) 

+  23yn_2  +  28yn-1  +  9yn)  As/24;  n  >  6 


These  formulae  have  been  used  in  evaluating  the  integrals  (E.33), 
(E.36),  (E.88),  and  (E.91).  The  major  advantage  of  these  expressions,  in  com¬ 
parison  with  many  other  numerical  integration  formulae,  is  that  they  weigh 
equally  all  of  the  interior  points  yk“**yn-3*  This  feature  is  of  particular 
importance  in  evaluating  (E.33)  and  CE.88).  These  functions  are  evaluated 
successively,  many  times  during  each  iteration  of  the  computing  program, for 
values  of  s  differing  by  As,  and  with  integrands  y(s,s')  that  are  integrated 
over  s'  and  change  in  a  continuous  manner  from  each  value  of  s  to  the  next. 

In  many  cases  y(s,s')  is  a  rapidly  varying  function  of  s  and  s', and  it  was 
found  that  application  of  a  standard  numerical  procedure  having  unequal 
weighting  factors  tended  to  cause  unacceptable  scatter  in  calculations  of 
charge  densities. 

Another  advantage  of  expressions  (D.22)  is  that  they  do  not 
restrict  the  integer  n  to  multiples  of  other  integers. 
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APPENDIX  E 


Expressions  for  Charge  Density  and  Collected  Current  in  the  Case 
of  a  Maxwellian  Velocity  Distribution 

We  substitute  expressions  (9.1l)  to  (9*1*0  and  (12.2)  for  fln(3), 
together  with  expressions  (9*2)  and  (ll.5)  for  the  Maxwellian  velocity  distri¬ 
bution,  into  the  charge  density  expressions  (9*5)  and  (11.2)  and  the  current 
collection  expressions  (9*9)  and  (11.4).  By  referring  to  Figs.  3,  5,  6,  8  and 
10,  we  then  define  a  set  of  integrals  in  terms  of  which  charge  density  and 
collected  current  may  be  calculated. 

For  the  sphere,  we  substitute  Eqs.  (9*13),  (9*12),  (12.2),  (9.1*+) 
and  (9.H),  in  that  order,  together  with  Eq.  (9*2),  into  Eq.  (9*5),  to  define 
the  following  integrals: 

00 

"l,s  W=-  ^/A  ^e'B(P-X)i  (E.l) 

where  A  £  X.  We  note  that  the  value  of  this  integral  depends  on  X  as  well  as  on 
A  although  for  conciseness  in  later  expressions  this  dependence  on  X  is  not 
indicated  explicitly.  The  subscript  s  is  defined  as  referring  to  the  spherical 
probe;  the  subscript  c  will  be  used  to  refer  to  the  cylindrical  probe.  It  is 
important  to  note  here  that  the  subscript  s  does  not  correspond  in  any  way 
with  the  radial  net  coordinate  s,  which  has  been  used  in  Appendix  D  and  is 
used  again  in  this  Appendix,  beginning  with  Eq.  (E.28). 


12>8(A)  *  -  7J-  J  ae  e'e  -jp  -  x  -  *2  (e  -  *,)}  *  (e.z) 

where : 

A  k 

and: 

.  -  Ll*±-  (E.3) 

1  -  X2 

k  is  the  value  of  3  at  which  the  lines  3  ■  X_  ♦  0  and  3  »  X  +  flx2 
intersect  (Fig.  lb) 


"3..(A) 


d3 


where:  0  <  A  <  BgJ  3b  Is  the  value  of  3  at  which  the  lines  3  *  X  ♦  (he2  and 
3  *  Qxg2  intersect  (point  B  in  Fig.  10a);  we  obtain: 


*B 


(E.5) 


El 


,,a>  <y  -  -  J2  *  ^  {«>-*-  s(p)  x2 } 


(E.6) 


Finally: 


la  =  0 

'  5,s 


We  also  substitute  Eqs.  (9.12),  (12. 2)  and  (9.l4)intoFl.  (9*9) 
to  define  integrals  for  expressing  current  collection: 


00 

ii;g(A)  -  f ae  e'B  O  -  xp) 


(E.7) 


where : 


where 


0 


!>  “/ 


d£  e 


-P  JL. 

•'2' 

*B 


0  <  A  < 


S.sW  ■  f  *  e‘S  VP> 


(E.8) 


(*  *9) 


For  the  cylinder^  substitution  of  Eqs.  (9*13),  (9-12),  (12  2), 
(9.14)  and  (9.1l),  respectively,  together  with  Eq.  (11.5),  into  Eq*  (11.2), 
allows  us  to  define  the  following  integrals  for  the  expression  of  cj&rge  den¬ 
sity: 


1  1,0  =  0 


■JA)  ■  i/ 


-3 

dp  e  arc  sin 


in 


(E.10) 


where,  once  again,  we  require  A  >  # 


"  3,c<A>  ■  i  J 


<?£  e~p  sin  -i  -r 

L  V  P 


(E.ll) 


where,  once  again,  we  require  0<  A  <  3B« 


1  4,c<@l>p2>  =  ij  ^  ‘  ~  *ln 


«g(p)  x2 1  i 


3  -  X 


*£.12) 


2 


8 


-A 


(E.13) 


ap  e"P 
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We  also  substitute  Eqs.  (9*12),  (12.2)  and  (9.14),  together 
with  Eq.  (11.5),  into  Eq.  (11.4)  to  define  integrals  with  which  to  express  the 
current  collection  for  the  cylinder.  We  obtain: 


where: 


where : 


(e  -  XP^ 


l2,c(A) 


A  >  0 


0  <  A  <  PB 

=  ?irt  *  e'p  (0o(p)  )h 


(E.14) 


(E.15) 


(E.16) 


We  define  7jn  and  in  as  representing  either  rjn  s  and  in>s  for  the 
sphere  or  rjn  c  and  in  c  for  the  cylinder.  We  are  then  able  £o  express  the 
charge  density  and  collected  current  for  either  species  of  particle  in  terms 
of  T]n  and  in. 


3a,  we  have: 


For  example,  if  the  (G,0)  plane  has  the  appearance  shown  in  Fig. 


r)  =  2  t)5(0)  -  t|2(0)  -  ^(0) 

i  =  ix(0) 


(E.17) 


This  situation  corresponds  to  that  of  Fig.  8,  case  5,  in  the 
eventthat  the  portions  of  the  locus  of  extrema  shown  dotted  in  this  diagram  are 
not  present. 


have: 


If  the  (n,P)  plane  has  the  appearance  shown  in  Fig.  3b,  we  then 


n  =  2  ti5(x)  -  2  ^(x)  +  Tjx(Xp)  -  n2(xp) 
i  -  ix(xp) 


(E.18) 


This  situation  corresponds  to  that  of  Fig.  8,  case  6,  with  the 
same  qualification  as  above. 
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If  the  (3,3)  plane  has  the  appearance  of  Fig.  5b,  we  have: 


-  2  n5(PE)  +  2  \(PH#0E)  -  n2  (0H)  +  \(o»0H)  -  nx(o) 

i  =  i3(0,3H)  +  i-jtejj) 


(E.19) 


If  the  (3,3)  plane  has  the  appearance  of  Fig.  10b,  we  obtain: 


=  2  i)5(0B)  +  n3(o)  +  »i3(0c)  -  \OC»0H)  *  ‘  V0) 

i  =  i2Oc)  -  i3(ec,eH)  *  !,(?„) 


(E.20) 


Numerous  other  combinations  of  these  functions  are  produced  by 
the  various  forms  of  locus  of  extrema  shown  in  Fig.  8. 

We  now  carry  out  the  integrations  indicated  in  the  expressions 

for  Tin  and  iQ. 


We  define  the  function  g(x)  in  terms  of  the  well-known  error 
integral  erf(x)  by  the  following  equation: 

g(x)  =  ^  ex2  (1  -  erf(x)  )  (E.21) 


where : 


erf(x)  "Tiff1  e"t2  dt 


For  large  x,  the  following  asymptotic  expansion  (Ref.  l6)  is  useful: 

-x2 

erf(x)  ~  1  -  ~r-  (1  -  ~~  +  ~|rv>-  -^-3+  ....)  (E.22) 

x  >Jtt  2x2  (2x2)2  (2 x2)J 

We  now  integrate  (E.l)  to  obtain: 

i1jS(a)  *  -  -jp-  (  \] A  -  *'  +  g  (V*  -  *). )  (E.23) 

If  A  =  X  ,  we  note  that  g(o)  =  •Jtt/2  to  obtain: 

\,S(X)  -  -  £  <E^> 

Integrating  (E.2),  we  obtain: 
i)g>s(A)  =  -  \j±  -  x2'  -fa-  (  ^A-  k  +  g(  JTT)  ) 
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(E.25) 


(E.26) 


In  order  to  integrate  (E.U),  we  note  that  it  can  be  transformed  to: 

-  -  C2/f  '  1  )V  *  fa  -  * 

A 

Integrating  by  parts,  we  obtain: 

\.w  =  -  (^4^  )*{  {hTT  «*A 

0 

Equation  (E.6)  must  be  integrated  numerically,  since  flG(P)  is 
generated  in  tabular  form  by  the  numerical  solution  scheme.  In  order  to  carry 
out  this  integration,  we  make  use  of  the  radial  variable  s  defined  in  Appendix 
D,  and  we  note  that  the  functional  dependence  ft  =  Aq(0)  can  be  expressed  para¬ 
metrically  as  ft  =  ft(j(s),  0  =  8q(s).  Equation  (E.6)  then  becomes: 


\,s^l,P2^  = 


1 

s'=sp 

r 

dPaCs') 

-Pg(8’) 

r 

-  X(s) 

J  as' 

ds* 

e 

jM8’) 

-  flQ(s’)  x2(s)  | 

(E.28) 

s'=s^ 

Making  use  of  Eq. 

(9.8b),  we  define: 

aG(s 

,s  'Wot8 

‘  ds' 

-’•O' 

dx-  X' 
dx'“  2 

d2X  N 
dx7?  , 

\  dx' 

/  ds 

(E.29) 

Substituting  Eq. 

(9.6),  we 

obtain: 

1  dx.’Vt*6') 

dx' 

(E.30) 

<v*  > 

"  2  ds'  " 

2x'3 

ds' 

We  also  define: 

eG(s,) 

=  «G<S') 

e-0G(s') 

i 

k 

(E.31) 

Vs-8' 

)  -  {  PQ(S 

')  -  x(s) 

-  flG(s,) 

X2(s)j 

(E.32) 

(E.28)  becomes: 

s'=S2 

\jS(e(ai),e(s2)  ) - J  ds'  e0(s')  fG(s,s')  (E .33) 


This  integral  is  now  in  a  form  suitable  for  numerical  evaluation; 
the  integrand  has  been  reduced  to  a  function  of  potential  and  its  first  two 
radial  derivatives,  enabling  the  integration  to  be  carried  out  over  the  compu¬ 
tation  net  in  position  space.  The  form  of  this  integral  means  that  the  value 
of  the  density  contribution  ’ll*  s  at  the  position  s  depends  on  the  form  of  the 
potential  at  every  value  of  the  radial  coordinate  s'  between  the  locations  s1 
and  8of  and  not  on  conditions  at  s  only. 
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This  means  that  the  overall  problem  is  "global"  rather  than 
"local"  in  nature  and  cannot  be  reduced  to  an  ordinary  differential  equation 
as  long  as  the  distribution  function  (which  is  contained  in  the  expression  for 
€q)  is  poly-energetic  in  form.  This  fact  substantiates  the  statement  made  to 
this  effect  in  Sec.  V. 

Equations  (E.7)  and  (E.8)  may  be  integrated  to  give: 

i  (A)  =  (A  -  X  +  1)  e“A  (E. 34) 

Xjo  F 

ip  (A)  =  -is-  (1  -  (A  +  1)  e'A)  (E.35) 

2,s 

(E.9)  may  be  integrated  in  the  same  manner  as  (E.6)  to  yield: 

S '  =Sg 

i3,s(e(sl),e(s2)  )  ■/  ds'  £g(s,)  0g<s'>  (E-36) 


Equations  (E .23)  to  (E.36)  define  all  of  the  functions  necessary 
to  compute  t)  and  i  for  a  spherical  probe.  As  examples  of  their  use,  we  substit¬ 
ute  them  in  (E.17)  and  (E.lS)  to  obtain  expressions  for  tj  and  i  for  the  attract¬ 
ed  and  repelled  species,  respectively,  in  the  cases  where  the. locus  of  extrema 
does  not  enter  the  first  quadrant  of  the  (ft,P)  plane.  We  note  once  again  that 
this  condition  is  satisfied  for  the  repelled  species  if  the  potential  is  a 
monotonically  decreasing  function  of  radius;  this  is  usually  the  case.  It  is 
satisfied  for  the  attracted  species  if  the  decay  of  potential  with  radius  is 
nowhere  steeper  than  that  for  am  inverse  square  potential. 

In  the  spherical  case,  the  unshielded  potential  varies  as  the 
inverse  of  radius,  whereas  the  asymptotic  form  of  the  shielded  potential  is  an 
inverse  square  of  radius  (Sec.  XIII).  In  the  cylindrical  case,  the  unshielded 
potential  is  logarithmic  in  radius,  and  the  asymptotic  shielded  potential 
varies  inversely  with  radius.  In  both  cases,  the  effect  of  space  charge  on 
potential  will  be  small  out  to  a  distance  of  many  probe  radii  in  the  limit 
Rp/Aj j«  1.  When  this  effect  is  present,  it  tends  to  steepen  the  potential 
gradient;  for  sufficiently  large  Rp/Ap,  there  will  exist  regions  steeper  than 
an  inverse  square,  and  expressions  (E.17)  will  not  give  correct  values  for  t)  and 
i.  It  is  not  clear  a  priori  whether  these  expressions  are  correct  for  a  finite 
range  of  Rp/AD  or  only  in  the  limit  am  Rp/Ap  -» 0.  The  former  situation  appears 
more  likely  in  the  cylindrical  case  than  the  spherical,  because  in  the  cylindri¬ 
cal  case  the  potential  tends  to  have  a  shallower  form  than  for  the  sphere.  The 
computed  results  (Sections  XV  and  XVI)  verify  this  expectation  . 

We  first  use  (E.l8a)  to  calculate  q  for  a  repelling  probe 
(A  >  0).  Substituting  (E .23) >  (B.24)  and  (E.25),  we  obtain: 

-Xp  _ )  -Xp 

t)  *  e’X-  (yxp  -  X'  +  g(  ^  Xp  -  x')  )  +  \jl-x2'  (^Xp-K'  ♦  «(fp  )  ) 

(B.37) 
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From(E.3)  we  note  that: 


(Xp  -  *)  (1  -  x2)  *  Xp  -  X  (E.38) 

(E.37)  becomes: 

1  *  «‘x  -  { e(  fvrr)  *  J1  - *2 « \  (E-39) 

If  Xp  becomes  large,  this  expression  reduces  to  the  familiar 
"Boltzmann  factor"  or  thermodynamic  equilibrium  distribution.  At  the  probe 
surface,  x  -*  1  and  X  -♦  Xp.  We  obtain: 


This  expression  corresponds  to  a  distribution  function  which  is 
zero  for  outward-moving  particles  and  Maxwellian  for  inward-moving  particles, 
as  expected  for  the  repelled  species  at  the  probe  surface.  We  note  that  at 
sufficiently  small  probe  potentials,  the  difference  between  this  result  and  the 
Boltzmann  factor  becomes  too  large  to  be  ignored.  Lam  (Ref.  7)  has  used  an 
expression  of  the  same  form  as  (E.Uo)  to  derive  a  quasi-neutral  solution  which 
gives  an  approximate  relation  between  current  and  probe  potential  limn  the  latter 
is  small  enough  that  no  sheath  forms  near  the  probe. 

Far  from  the  probe,  x  -*0  And  we  again  obtain  from  (E.39)  the 
Boltzmann  factor  as  a  limit.  In  the  field-free  case,  Xp  *  X  «  0,  we  obtain  the 
geometrical  depletion  factor  due  solely  to  the  solid  angle  subtended  by  the 
probe  at  any  radius: 

<1  -  i  1  ^  r  —  (E.4l) 

We  next  substitute  (1*23)  and  (E.25)  into  (E.17a)  to  obtain  the 
shallow-potential  form  of  i)  for  an  attracting  probe  (Xp  <  0)as  follows: 

-1-  *-fc{  /7*'  +  E<frT>} 

Q 

The  requirement  k  <  0  implies  X/Xp  >  x  .  This  condition  is 
satisfied  in  the  shallow-potential  case. 

If  we  again  set  Xp  -  X  ■  0,  we  recover  the  form  (l.hl). 

We  now  substitute  Bq.  (1.3*0  into  Eqs.  (I. 17b)  and  (S.l8b)  to 
obtain  the  currents  collected  by  the  probe  when  current  collection  is  orbital- 
motion-limited  (Sec.  VIII).  Substituting,  we  obtain  the  well-known  results: 


*7 


1 ' 1  *  *p 


9 


(E.^3) 


X  <  0 
P" 

i  -  e  p  ;  K  >  0 

p  - 


The  cases  of  aost  interest  and  difficulty  are  those  which  de¬ 
part  from  the  above  forms  of  T)  and  i,  and  for  which  tj  and  i  must  be  calculated 
by  one  of  a  variety  of  expressions  of  which  (E.19)  is  an  example. 

Functions  analogous  to  those  in  Eqe.  (E.23)  to  (E.36)  are  now 
developed  for  the  cylindrical  probe.  In  general ,  these  expressions  are  con¬ 
siderably  more  complicated  than  those  for  the  sphere. 


We  integrate  Eq.  (E.10)  by  parts  to  obtain: 

d0  e’P 

(P-X)(P-Xp)£(P-'0£ 
(E.44) 

It  is  necessary  to  distinguish  two  cases:  A  is  greater  than 
either  X  or  k  ,  which  usually  occurs  in  the  calculation  of  tj  for  attracted 
particles,  and  A  »  Xp,  which  occurs  for  repelled  particles. 

We  observe  that  the  integrand  in  (E.Mi)  has  branch  points  at 
X  and  k  on  the  0  axis,  and  a  simple  pole  at  X  ,  which  always  lies  between 
Xp  and  k  .  For  the  repelling  probe,  we  usually  have  k<  Xp.  For  the  attracting 
probe,  this  situation  may  be  reversed.  Since  the  range  or  integration  never 
includes  any  of  the  interval  between  the  two  branch  points,  the  pole  0  *  X 
is  always  outside  the  range  of  integration. 


We  replace  the  variable  oi  integration  0  in  (E.U4)  by  a  new 
coordinate  which  is  so  defined  that  the  two  branch  points  are  located 
symaetrically  about  the  origin.  In  order  to  do  this,  we  define: 


r  -  (k  ♦  Xp)/2 
i  *  P  -  t 

p  >  max  (k,*p)  -  t  (E.45) 

8  ■  X  -  t 


B  *  A  -  t 


We  define  the  integral  in  Eq.  (E.44)  as  and  substitute  (K.45)  to  obtain: 


B 


where:  B  >  m  and  -p<8<u;B*p  corresponds  to  the  situation  A  «  Xp  . 
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In  the  situation  B  >  n  we  may  expand  the  denominator  of  Eq. 
(E.46)  as  follows: 


where: 


(-  (jM-o  i  <r 

> o 

'(E.^7) 

i*0 

(E.48) 

(-flVSJVoE* 

k-0  5 

(E.^9) 

P  *  1 

0 

v*X(0  »  k>0 

i-0 

Substituting: 


where: 


and: 


00 


H^B,**  «  e"(T+B)  £  Vm(B> 


(B.50) 


t2  -  1 

T„  ■  8 


T2k"  Pk-1 
T2k+1  *  Pk-1  9 


*_<B) 


■‘f'9 

B  * 


(*.51) 


By  iotsfrstlac  *<J.  (1.51)  by  parts,  ss  <WrlT»  tbs  following 
recursion  fonula  for  ■  >  li 


»,(*) 


(*.52) 


F1(B)e  is  a  well-known  transcendental  function  called  the 
exponential  integral  of  B,  or  Xi(B)  (Bef.  16).  Proa  this  reference,  we  have, 
for  B  <  Is 


*9 


(£•53) 


F1(B)  -  e®  (-*>  B  -  CE  ♦  B  -  ^7  +  -  57T;  ••••) 

where  Cg  is  Euler's  constant;  Cg  =  0.57721566....  In  the  range  1  <  x  <  <*>  ,Ei(B) 
may  be  numerically  approximated  by  a  formula  given  in  Ref.  17,  page  190. 

The  power  series  (E.48)  fails  to  converge  for  l  =  4;  therefore, 
the  power  series  representation  of  the  denominator  in  (E.46)  is  not  uniformly 
convergent  in  any  interval  that  includes  4,  and  the  term-by-term  integration 
derived  above  cannot  be  used  to  evaluate  (£.46)  if  B  =  4.  In  fact,  the  series 
cannot  be  used  to  compute  this  integral  for  values  of  B  within  a  certain  neigh* 
bourhood  of  4  becuase  convergence  is  too  slow  to  be  useful. 

We  therefore  derive  a  procedure  for  integrating  the  integrand  of 
(E.46)  from  4  to  a  larger  finite  value.  We  may  then  use  this  procedure  to 
evaluate  (E.46)  as  follows: 


H^B,*)  =  -  ^(4, B)  +  H1(Bo,«) 


(E.54) 


Bq  is  the  smallest  value  of  B  for  which  the  representation  (E.50) 
converges  with  adequate  speed.  If  B  >  Bq  we  evaluate  I^(B,»)  using  (E.50)  only. 


from  (E.46): 


In  order  to  derive  this  procedure,  we  let  1=4  cosh  z  to  obtain, 


Hl(M)  -  e'(T+9)J 


6*(4COsh  z  -  6) 
4  cosh  z  -  8 


(E.55) 


where: 


K.eo.h-1(2).ln(2  ♦  *  1  ) 


Expanding  the  exponential  in  series  and  noting  that  t  +  $  «  %  ,  we  obtain: 


H^.B)  •  «'*{/  u  'cosh  z-0  -f  **  {^lTT 


K  'J 

(4  cosh  z-0)n  dth 
(B.56) 


Ui 


arc  tanl^rrSZt)  -  arc  tan 


(M 


+  i  -«] 


Z  *isSr  “n  h 4  Ro  (r)°  I(  ir )‘ Bn-i  irfeij:] }  »•*> 
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where : 


=  «K 


L  =  e 


4.-1-  - 


coshnz  dz 


formula  for  Rn: 


By  integrating  by  parts,  we  derive  the  following  recursion 

Rn  =  i  (coshn*1K  sinh  K  +  (n-l)  Rn"2)  (E.58) 

For  sufficiently  large  values  of  u,  it  becomes  impossible  to  find 
a  value  of  B0  such  that  the  series  in  Eqs.  (E.50)  and  (E.57)  both  converge 
sufficiently  fast  to  be  of  use  in  numerical  computation  of  Hj^B,*).  In  such 
cases,  a  numerical  quadrature  routine  is  used. 

In  this  case,  Eq.  (E.46)  is  transformed  by  use  of  the  relation 
£=  -  inut  to  remove  the  infinite  upper  limit  of  integration.  We  obtain: 


r  e’B  At 

H,  (B,oo)  =  e“T  [  - 7 - — - - 

Jq  (-Jnw-0)^  (/nu>)2  -  H2  J  h 


(E.59) 


In  the  case  A  *  Xp,  the  first  term  on  the  right  side  of  (E.Mt) 
vanishes;  from  (E.55),  we  obtain: 


e~X  r 

%(*,«)  *  —  J 


e-n(cosh  z-1  +  l/A) 


dz 


-X 


(cosh  z-1  ♦  l/A) 


P(u,A) 


(E.60) 


where:  A  *  u/(u  -0);  we  note  that  if  either  u  or  A  is  large,  the  main  contribu¬ 
tion  to  the  integral  is  for  small  z.  Since  -  p  <  0  <  m,  we  always  have  A  >  1/2. 

Differentiating  F,  we  obtain: 


e-MCoshz  ds  ,  .eM(l-l/A) 


(B.61) 


Kq(u)  is  the  zero-order  modified  Bessel  function  of  the  second 
kind.  For  sufficiently  large  values  of  u,  the  following  asymptotic  expansion  is 
useful  (Bef.  18): 


Ell 


(E.62) 


K>)  *  J|>  (l  .  £&£  I 

'2M  L  8m  2!(8m)2  3!(8h)3  ••••/ 


n 


P(°°,A)  =  0 

00  00 

•**  p(^»A)  =  -  J  d|i'  =  J  (1_1/A)  Kq(j1,) 


Let: 


■wt. 


n 


00 


w 


(n')n+i 


(M.)n+i 


Stil  =  «-u/A 


=  e  R 


n 


(E.63) 


(E .64) 


Then: 


=  2  *<A 


g 


«T) 


n 


r  — ^  i 

n-i  L^T  x  J 


(£.65) 


■v  .  .  The  asymptotic  series  I  Cn  Rn  fails  to  give  a  result  if  either 

to^obtain  a^eSu^  h°WeVer*  the  miriaal  value  A  =  1/2  is  sufficiently  large 

i  Equations  (E.45)  to  (E.65)  define  the  method  for  numerical 

evaluation  of  Eq.  (E.W*). 

We  integrate  ?f  n3,c(A)  is  carried  out  in  *  similar  manner. 

We  integrate  Eq.  (E.ll)  by  parts,  observing  that  the  bracketed  quantity  in  this 

equation  is  equal  to  unity  at  the  upper  limit  of  integration  $B?  We  obtain 


"3,c<A> 


e~A  /  A 

7*re,ltb  A 


t#-  *rj  ■ 


h  **£ 


(-?) 


3 

/ 


B  .a 
e  p  dg 

A  (3-x)3^0b*3)^ 
(E.66) 
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We  define  the  integral  in  Eq.  (E.66)  as  H2(A) .  Once  again,  we 
make  a  change  of  variables  in  this  integral,  as  follows: 


^  =  r 

Pb 

*  -  p  •  T 

Pb 

0  =  -  x  +  y 


(E.67) 


Substituting,  we  obtain: 


Hz<A)  (w)(fek 

A-n 


(E .68) 


We  observe  that  the  integrand  has  branch  points  at  l  =  *  n  and  a 
simple  pole  at  I  =  -  0  ,  where  8  >  p.  Once  again,  the  pole  is  always  outside 
the  range  of  integration. 


As  before,  it  is  necessary  to  distinguish  two  cases:  0  <  A  <  3B, 
and  A  =  0.  We  expand  the  integrand  of  Eq.  (E.68)  as  follows: 

.-‘a ^r1  =  i  V  .LiliV  idii 


-  (-.>■ 


(E.69) 


where: 


f  -1 — 

f-L  iie  R  ’ 1 


Substituting,  we  obtain: 


k«0  A-u 


■biOL, 

(w2  -  \2)' 


(E.70) 


We  set  (  =  u  sin  z  to  obtain: 


Z<-> 


J'  ^  sinRs  dz 

arc  sin(—  -  l) 

U 


(E.71) 
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In  the  case  A  =  0,  we  obtain: 


=  7r  ;  k  =  0 
=  0  ;  k  odd 


-  7T 


■  -  I;  k  eve: 

2.4.6....  k  j* 


For  0  <  A  <  we  may  integrate  Eq.  (E.72)  by  parts  to  der  ve  thm# 
formula: 


+ 


where  a  =  —  -  1 
M- 

If  p  is  large  or  nearly  equal  to  8  ,  the  series  in.  B4-  < 
fails  to  converge  rapidly  enough  to  be  useful  for  numerical  camp** 

A  >  0,  numerical  quadrature  must  then  be  used  t-o  evaluate  Eq.  (E  ll). 

A  =  0,  we  substitute  |  =  p  cos  z  inEq.  (E.68)  and  re-define  ?(u,X)  t® 


H2(0)  = 


el l/A  p  TT  +  1  -  COS  z) 


dz 


u/4 

^ -  PU.30 


0 


+  1  -  COS  z 


(E. ,4) 


where:  A  =  |i/(9-n);  once  again,  we  note  tb^f  the  integrand  gives  most  of  itf* 
contribution  for  small  z  if  either  |i  or  A  b%omes  large.  In  this  case,  we 
have  0  <  p  <  00  and  0  <  A  <  «  .  Differentiator  P(n,A)  with  respect  to  u  as 
before,  we  obtain: 


e-fi(l/A  +  1) 


V. 


0 


|iCOS  z, 

e  dz 


-e 


-p(l/A  * 


(E-75, 


I0(p)  is  the  zero-order  Bessel  function  of  -i"*ginary  argument 
(Kef.  18,  pages  162-163).  This  function  has  the  following*-«ympt otic  expan¬ 
sion  for  large  p: 


(E.76) 


Since  P(o°,A)  =  0  we  have: 


Rn  Is  defined  in  Eq.  (E.64). 


(E.77) 


(E.78) 


Here  we  must  allow  not  only  for  the  case  of  small  4  but  also 
for  the  “lae  of  small  A  .  In  either  situation  the  summation  in  Eq.  (E.78)  fails 
%c  produce  a  result  because  of  the  way  in  which  p  and  A  enter  into  the  recursion 
tyJStu'SiBi  ("*..65)  • 


fat  4  **  UC  v  • 


We  first  study  the  case  where  A  is  small  compared  to  unity,  but 


If  we  take  the  first  term  in  Eq.  (£.78),  we  obtain: 


(E-79) 


In  the  case  of  small  A  ,  we  observe  that  the  integrand  in  Eq. 
(E.74)  depends  mostly  on  the  numerator  in  the  region  in  which  it  gives  most  of 
its  contribution  to  the  integral,  namely  the  region  of  small  z.  In  other  words, 
the  width  of  the  peak  in  the  integrand  depends  primarily  on  p;  the  influence 
of  the  denominator  is  small  in  comparison.  We  approximate  the  denominator, 
for  A  «  1,  as  follows: 


-j - i -  =  - * -  =  XeMcos  *-l]  (E.80) 

^  +  1  •  cos  z  1  +  A(l  -  cos  z) 

Substituting  in  Eq.  (E.7*0,  we  obtain: 

Hg(o)  =  ^  z  dz  =  T  Io(^)  (E.81) 

0 


1  w  l1 

r  2  2  2  -1 

!  +  1  .  1-3  . 

1  2(  P  +  A) 

ff7*)  21  (8(11  +A)  )2  J 

For  large  values  of  §  ,  g( I )— ♦  l/2  j  for  small  A  and  large  p, 
Eqs.  (E.79)  (E.8l)  can  be  shown  to  approach  the  same  limit.  We  combine 


E15 


them  to  obtain  the  following  approximation  formula: 


HgCo)  ;r 


A 


1^2 

21(8  (n+A))2 


If  Ais  large  and >  is  small,  the  Taylor  expansion  of  IQ(u)  can 
be  substituted  into  Eq.  (E.77).  This  expansion  is: 

0  W  (2!)2  (n!)  ^  (E.83) 

From  Eq.  (E.77)  we  have: 

P(M)={J  ~  ]e^'(i/A  +1)  7rl0(u ' )  du'  (E.8M 

0  0  W 

Evaluating  the  first  integral  term-by-term,  we  have: 


where  t 


jV(1/Xtl)  Ie(ll.).  cn*2n 

R k  =  e*»  ^  .  e™  f  e-*  t*  it 


A  =  1  +  l/A 


(E.85) 


V  is  an  experimentally  obtained  value  of  u  chosen  such  that  the 
series  representations  (E.77)  and  {E.85)  both  converge  rapidly  enough  to  be 
useful.  If  both  and  A  are  small,  the  series  in  Eq.  (E.71)  is  used  to  compute 
H2. 


Equations  (E.67)  to  (E.85)  define  the  method  for  numerical 
evaluation  of  Eq.  (E.66). 

The  expression  for  114  c  in  Eq.  (E.12)  can  be  transformed  into 
an  integration  e/er  radius  in  the  same  manner  as  the  expression  for  T).  in 
Eqs.  (E.6).  This  time,  we  substitute  the  cylindrical  Poisson  equation  ’*(11.3) 
into  Eq.  (E.29)  to  obtain: 


El6 


a  (s')  =  &  +  7Vt(S<) 

G  ds’  2x'3  ds’ 


(E.86) 


We  again  define  €G(s')  as  in  Eq.  (E.3l);  we  define  fyj(s,s‘)  as  follows: 


,( s,s ' )  =  arc  tan 


J  Qg(s  * 
V(s')-X 


)x2(s) 


°'  '  '  lea(s-)-x(s)-«<j(S')x2(s) 

Substituting  in  Eq.  (E.12),  we  obtain: 

s'=S2 

)  =^J  ds'  €G(S')  ^G(s»s’) 

S=Si 


}* 


(E.87) 


(E.88) 


The  current  collection  expressions  (E.l4)  and  (E.15)  maybe  inte¬ 
grated  by  parts  to  obtain: 


li,c(A)  =£  e"A{  -  V+  80A'  xp)} 

1S,C(A)  =  ^  [  1  -  5S  •'*(-&  +  *  (**)  )  ] 


v  ^ 

Finally,  Eq.  (E.l6)  becomes: 


s'=s2 


P(s2}  )  ds’  €G(s>) 


(E.89) 


(E.90) 


(E.91) 


s'=s-, 


Equations  (E.44)  to  (E.91)  define  all  of  the  expressions  necessary 
for  computing  tj  and  i  for  a  cylindrical  probe.  As  in  the  spherical  case,  some 
special  cases  are  of  importance.  We  first  calculate  T)  for  a  repelling  probe, 
once  again  under  the  assumption  of  a  monotonic  potential.  Substituting  Eqs. 
(E.10)  and  (E.13)  into  Eq.  (E.l8a),  we  obtain: 


ri  =  e 


-%  1 


00 


■if 


-8 

dp  e  p  arc  sin 


{ 


x2(P 


xP)  V 


(E.92) 


For  large  Xp  we  again  recover  the  Boltzmann  factor;  at  the  probe 
surface,  X  “*Xp,  x  -*  1,  and  we  again  obtain  Eq.  (E.4o).  In  the  field- free  case, 
Xp  =  X  =  0,  we  obtain,  for  the  geometrical  depletion  factor: 


T)  =  1  —  arc  sin  x 
1  7T 


(E.93) 
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°bUiD  41118  ”8Ult  by  USln«  tbe  *«P««*ion  for  ,  for 


.D.  -  Using  Eqs.  (E.17b)  and  (E.l8b)  together  with  Eq  .  (E.89),  we  ob¬ 
tain,  for  the  orbital-notion- limited  currents:  1  D 


(f*p*e(f* p))i  *P*° 


-X„ 

i  =  e  P 


(E.94) 


i  *p£ 
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APHID  IX  F 


Current  Collected  by  a  Probe  of  Large  Radius  When  Repelled  Particles 
Are  at  Zero  Temperature  and  Attracted  Particles  are  Maxwellian 


We  define  a  radial  coordinate  x,  measured  inward  from  the  sheath 
edge,  and  two  transverse  coordinates  y  and  z.  In  the  planar  approximation, 
Poisson's  equation  reduces  to: 


*5*  =  .  £ 

dx2  € 


(F.l) 


At  x  =  0 ,  0  =  0  and  <30/ dx  =  0.  At  the  probe  surface,  0  <  0. 
The  distribution  function  at  the  sheath  edge  is  a  half -Maxwellian  consisting 
only  of  particles  moving  into  the  sheath.  Constants  of  the  motion  are  EY,v. 
and  vz.  y 


E  -  Z«0(x)  +  f  vxe  +  f  (vy2  +  vz2) 
-E*+Et 

E.  is  the  energy  associated  with  transverse  motion, 
but ion  function  is: 


(F.2) 

The  distri- 


=  ^  (f>ir  KT  ) 


m  \3/2  -e Ja  -V« 


f  •  o 


;  vx>o 
i  vx<o 


(F.3) 


00  00  00 
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-  J  |  (ex  -  Z*>(x))  i  Ss  -  .1  1  ■> 
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^Ex  -Ze0(x) 


wr/ 


-ft 
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dVy  dVE 


(F.6) 


FI 


The  quantities  S  and  x  are  as  defined  in  See.  IX;  g  is  as  defined  in  Appendix  E. 

We  note  that  p  «  ZeX  and  define  s  *  x/Xq  and  y  =  -  X  to  obtain, 
from  Eqs.  (7.1)  and  (7.6): 


6  *  i(y)  -  £  *(•&) 


(7.7) 


Sincf;  y  and  dy/ds  are  both  zero  at  s  *  0,  it  can  be  shown  that 
Eq.  (7.7)  has  the  solution: 

■  *  f 

0  J2  f  tl(y”)dyH 

"  0 

We  define  o^(y')  as  the  square  of  the  denominator  in  the  inte¬ 
grand.  Substituting  into  Eq.  (7.8),  we  obtain: 

y’ 


/w 

g(^y")  dy" 

0 

«  J*  ey  (l  -  erf  •//*)  dy” 


?(*'■  (#•*•)} 


(7.9) 


Examination  of  the  fora  of  g  shews  that  Eq.  (7.9)  is  of  order 
y' .  When  the  square  root  of  this  expression  is  substituted  into  the  denominator 
of  (7.8),  a  singularity  occurs  in  the  integrand  at  y*  ■  0.  We  may  eliminate 
this  singularity  by  defining  ^(y')  -  y'  o2( y ')  and  setting  y*  «  z2.  He  then 
obtain: 


s 


(7.10) 


We  nay  obtain  a  power  series  expansion  for  g(fc)  as  follows: 


g(t)  -  y  •** 

.  f  ,ie  .Sf 1  .**  « 

0 

-  f  «‘2  -  h(0 


(F.U) 


K 


The  second  term,  h(|)  may  be  written  as  a  Taylor  series: 

■<*>  ■  t 

m=0 

Repeated  differentiation  of  h(|)  gives: 


(P.12) 


h(n+l)  .  2({h(n)  *  nh(n*1)) 
h(n+1>(o)  =  Snh'"-1) 

h(2n)(0)  =  0  (»•«) 

h(2n+D(0)  -  22nn! 


Substituting  in  Eq.  (F.12)  gives: 

00 

h(0  =  5  +  |  53  +iL  t5  ....  =  £ 

n«0 


00 


n*0 


52n+l  gn 

1.3.5...(2n-l)(2n+l) 


(F.l4) 


For  large  5,h(5)  e^  ;  the  difference  between  these  two 

quantities  becomes  small  compared  with  their  magnitudes,  and  Eq  .  (F.U)  cannot 
be  used  to  give  numerical  results  because  of  round-off  errors. 


Eq.  (P.9)  nor 
we  obtain  the 


We  therefore  use  the  following  form  to  compute  s(y) : 


(F  .15) 


yx  is  an  experimentally  obtained  value  of  y  for  which  neither 
(F .11)  suffers  from  round-off  error.  From  the  definition  of  ap, 
following  series  form:  2 


(F.16) 


Equations  (F.8)  to  (F.16)  define  the  numerical  solution  of  Eq  . 
(F . 7  ).  The  solution  gives  the  number  of  attracted- species  Debye  lengths  s  be¬ 
tween  the  probe  surface  and  the  sheath  edge  as  a  function  of  probe  potential  XD 
in  the  planar-sheath  approximation.  A  program  that  has  been  used  to  compute  s 
by  means  of  the  above  expressions  appears  in  Appendix  I  (Program  3).  Numerical 
values  of  s  for  various  *  appear  in  the  output  from  this  program  which  is 
shown  in  Appendix  J.  F 


F3 


Since  in  the  planar- sheath  approximation,  all  particles  entering 
the  sheath  are  collected,  the  increase  in  collected  current  as  Xp  becomes 
larger  depends  only  on  the  increase  in  sheath  area.  For  the  sphere,  the  area 
of  the  sheath  edge  varies  as  the  square  of  its  radius;  for  the  cylinder,  it 
varies  directly  as  radius. 

The  collected 
following  expression: 

i(Xp)  =■ 

For  the  cylinder:  x  /Y  . 

i(Xp)  -  1  ♦  (P.18) 

In  cases  where  Xp  is  not  small  compared  to  R-,  the  planar 
approximation  will  fail  to  give  correct  values  for  the  collected  current  for 
three  reasons.  First,  the  planar  form  (F.l)  of  the  Poisson  equation  will  fail 
to  closely  approximate  the  spherical  or  cylindrical  formj.  Second,  the  orbital- 
motion-limited  current  will  decrease  below  the  values  given  by  (F.17)  and  (F.l8) 
in  terms  of  sheath  edge  radius  because  some  of  the  attracted  particles  will  be 
able  to  enter  uhe  sheath  and  orbit  out  of  it  again  without  being  collected  by 
the  probe.  Finally,  the  orbital-motion-limited  current  itself  will  over-estimate 
the  current  because  a  certain  class  of  particles  entering  the  sheath  will  orbit 
out  of  it  because  of  barriers  created  by  the  potential  well  itself. 


current  for  the  sphere  is  therefore  given  by  the 

r  =  (1+¥^)  f*-1 

0  V  ' 


APPENDIX  G 


Power  Series  Solution  of  the  Allen,  Boyd  and  Reynolds  Equation 


Numerical  solution  of  the  Allen,  Boyd  and  Reynolds  equation 
(Ref.  6)  has  been  carried  out  here  for  reasons  which  are  discussed  in  Sec .XIII. 
This  differential  equation  expresses  the  dependence  of  potential  on  radius  in 
the  case  of  a  spherical  probe  at  large  ion- attracting  potential  in  the  limit  of 
zero  ion  temperature.  The  solution  is  carried  out  according  to  the  method 
suggested  in  Ref.  5. 

Combining  Eqs.  (13.12),  (13*13)  and  (13.1^),  we  obtain  the  Allen, 
Boyd,  and  Reynolds  Equation: 


+  -JU. 

i2  di  ^  di  y  ”  *2{k 


(G.l) 


#  For  convenience,  we  define  new  variables  s  =  l/|  ,  y  =  X_, 

A  =  i  /&Jtt  ,  and  obtain: 


.  .2  '.2 

xk  H-  —  -*'y 

dx  *s/y 


(G.2) 


The  boundary  conditions  at  infinite  radius  become: 


y  »  ^  *  0 


finite 


at  x  *  0 


(G*3) 


the  right-hand  side 
fore  Ax2A/y  !• 


where: 


The  condition  that  d2y/dx2  remains  finite  at  x  *  0  implies 
side  of  (G.2)  must  be  of  order  x^.  As  y-*0,  e*y  -»1  and 


that 

there- 


y  *  A2x**(l  y')  ;  y'-*  0  as  x  -*0 


y*  *  y  a  xr 

Lu  n 

n«l 


(0.4) 


Therefore : 


(0.5) 


where: 


b^  *  bg  *  b->  *  0 

b^  *  A2 

bn  «  A2  an,4  ;  n  >  k 


G1 


Substituting  in  the  left  side  of  Eq.  (G.2),  we  obtain: 


w 

<4  S  =  I  bk-2  (k-2)(k-3)  xR 


(0.6) 


Also: 


k=6 

g  -a  ♦*•>-* 

00 

£  City')1 


=  1  + 


(G.7) 


i=l 


where: 


=1  -  < -1)1 


Substituting  for  y'  in  Eq.  (G.7): 


1  i-1  j*l 

00 

*  1  ek  ** 


(G.8) 


k=l 


where : 


eu  * 


cl*k  ’X  ClI  6(ji*2j2  *...+hJh-k)  (j-rjif 

>  A  U  i  »  1  AC 


o,  Jo  J, 


1*2  h*k-i+l 


\  A  w2  u  n 

?)\  V**h 


(G.9) 


C1  \  +  ek 


and:  8(b) 

Also: 


1  for  a  *  0;  5(b)  *  0  for  m  /  0. 

•-■*•£*(£  ■/)“ 


1*1  J*1 


(0.10) 
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k*l 


*  1  ♦  )  fR  x" 


where: 
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‘1  It 
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and  fk  is  given  by  an  expression  identical  in  form  to  Eq.  (G.9). 

Equating  coefficients  of  like  powers  in  Eq.  (G.2),  we  obtain: 


ek  =  fk  ;  k  <6 


that  an 


to: 


(G.ll) 

ek  =  fk  +  bk-2  (k-2)(k-3);  k  >  6 

Since  Eq.  (G.2)  is  invariant  upon  change  of  sign  of  x,  it  follows 
and  bn  must  vanish  for  all  odd  values  of  n. 

For  k  -  2,  we  obtain,  from  Eq.(G.ll): 

C1  *2  =  di  b2  +  dg  bl2  -  c2  al2  =  0  (G..12) 

Therefore  ak  and  b^  both  vanish  for  k  <  4,  and  Eq.  (G-9)  reduces 


* 


ek 


6(4j. 


i=2  h=k-4i+4 


(G.13) 


We  therefore  obtain  from  Eqs.  (G-5)  and  (G.ll)  a  set  of  recursive 
relations  for  defining  any  bk  in  terms  of  b^...bk  i  as  follows; 

bk  =  A2  ak_^ 

(G.15) 


cx  ak  =  d^  bk  +  bk_2(k~2)  (k-3)  +  •  ek 

Equations  (G.4)  to  (G.15)  define  the  power  series  expansion  re¬ 
quired  to  begin  the  numerical  integration  of  (G.2),  according  to  the  method 
suggested  in  Ref.  5;  the  Runge-Kutta  numerical  integration  procedure  is  used  to 
complete  the  integration. 


APffiBDIX.B 

Operation  of  Computer  Programs 


Programs  1  and  2,  both  of  which  are  listed  in  Appendix  I  along 
with  two  smaller  programs,  constitute  tested  methods  for  carrying  out  the  com¬ 
putation  involved  in  this  research  for  the  general  case  and  for  the  case  of 
zero-temperature  repelled  particles,  respectively.  Either  of  these  programs 
produces  one  result,  corresponding  to  one  given  value  of  each  of  the  input 
quantities  e0  / kT_,  T+/T_,  and  Rp/Ap_,  (where  we  have  again  assumed  Z+=l, 

Z  =-l)  in  an  average  time  of  about  two  minutes  on  the  IBM  rf0^k  computer 
(depending  on  the  values  of  these  parameters),  to  a  relative  accuracy  in  all 
computed  quantities  of  about  0.002  or  better.  Most  of  the  results  not  involv¬ 
ing  extreme  values  of  the  input  parameters  have  relative  accuracies  better 
than  0.001. 


For  program  1,  these  accuracies  have  been  checked  by  running 
representative  cases  (a  case  consisting  of  one  set  of  values  of  the  three 
quantities  mentioned  above),  each  with  several  combinations  of  computation 
net  spacing  As  and  outer  boundary  position  Rg/Rn>  in  order  to  find  the  inner¬ 
most  boundary  position  find  coarsest  net  consistent  with  acceptable  results. 

This  procedure  is  usually  carried  out  at  a  nondime ns ional  probe  potential  of 
i  25,  the  largest  to  be  used,  since  it  has  been  found  that  the  demands  by  the 
program  for  large  boundary  radius  and  fine  net  become  more  severe  as  probe 
potential  increases.  It  is  then  possible  to  compute  with  confidence  all  cases 
involving  smaller  probe  potentials  and  the  same  values  of  T+/T_  and  Rp/Ag 
using  the  computation  net  thus  determined. 

In  general,  the  program  becomes  more  demanding  of  a  large  num¬ 
ber  of  points  in  the  computation  net  at  both  very  large  and  very  small  values 
of  Rp/Ap  >  and  more  demanding  of  a  large  number  of  Debye  lengths  between  Rp 
and  Rg  for  very  large  Rp/Ag  .  Since  the  rate  of  convergence  of  the  program 
becomes  slower  as  (Rg-Rp  yv  is  increased,  the  cases  of  large  Rp/Ap_  have 
therefore  been  the  most  expensive  in  computation  time,  particularly  for  the 
sphere.  In  fact,  the  case  e$p/kT_  =  -  25,  T+/T_  =  1,  Rp/Ap_  =  100  consumed 
about  20  minutes  of  computation  time,  the  largest  value  for  any  case  computed. 
Accordingly,  no  cases  were  attempted  for  the  spherical  probe  at  this  value  of 
Rp/Ap  for  any  intermediate  values  of  T+/T_ . 

When  several  cases  were  run  for  decreasing  values  of  the 
repelled- species  temperature,  the  attracted-species  parameters  being  held  con¬ 
stant,  it  was  found  that  the  program  became  more  demanding  of  a  fine  compu¬ 
tation  net  but  it  was  possible  to  move  Rg  closer  to  the  probe  because  of  the 
contraction  of  the  sheath  as  repelled-species  temperature  was  decreased. 

When  a  sequence  of  cases  of  decreasing  attracted-species  tem- 
peratu,  4as  run  with  the  repelled-species  parameters  held  constant,  only  small 
changes  iw computation  net  requirements  were  noticed  in  the  case  of  the  cylin¬ 
der,  but  1.  the  case  of  the  sphere,  the  required  values  of  net  fineness  and 
sutler  boundaJ'V  radius  increased  rapidly.  At  the  same  time,  the  collected 
rT*nt  result  was  observed  to  become  more  and  more  sensitive  to  small  changes 
At  form  of  the  potential  until  a  point  was  reached  where  computations 
.  jgd  to  be  practical.  This  restriction  became  more  severe  with  increasing 
potential;  f  ''r  instance,  it  proved  impossible  to  compute  the  ion  current 
collected  by  the  W  the  case  &  T_  =  -25,  T+/T_  =0.1,  Rp/Ap_  =  10. 


These  findings  are  in  accordance  with  the  prediction  deduced  from  analytical 
considerations  in  Sec.  XIII.  These  restrictions  proved  less  severe  when  calcu¬ 
lations  were  made  using  the  mono-energetic  distribution  for  the  attracted  species. 

Table  4  shows  suggested  computation  net  spaeings  and  outer 
-  boundary  radii  to  be  used  with  program  1,  as  determined  by  experience  using  the 
program.  It  was  found  experimentally  that  in  most  cases  the  outer  boundary  was 
at  a  large  enough  radius  to  produce  results  of  the  desired  accuracy  if  the  net 
charge  density  -  t)_  was  smaller  than  0.001  at  the  boundary. 

Figure  11  shows  ion  and  electron  charge  densities  as  functions 
of  radius  for  a  cylindrical  probe  for  the  case  e0p/kT_  -  25,  T+/T_  =  1,  Rp/AD  =10, 
for  various  positions  of  the  outer  boundary  radius  Rg.  The  significant  feature 
of  this  diagram  is  the  fact  that  in  each  instance  charge  separation  is  seen  to 
occur  near  the  outer  boundary.  This  occurs  because  of  the  fact  that  the  assumed 
relation  (8.9)  between  the  potential  and  its  slope  at  r  =  RB  is  only  an  approxi¬ 
mation  to  the  relation  that  would  actually  exist  at  that  radius  in  the  infinite- 
plasma  case;  the  potential  adjusts  its  shape  to  compensate  for  this  error  by 
increasing  its  curvature  near  this  boundary.  Because  Poisson's  equation  (4.3) 
is  satisfied  everywhere,  this  curvature  implies  a  charge  separation  near  r  =  Rg. 
Since  these  boundary  conditions  are  derived  from  the  leading  term  in  the  repre¬ 
sentation  of  the  potential  for  large  radii  (Sec.  XIII),  they  become  more  nearly 
correct  as  the  boundary  radius  is  increased;  accordingly,  the  charge  separation 
near  r  =  Rg  may  be  expected  to  decrease  as  Rg  is  increased.  This  behaviour  is 
in  fact  seen  to  occur  in  Fig.  11. 

Because  of  this  ability  of  the  solution  scheme  to  locally  adjust 
the  potential  to  compensate  for  errors  in  the  boundary  conditions  at  r  =  Rr, 
it  may  be  expected  that  computed  values  of  current  collection  will  approach 
the  limiting  value  corresponding  to  ah  infinite  plasma  very  rapidly  as  Rg  is 
increased.  This  is  in  fact  the  case,  and  it  is  of  crucial  importance  in  de¬ 
signing  a  practical  solution  scheme.  Earlier  trials  with  a  boundary  held  at 
zero  potential  required  Rg  to  _  jual  to  many  probe  radii  before  the  current 
collection  results  were  observed  to  approach  a  limit  with  increasing  Rg.  Plac¬ 
ing  Rg  at  such  large  distances  from  the  probe  resulted  in  unacceptably  large 
expense  in  computation  time  per  result;  it  was  evident  at  that  time  that  a 
better  set  of  boundary  conditions  was  required  before  the  computation  scheme 
could  be  made  useful. 

The  remarkable  insensitivity  of  the  solution  scheme  to  errors  in 
the  relation  between  the  potential  and  its  slope  at  r  =  Rg  was  made  use  of  in 
carrying  out  the  computation  for  the  cylindrical  probe  with  zero  temperature 
attracted  particles,  using  the  boundary  conditions  for  the  finite-temperature 
problem.  It  has  been  shown  (Sec.  XIII)  that  in  the  zero- temperature  limit, 
the  asymptotic  form  of  the  cylindrical-probe  potential  is  no  longer  proportional 
to  the  inverse  of  the  radius  but  to  the  inverse  two- thirds  power  of  the  radius. 
When  computations  for  this  case  were  carried  out  using  the  finite-temperature 
boundary  conditions,  experimentation  with  various  values  of  Rg  proved  the  re¬ 
sult  to  be  so  stable  that  it  never  became  necessary  to  put  the  more  exact 
boundary  conditions  into  the  program. 

The  key  to  this  insensitivity  to  boundary  conditions  is  the  fact 
that  the  boundary  potential  is  free  to  seek  its  own  equilibrium  value;  the 
strong  tendency  of  the  plasma  towards  neutrality  tends  to  fix  the  local  potential 
a  small  distance  from  the  boundary  while  a  small  amount  of  charge  separation 
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adjusts  the  derivative  at  the  boundary;  the  disturbance  in  potential  shape 
caused  by  the  presence  of  the  boundary  is  thus  confined  to  the  immediately 
adjacent  region. 


In  order  to  initiate  a  calculation  with  any  one  of  the  programs 
listed  in  Appendix  I,  it  is  necessary  to  provide  it  with  appropriate  data  as 
indicated  by  comments  included  with  the  program  listing.  In  the  case  of  Pro¬ 
gram  1,  this  data  includes  the  values  of  the  parameters  77U,  7 and  7. 

Depending  on  which  species  is  used  as  reference,  there  are  two  equivalent  ways 
of  specifying  these  quantities.  For  example,  it  is  possible  to  carry  out  the 

calculation  for  the  case  e0p/kT_  =  -25,  T+/T_  =  0.75,  =  10,  using  as 

input  values  w 3  =  -33*33,  =  0.75,  y  =  133*3*  It  is  more” convenient  to  inter 

change  the  roles  of  ions  and  electrons  and  use  the  values  773  =  25,  77£  =  1*333, 

7  =  100. 


It  is  also  necessary  to  specify,  as  input  quantities,  two 
coefficients  which  determine  the  magnitude  of  the  mixing  function  (Sec.  V). 
Choosing  values  that  are  too  large  causes  the  computation  to  diverge  in  an 
oscillatory  manner  (Appendix  C);  choosing  values  that  are  too  small  causes 
excessive  amounts of  computation  time  to  be  used  before  adequate  convergence 
is  attained.  The  fortran  subprogram  ADJUST  (Appendix  I)  monitors  the  conver¬ 
gence  of  the  calculations  and  attempts  to  correct  the  mixing  function  accord¬ 
ingly,  thus  making  some  allowance  for  a  poor  initial  guess. 

This  subprogram  also  ends  the  execution  of  a  case  when  the 
accuracy  of  the  computed  attracted- species  currents  and  net  charge  density  is 
sufficient.  It  uses  two  criteria  for  making  this  decision.  The  first  is  the 
convergence  of  the  current  result  to  an  asymptotic  value;  three  computed 
current  values,  spaced  10  iterations  apart,  are  stored  and  used  to  calculate  an 
asymptotic  result,  based  on  an  assumed  ejqponential  approach  to  equilibrium; 
if  the  third  result  differs  from  the  asymptote  by  a  relative  amount  less  than 
0.001,  the  first  criterion  is  assumed  satisfied. 

It  was  found  necessary  to  include  a  second  criterion  because  of 
the  non-monotonic  nature  of  the  approach  of  the  current  result  to  its  final 
value.  This  behaviour  is  illustrated  in  Fig.  12,  which  shows  computed  current 
as  a  function  of  iteration  number  for  a  typical  case.  This  behaviour  caused 
a  tendency  for  the  calculation  to  be  terminated  prematurely  by  false  indications 
of  approach  to  an  asymptotic  result. 

Accordingly,  convergence  is  now  also  tested  by  comparing  the 
quantity  T]net  computed  at  the  end  of  a  given  iteration  with  the  unmodified  net 
charge  density  rj+  -  T)  produced  by  the  next  iteration.  If  the  calculation 
has  converged  fully,  these  must  agree  by  definition; 'the  square  of  the  rela¬ 
tive  difference  between  them  is  averaged  over  the  interval  Rg-Rp  and  iteration 
continues  until  this  average  is  less  than  0.01. 

During  early  development  of  the  program,  an  attempt  was  made  to 
speed  the  calculations  by  storing  values  of  the  net  charge  density  distribution 
over  several  iterations  and  projecting  the  entire  distribution  ahead  to  an  esti¬ 
mated  asymptotic  result.  This  procedure  failed  because  of  the  sensitivity  of 
the  program;  it  almost  inevitably  produced  a  fictitious  system  of  potential 
barriers  more  complicated  than  any  of  those  for  which  calculation  of  charge 
densities  had  been  programmed. 

The  optimum  method  of  generating  each  Maxwellian  result  is 
normally  to  begin  by  computing  the  corresponding  case  for  mono-energetic 
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attracted  particles,  and  then  to  use  the  charge  density  distribution  resulting 
from  this  case  as  an  initial  approximation  for  the  Maxwellian  case.  Since  the 
time  per  iteration  for  the  mono-energetic  case  is  much  smaller  than  that  for 
the  Maxwellian,  this  procedure  usually  results  in  a  smaller  total  expenditure 
of  computer  time  and  produces  an  extra  (mono-energetic)  result  as  a  bonus.  The 
first  two  examples  of  computer  output  shown  in  Appendix  J  illustrate  this  pro¬ 
cedure  . 


Program  2,  which  is  used  in  computing  the  case  of  zero- temperature 
repelled  particles  ,  has  presented  considerable  difficulties  in  operation.  This 
is  apparently  because  as  it  converges  toward  a  result,  it  often  passes  through 
a  set  of  approximate  configurations  in  which  the  calculation  of  a  succeeding 
iterate  is  highly  sensitive  to  the  precise  spacing  of  points  in  the  computation 
net  and  resulting  inaccuracies  in  the  computation  are  capable  of  setting  up 
stable  oscillations  which  prevent  convergence  from  being  completed.  These 
difficulties  seem  to  be  less  severe  in  many  cases  if  a  very  coarse  or  very  fine 
net  is  used;  however,  these  remedies  have  the  disadvantages  of  inaccurate  re¬ 
sults  and  great  expense  in  computation  time,  respectively. 

In  spite  of  these  difficulties,  this  program  has  been  success¬ 
fully  used  to  compute  spherical  and  cylindrical  probe  characteristics  for  values 
of  Rp/Ap_  from  0,5  to  about  20.  Since  in  this  case  the  planar- sheath  approxi¬ 
mation  (Appendices  F,I,J)  gives  the  limiting  form  of  the  probe  characteristics 
for  large  Rp/’Ap  ,  results  for  values  larger  than  20  can  be  obtained  by  graphical 
interpolation  to  a  high  degree  of  accuracy. 

Computations  using  Programs3  and  4  are  much  simpler  to  carry  out 
than  those  using  Programs  1  and  2;  the  operation  of  these  programs  may  be 
studied  by  examining  the  relevant  equations  in  Appendices  F  and  G,  as  well  as 
the  listing  of  these  programs  and  samples  of  their  output  in  Appendices  I  and 
J,  respectively. 


APPENDIX  I 


Computer  Program  Listing 

The  Fortran  II  Programs  used  to  make  the  numerical  calculations 

are  as  follows: 

Main  Program  1:  used  to  carry  out  computations  for  the  general  case. 

Main  Program  2:  used  to  carry  out  computations  for  the  case  of  zero- 

temperature  repelled  particles. 

Subprograms  ADJUST,  COOKIE,  CHARGE,  CUBIC,  POLATE,  CHAMON,  CAL,  COEFT: 

used  by  main  programs  1  and  2;  COEFT  is  also  used  by  main 
program  3» 

Subprograms  FIRST,  SECOND,  THIRD,  FOURTH,  UNO,  DUO,  TRE,  SDFN:  used  together 
with  main  programs  1  or  2  to  carry  out  calculations  for 
spherical  geometry. 

Subprograms  FIRST,  SECOND,  THIRD,  FOURTH,  DYO,  CDO,  TRY,  CORE:  Used  together 

with  main  programs  1  or  2  to  carry  out  calculations  for 
cylindrical  geometry. 

Main  Program  3:  used  together  with  subprogram  COEFT  to  calculate  the 

planar- sheath  limit  of  the  case  of  zero-temperature 
repelled  particles  as  described  in  Appendix  F. 

Main  Program  4:  used  together  with  subprograms  POWERS  and  C HAS PH  to  obtain 

a  numerical  solution  of  the  Allen,  Boyd,  and  Reynolds  equation 
(Ref.  6)  as  described  in  Appendix  G. 


A  listing  of  each  of  these  programs  follows: 
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KASE*t 

3  READ  INPUT  TAPE  5,*.P|  J*P16«GA*M4  .P*3T  I  M.JT*M 

4  FORMAT  I IP4E lu»  3.0P2F 10*7) 

READ  INPUT  TAPE  9**>*XT  1  *N Tx *KT  J *.M*NDuO *NlND*A**R InT  *400£*K«  I T  *XdO 

I  *MCU 

3  FORMAT! |4l5> 

tP!«T3-2l|6S*  166*16' 

166  IF  I  SENSE  LIGHT  1)16?* 165 
I6T  I F ( SENSE  LIGHT  ?>|6Btlfr5 
1V8  SENSE  LIGHT  l 
SENSE  LIGHT  * 

GO  TO  3 

165  KT|«*T1 
XT*.<T2 

*22  PRINT  220.NASE 

220  FORMAT! I2MU  H£G  IN  CASE  IS) 


Ml  KASC«KA4C4I 

fFlOTIMlMI  0*1*320 
3*0  QTIOTIM 
OT2«OT*M 

3*1  00  TO  (6**70) *R0OE 

6  tM  1 te  OUTPUT  tape  6*7 

7  FORMA T(32H1  SPHERICAL  PR06E  CHARACTERISTIC) 

GO  TO  9 

*70  MR  I TE  OUTPUT  TARE  6*27| 

*71  FORMAT! 34H1  CYLINDRICAL  PROBE  CHARACTCRI STIC » 

9  MRITC  OUTPUT  TAPE  6*»0*PI3*RI6*GAMMA.R*0T1*0T* 

IU  FORMAt!6X3HPI3.7X3HM»6.0»6HGAMMA.9x|MP.7X3HaT».7X3MOT2/ 


1  I  X 1P*E 10*  3*  OP *F 10.71 
St  MRITC  OUTPUT  TAPt  6.6*«T| *XT2*«T3.M.N0UB 


•NEN0*NPfl|NT*MOCE«MMlT*K00 


a^ORMATlSRH  XT!  K  T*  *TJ  M  NOUd  MENU  NPRINT  MOOC  KM  I T  KBO  MCD 

1/1x1*15) 


Y|ME*CLOCKlO.O> 


1 0 1  PI*3.j*1592T 

SOTP I *1.772*539 

VlPl • I *3/Pl 

SAV*UO/SQTPI 

MAD*  1 

ME««J 

<tNGS«1 

M2ET.I 

GO  TO  ( 111 . 1 12.113* II*. IIS' •FT3 

READ  OR  GENERATE  DUAMTIT1ES  REQUIRED  TO  BEGIN  FIRST  ITERATION* 


111  GO  TO  (262*263) .MODE 

262  READ  INPUT  TAPE  9. *4. I  A! I ) • I *2 .6 1 
**  FORMAT! |P7E 10,3) 

182  write  output  tape  6*l9u. iac I i « l*2.ai 

180  FORMAT! S3h  COEFFICIENTS  IN  INITIAL  POTLNTIAL  APPROXIMATION  ARE  / 
I  1XIP7E10.3I 
GO  TO  IS 

263  READ  INPUT  TAPE  9. A*. ( A| I > * J > 1 *7) 

«RITE  OuTPuT  TAPE  6  *  1 80* I  A I  I  I ■ I • I • 7 ) 

GO  TO  IS 


1  12  N*MP-l 
NPaMP 

F ACT. ( GAY/o-MMA ) *1 P | 3/PIOlO  > 
DO  VO  I »l .NP 
90  ETA! I >*ETA( I )**ACT 
IF io-POlO) 15*336*335 
335  <INGS«2 
GO  TO  IS 

736  |F<n-m) 17, IS* 1 9 
|Y  M.N 

WRITE  OUTPUT  TAPE  6*22«M 
22  FOQMATI*N  M.IOI 
GO  TO  IS 

IV  L»N/V 
VP>**| 

00  21  1-2. MP 
J«C 1-1 >*L*I 
21  £TA! | l.ETA! Jl 
GO  TO  IS 


Pa«e  3 

113  00  I*  t*l* A 
•*  A! | ) a | ,0 
GO  TO  IS 

i|*  READ  INPUT  TAPl  S.2(.0*bEC 
20U  FORMAT!  IPEU.3) 

GO  TO  (2L6.2R0l.MUUE 
206  MRITE  OUTPUT  TAPE  6**00*uEC 

FOB  FORMAT  1 57H  COEFFICIENT  OT  SOuARE  T«THM  IN  1n!*IAl  APPROXIMATION  I 

14  I PE  10*3) 

GO  TO  IS 

*90  MRITE  OUTPUT  TAPE  A.29|,uEtl 

*91  FORMAT  I5TH  COEFMCIeNT  OF  LIN*.  AM  TEN  IN  InITIAl  APPROXIMATION  I 

15  IPC10.1) 

GO  TO  15 

| |9  MP.M.I 

READ  INPUT  TAPt  5. I  16. L 
I |6  FORMAT! IS) 

BEAD  INPUT  TAPE  5 • II 7 • < t T A l I ) * ! ■ l * MP,L ) 
l  1,7  FORMAT!  IPftt.  I2*5> 

186  WRITE  OUTPUT  TAPE'  6  ,  I  1  8  *L  «  l  E  T  A  !  I  )  ,  J  ■  I  *  *P*L  • 

118  F0RMATI4H  L*|2**7h  INITIAL  VALUES  0*  ETA  ARE  /  <  I  Xl  P6E  I  **S  M 
GO  TO  IS 

It  SENSE  LIGHT  u 
sense  LIGHT  1 
KENC*0 
GAM. GAMMA 
PIOLUyP I  3 
POLO*P 

C  GENERATE  ARRAYS  S  ALL'  DXUS  TO  i'EFlNE  COMPUTATION  NET. 

C  FORM  OF  THESE  QUANTITIES  UtPCNDS  On  .*»  THE  J  roga  I  RATIO  of  PROBC 

C  RADIUS  TO  lARGEB  DCL'YE  LtNUTn)  ti  GRC A T E fi  OR  LtaS  Than  2*6  OR  16*1 

16  FLM»M 

DELTS-P/FLM 

mP«m*| 

RAT0«M|N|F|P|6« I *-l 
ROGA  a  SORTF I uAMMA*RA  T  0  » 

IT  I  ROGA -25*  I  )25J*25.««2N4 

*63  00  16  l*l*MP 
Fit *1-1 

$1  n*0€LTS*F  IE 

|F I ROGA-2.6 1 360*360*361 

360  Kl I loCXPFI-SI 1 1 1 
DXOSI ll»-X(l 1 
GO  to  36* 

361  XI I »*l*0«S( 1 1 
04DSI 1 1 *•! *u 

36*  ROPI l)*l. v/xi I i 
XSQI I  I *X 1 1 169* 

SCOT! |)>ftONTF il.o-KSOI I >  > 

16  COOK! I (■COOHICI I *OT|*QT*l 
GO  TO  *60 

*64  SNT.0.5 

M**I,J/IU>'««NTI 

2PP*10.0/ISNT*60GA) 

AV4*<*#-U0 
CNN*  I INM-2PF  1  / A*  A 


30  253  1*1 *MP  * 

FIE*l-t 

S<  1  )»OElTs*F IE 

X!  I  )«2NP*(  1*  -SC  I  I  )-AYA*<  UD-ai  I  I  )**ENN 
OxD5! I » ,-2NP,ENN*avAM 1  ,0-SI  I » )**ICNN-I *01 
256  90PI 11*1* J/Xt I ) 

XSOI I ) . X  I  I ) ••* 

SCOT! I ) a  SORTF (I  *  0— XSO I  I ) ) 

254  COOK!  I  MCOOKiei  I  .0TI.0T2) 

GO  td  D6 J 

C  3UPPLY  FURTHLi  UUMNTITItJ  RLQUIRtu  TO  aEGIN  FIRST  ITERATION, 

*W  IF4<ENO)2U*2u*23 

20  GO  TO  !25«*V4,29«207I 187),<T3 
29*  GO  TO  I  337,3381 .KINGS 
33fl  NPP»NP*l  • 

P0*R*4, 99U-FLOATFIMOOE I 

03  3J9  |*nPP,MP 

339  -*A!|).ETAINP)*IX(I>/XINP) >**»OMR 
KINGS* l 

33T  GO  to  !26.*Bu>.M00b 

2!>  OuAlaj.U 
27S  UAA*  3-MOOC 
jae*9-M00E 
00  2*  J* JAA*  JSu 
2*  GuA I *GuAt*Al J) 

ERROR »P I 3/OUAI 
00  *7  D.jAA.jaO 
27  AID1«AI jl*ERROB 
00  *9  I *| ,MP 
OuA| *3.0 
0UA**3.D 
QgA3*J.O 
DO  3-  J.JAA.J6B 

jc:*d-**mooc 

OuA | ■ Qu* I *A I Vl*XI | l**J 
GuA*.QuA**FLOATF| J)*AI J|*XI 1 )••!  J-l 1 
30  GuA3*OuA3-FLOATF|D*XC.*A!JI*Xm**l  J4*l 
*1 t I "Ou** 

OXIOS! I ) *0UA**DX0SI I  I 
*9  ETA! | I .QUA 3/GAMMA 
GO  TO  !3t**A3l*MODC 

*J7  AYE* i .3-6(1 
4*>AV(46|3 
rlU*4EE*Pll 
GO  TO  I *96**96 >*NOOC 

*95  00  *15  l*I.MP 

Ovr*(X6F (60646(1 .0«| *0/61 1 1 » I 
*<  |  t*AA4M(  I  l*0Yf*4M*l60l  I  » 

0*)CSl  t  )*!AA*OVf*l  |*0*60GA/X!  I  )l»I*0— 6*X!  1 1  l*OXOSIt  I 
*13  CTAI  ll.« AA*OYf*XI |  )*RATO-* *0*66*( KMt  II ••* I/6AMM6 
40  TO  37 

*96  00  *66  1*1 *RF 

OyC-CMPF (60CA6I | *0- | .0/6! 1111 

60X1*S06TF(MI|II 

*1 1  I *AA90YC*60MI4666XI 1 1 

OX  1 06 1 1  I • I XA90TC91 0*6/60MI *WOX I MI064/M60 1 1 1 1 466 1 906641 1 1 


KlNK*l 
GO  TO  3* 


P»f«  I 


eTAI  |  i*-tAA#ovf4«OX14IXSOttl/**O4AOCA4«OGAlA0e4XSO(t  «•*«  H  1 /GAMP A 
GO  TO  263 

| ft 7  KNO-H/L 

IF  IL-1)  996.999*490 
9M  KNO*-*NO-l 

fll*l 

**l4**l 

KHL-K-L 

UP*ETA<«Pt  1/2*0 
Dn»ETAIi<»4.)/2«0 
0*«VJP-0N 
Dfl»uP-ET4I*i43N 
00  166  J*2*L 
OEL*FuO *TF  (  J-*  I /FLL 
|0fl  CTAI  j|«ET*tK»#D«*DCL*rH'*orC**2 

00  193  KEV*2.*n0h 

K»KEV*L*I 

KH««-\_ 

dS**n*.i 

-*C"K-| 

KML*K-L 
KHPL*<N*L 
■CHML**H-L 
U**ETA(X*L  »/2*c 
ON*ETA(«HL 1/2*0 
UM*CTAIKM*U/2«0 
ONM-CTA IKHML > /2 *0 
04*UP-DN 
0=J»U«»-£TA(*»*0N 
OAM*U0H-DnM 
OBM-UPM-eTAIKM^ONM 
00  I  9 1  J*JS*JE 
OEL  *FuO *TF t J-K > /FlL 
0Eln*fl04tF 1  J-<H  j  /fu 
ETC*ETA It  I ♦OA*Oeu*0fl*OEL«  *2 
CTCH*CTA{KH>*0AH*0tl.MTOI'M#3El.H»»2 
jot  ctai j»*tTc»Ae5/<oeuH)*ETCH*Aas/<oen 
190  CONTINUE 

US«KNOM*U+2 
ue*KNO*U 
DO  192 

DCu«ElOATF  I  J-K  1  /FU- 
,192  ET4(JI*ETA(K» ♦OA*OEL*Od*OCL**2 
999  K*V*KN0*C»» 

XAZ*****! 

IPtKAZ-MP) 194* 194*293 
194  P0W«*4,99O-rL0ATF(**OOE  1 
00  193  U*k42,MP 

143  eTAIU»-eT*|KAV14tXI U1/XIKAV) 1 **POwA 
293  GO  TO  4 26*260 IfHOOC 

C  INTEGHATE  ETA  4NO  EHPUOV  SOUND  AAV  CONDITIONS  AT  OuTCA  EDGE  OF  NET 

C  TO  0<3 T A  I N  il'  ANO  OF  IDS  • 

26  00  33  l*l«l* 

33  v«  I  )*-gAhha»ETAi  |  i/IFSOl  IIH21WI0JM1 
Zl  11*3.0 


P6*6? 

GO  TO  ( 4 | «  3Gw*  7 1 »  T 1  I  *KT  1 

C  Output  as  specified  »v  «T|* 

300  hv<*IO 
LVH*  \ 

303  KVT-XNO0FI*CND.*riO 
IFIKVTl 319,316*310 
316  KVT-10 

319  IFtPl 31 304.304.309 
31*  vryturTiirPOS 
GO  TO  306 
309  VVV  4  XVT 1 aVNEG 
GO  TO  300 

306  IF  (PVT— MVK  1  3 1  0*307*31 0 
30T  1F(Pt 31 300.300. 309 

300  WAITE  OUTPUT  TAPE  6.30*  .KENO<  YNCG ,  (  VVV(  l  »  .  I  •  1  *MV«) 

302  F0AMATI9H  KEND1A*6H  VNCG*F9.6.6H  VP0S*10F9*4) 

GO  TO  310 

309  WATTE  OUTPUT  TAPE  4*30 1  .KCnO*  VPOS.  <  WV(  I  >  «  1  •  1  *MYiC] 

391  FOAMATCflH  KEN01A*6H  VPOS*F9*6«0H  VNEC*10F9.4l 

GO  TO  310 

310  GO  TO  |4|«jl*i.UT^. 

71  WAITE  OUTPUT  TAPE  4.45, VPOS* VNEC 

*5  F GPU A r I  7m  VP0S«|PE14*7*7h  VNCG* |PC 14*7) 

70  CO  TO  IA1 *41*41*421 «KT 1 

42  WA I TE  OUTPUT  TAPE  6*43*1 1 *A0P< SI*£TA(|l*XI(tl »CTAPS( I  I «CTApG III* 
1  1 • 1 *HP«NPB|NT1 

43  F0AMATI2M2M  I  A t | I/MP«4K3HCT4« I0X2HX I •7X0MCTAPS* TMSMCTAnG >/ 

I  t2( IXI3*OPF0.A*|P4ri2*9l I  I 

C  CAUCULATe  MEW  VALUES  OF  NET  CHAAGE  OENSlTV* 

At  DO  40  |*|* HP 

40  CTAI I »*( 1.0-C00X1 1 1 l#ETAt| I* (ETAPSI I )-LTanGI 1 1 >*C00«( I  1 

IF (P| 3»390* 390* 391 

390  VU9E*VP0$ 

GO  TO  392 

391  VUSE4VNEG 
GO  TO  392 

392  CAUL  AOUUSTlNeNO. HAO.PEW. 0T|  .0T2.KW1T. 0*001  *VUSE*VI»#V1 

220  1FinEND««EN0-I>44*4T*44 
47  GO  TO  I311«3I2«3II*3II)*K11 

312  HVK*XMOOF(*CNO.lOl 
IFIHVK131 1*311*313 

313  LTH*2 

GO  TO  304 


36  DO  30  l**l  .HP 

0X10SU  l-ZIl  l*OXDS(  I  I 
30  VI  11*0XIDS(H 
Z< l)*PIJ 
KtHX*2 
GO  TO  34 

200  00  201  J»I*MP 

281  v< !  I  a-OttOSC  I  »4«0*OU0Cf*l  I  l/<X« » >*X»0(  Ml 
Z( 11*0*0 
< INK* 3 
GO  TO  34 


282  DO  20*  1*1 

OXIDSI t 1*Z( I ►•DKOS< I l/X(l 1 
284  VI  I  1 *0X I DSI I  I 

Z< 1 )*PI3 
Kt»*C*4 
GO  TO  34 


34  Z( 2  >  *Z I  1 14C9.04VI l>40.O#V(2l-Vt3l 140ELT4/I2*0 

35  . . . .  1-2, -Y.  1,111  «*LT*/f..O 

2 (  MP  1 ■ZIH)4(S*O4V(MP140#O4V(M»-V1H-1 ) 1 4DCLT S/ 1  2 • 0 

GO  TO  (  36*  37*  282*283 1  »KI*A* 


37  GO  TO  I  329*3201 *K0O 
329  EOGE*Z(PPI/l l*D-XIAP» : 

326  EOGE*«2fo*Z04»1-*<PFl4DXlOS(HPl/OXOS<HP11/l2*0-*IPP»  » 

327  OO  39  I  4 1. HP 

OXIOSM  >*OXlDS<  I  14E0GE40XDS(  I  1 
39  KI(||4ZII)*C0«*)XIII-1#01 
IFIMCO-1 1199* 199*340 


2d3  GO  TO  ( 330*331) **60 

330  EDGE— ZI»*>1/»-0GFlKIPPI  1 

GO  TO  332  _ 

331  EDGE*  (Zl***  l-X(HP»40XIDS»HP)/DKUS(HP1 1/1 1  •  O-i-OGF <  X ( HP  1  I  1 

332  DO  209  l»l*MP 

OXIDSI I )*0XI0SI I )4€OGE40XOS( I 1/XI « I 
209  X III  I »Z  C 1 1 4EOGC4COGF ( X I  I  1 1 
IFlHCO-1 » 199* I99.3AC 

CALCULATE  POSITIVE  ANO  NEGATIVE  CHAAGC  DENSITIES* 


199  CALL  CHAAae 
GO  TO  341 

3*0  CAUL  CMAHON 
GO  TO  341 

34  1  IF  I  SENSE  LIGHT  11161*160 

161  IFCSENSE  LIGHT  21162*160 

162  SENSE  LIGHT  1 
SENSE  uIGmT  2 
GO  TO  310 

160  FCnO-KENO*! 

KT|4*T1 


337  VPN-VPOS4S0ATPIPI61 
VNP*VNEG/S0ATFIPI6> 

WAITE  OUTPUT  TAPE  6.90.VPN.VNP.VIN 

96  F0OHATI6H  VPN*1PC12*9*6H  VNP* IPL 1 2*9*6H  VIN*|PE12*9) 

316  TOTAu*CLOCKI TIME  I/I  00*0 

WAITE  OUTPUT  TAPE  6*3{9*T0TAL 
319  FOAHAT ( 29H0  EXECUTION  Tl»«  IN  PlNuTES  FT. 2) 

GO  TO  3 

C  kCND  ■  NDUU.  DOUBLE  NjHBCh  OF  POINTS  IN  NET* 

91  IF(40U-24M1  94*50*90 
30  DO  92  | » l *MP 
K*2*<HP-I)4l 

l*hp—  f ♦ 1 

sz  ET4(K)*ET4ILi 

M*24M 

NPAlNT*2«t«8UNT 
GO  TO  16 

23  DO  93  |49*MP*4 

ETA ( 1-31 *I3*0*ETA( 1-4 )46*04ETAt 1-2 1-ETAI 1 1 1/0.0 

33  CT4( t- 1 1 ■ (— CTAI 1—4  1 46*0*ETA ( I-2143*04CT4( I » 1/6*0 

34  WAITE  OUTPUT  TAPE  6*5T*M 

97  F0AMATt2X2HM*I8) 

90  LI TE*XHOOF (HEND** 1  *  1 
SENSE  light  O 
GO  TO  141 *62*63*641 .LITE 

61  SENSE  LIGHT  t 

GO  TO  (26«20OI«MOOC 

62  SENSE  LIGHT  X 

GO  TO  1 26*260 l.MOOE 

63  SENSE  LIGHT  3 

GO  TO  I  20*2601 *AODE 
04  SENSE  LIGHT  4 

GO  TO  (26*200 l.MOOE 
ENO 


311  KT14KT2 

46  IF InENO—KEND 199*99* 40 
40  |FINOU0-KCM>I9O*9I*9O 

C  XCHO  -  NENO.  stop  I  TESTING. 

99  IFI4 131 395*390*394 
399  VIN»V|NV4S0ATF(PI6J 
GO  TO  35T 

396  V1N*V|ny/SQRTF(P|01 


321  IFI S HER AD j  40U.40  I *402 
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C  MAIN  PROGRAM  2  P»f«  9 

c  probe  characteristic  -  rcpclled  PA«Tict.es  at  zero  temperature 

DIMENSION  YYY 1101 

O I  PENSION  XI40II.XSOI401 > .1(401  1 .0X0S!*01 >  »ROP 1*0 1 1 ♦ SCOT (4Q l  > « 

1  COOK 1 40 1 >  *X| (40| I.OX  IDSUOl  I ,CT4( 401  I .CT4PSI401 1 *CTANG< 401  I . 

2  PMO (40  I ) *014640(401 I .BE TAG! 401 1.ALFAGI40I  I *PS!6<  40 1 1 *CPS6(40I I « 

3  V(40|l*Z(40ll«SH(40l ) 

COMMON  X.XSO. S.DROS.ROP.  SCOT  .COOK  <Xl .OXlDS.ETA.CT  APS. CTANG.BHO. 

i  OM6A6.eer*o*AcFA!b*PSt6*ePsc*v.z«SM 

COMMON  Pl.SOTPI  •VIP|*SAV*MODe.MvMP*OeCTS«6AMMA*PI3«PIO*PI7*VPOS( 

I  YNCG.NPRINT.KT 1  .KT2.LL.KEN0 

COMMON  LINKtbCTHtEXY.eOY.N2.Nf2.NW. S*»S« A, BETA W. BETA* A .MACK. Ml KC< 

I  SCR  I T*SCR ITA.LK«LKA*CR I SS«CRQ3S«  YST.AMu.THCTA .KBQiMCD*  NZCT .HAlT 

c  ptec  •  mono i mens ional  p«oee  potent  ial  for  attracted  particles 

C  POOPYE  ■  PHOBC  RAOIUS  /  OEflYE  LENGTH  OF  ATTRACTED  SPECIES 

C  SMCBAO  •  INITIAL  VALUE  OF  SHEATH  EDGE  RADIUS  /  PROBE  OADIUS 

C  IF  S»«RAO  *VC  •  Sh£ OLE  ■  &HCRAO. 

C  IF  SHERAO  •  0.  RE -USE  ShEOCE  FROM  PREVIOUS  CASE* 

C  IF  SMeRAO  -VC  .  GENERATE  SHE06E  FROM  CHJuO-LANGMUlR  RELATION. 

C  OT |  AND  0T2  ARC  COEFFICIENTS  OF  .OEBYE.  TERM  ANO  .FAO-F IELO.  TERM 

C  IN  MIXING  FUNCTION. 

C  KT  J  SPECIFIES  AMOUNT  OF  OUTPUT  FOR  EACH  ITERATION  EXCEPT  LAST* 

C  KTZ  SPECIFIES  AMOUNT  OF  OUTPUT  FOR  LAST  ITERATION. 

C  INITIA  SPECIFICS  WHETHER  INITIAL  CHARGE  OCNSITY  FUNCTION  (  ETA  I 

C  IS  THAT  FOR  A  CMILO-LANGMUIR  ShEATh  OR  WHETHER  PREVIOUS  eTA 

c  is  re-usco. 

C  INI Ti A  *  |  -  CHILD -LANGMUIR  SHEATH  ASSUMCO* 

C  InITIA  ■  2  -  CH | LU -LANGMUIR  SHEATH  ASSUMED  TO  BEGIN  FIRST 

C  ITERATION.  PREVIOUS  ETA  RE-USEO  WHEN  SHEATH  tOGE 

C  RAOIUS  IS  RESET. 

C  INITIA  -  3  -  PREVIOUS  ETA  RC-USCO. 

C  M  IS  NUMBER  OF  POINTS  IN  COMPUTATION  NET, 

C  NOUB  IS  ITERATION  AT  WHICH  DENSITY  OF  POINTS  IN  COMPUTATION  NE T 

C  IS  DOUBLED. 

C  NENO  IS  MAXIMUM  NUMBER  OF  ITERATIONS. 

C  NPRINT  -  OUTPUT  WILL  OCCUR  AT  EVERY  *W*RInT.TH  NET  POINT* 

C  MOOC  SPECIFIES  WHETHER  COMPUTATION  IS  FOR  SPHERICAL  OR  CYLINDRICAL 

C  PROBE. 

C  MOD  SPECIFIES  PARTICLE  DISTRIBUTION  FUNCTIONS. 

KASEM 

3  READ  INPUT  TAPE  9*  4  »PT£E .PROBYE . ShCRAO.QT |M»OT  2M 

4  FORMAT! 1P3E 10*3 .0P2F I 0*7) 

READ  lobhjT  TAPE  9.9.KT I *KT2. I Nt  T I A  «M*Nl>Ud*NENO  ,  NPR I  NT .MOOC  »MCO 
9  FORMAT ( 14191 

IF  I INITIA-2I 169.149.166 

166  IFI SENSE  LlCHT  1)167* 169 

167  IF  I  SENSE  LIGHT  21)66. 169 
l 6b  SENSE  LIGHT  I 

SENSE  LIGHT  2 
GO  TO  3 

169  KTIWKTI 
KTZ*KT2 

222  PRINT  220.KASC 

220  FORMAT! 12H0  BEGIN  CASE  I9» 

221  KASC-KASE+1 
IFIOT1MI32I .321 .320 

320  OTI-OTIM 
OT2-OT2M 
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DELTS*I .O/FLM 

MP-M4I 

Y2P-0.129 

293  00  18  l-l.MP 

F IE* 1-1 

S( I >  »0€LTS*F 1C 

ROP( II*  SHEOGE- 1 SHEDGE  —  I *0  > • I Y2P» I  1 .0-31 1 1 >♦( I .-YZPj4( 1 .0-S( I  I  I  4*2  > 
X  (  I  »-t  •O/'ROPC  1  I 
XSO( I >>X(I I 4*2 

OXOS<  l>— x5O(t>»(SHEDGE-l.0»*IYZP*2.0«II.0-S( I  I  I • ( I .O-YZPI > 

SCOT! 1 >»SORTF( I .0-XSO< I » ) 

16  COOK ( I  I "COOK  I E ( I *0T | . QT2 1 
GO  TO  (20.23. 2U1 .XSET 
20  1FI2«|NITIA*KSET-9»2C7,207.2V4 

2  >7  00  213  1*1 .MP 

XI ( I j*PTEE*i ISHCDGb-l .O/Xl I  I l/(SHEOGC-l*0> I *3333333 
210  ETAI I ) ■0.9/SQRTK  < |*u-2*J*Xl (1)1 
GO  TO  294 

294  GO  TO  ( 370. 3T0. 2281. KSET 
370  GO  TO  (26.26UI .MOOE 

C  COMPUTE  POTENTIAL  XIII-MP)  AND  ITS  GRADIENT  OXIOSII-MPI  USING 

c  Charge  density  etam-mpi 
76  DO  33  1*1 .HP 

33  Y I | >*-GAMNm»ETA( I i/lKSOll |**2>*DXJSI I > 

Zll 1*0*0 

k Ink* i 
09  TO  34 


36  DO  38  l-l.MP 

DXIOSI t  i*Z( 1 l*OXOS(  I  I 
38  V( 1 >  *0x105  < 1  l 
2( t I »P| 3 
KINK*2 
GO  TO  34 

280  DO  28 1  l-l.MP 

281  VI 1 l*-DXDS( I »4GAMMA«ETA(1 l/l X  I  1  i *XSQI 1  I  I 
Zll 1*0.0 

k Ink*  3 
GO  TO  34 

282  DO  264  l*I.MP 

DXIOS1 1  I *Z ( 1 1  *OXDS( 1 >/X( I l 
264  Y( I  1*0X1051 1 1 
21 11*013 
KINK *4 
6C  TO  34 

34  2(21 *Z« 1 > • ( 9*0*V ( 1 l*6.0*Vl2l-Y(3t l*DELTS/t2*0 
00  39  I *3*M 

19  Z( 1 1*Z( I -I !♦( I3.0*(Y( | -| |*v( 1 »1-Yt 1-21-YI 1*1 1 140CLTS/24.0 
ZIMP|*ZIM»4(9.04YIMP»4»*04Y(M>-  4-||l*DELTS/12*0 

SO  TO  <36.329.282.330I.XIMC 

329  EOGC«Z(MP)/( I.O-XIMPII 
327  DO  39  1*1 .MP 

OKlOSt I  1 *0* I  OS  I  I l*EDGC«OXDSI I  I 


430  SMEDGE-1. 0*1* 121 *IPTCe**0. 791 /PROBYE 
GO  TO  4  0 | 

4  12  S HEDGE  iSHCRAO 
GO  TO  401 

401  GO  TO  I  6 .270  I .MODE 

6  WRITE  OUTPUT  TAPE  6.7 

7  FOOMAT  I  73H1  SPHERICAL  PROBE  CHARACTERISTIC  -  REPElLEO  PARTICLES 
I  AT  ZERO  TEMPERATURE  I 

GO  TO  9 

270  WRITE  OUTPUT  TAPE  4.271 

271  FORMAT! 79M1  CYLINDRICAL  PROBE  CHARACTERISTIC  -  REPELLEO  PARTICLES 
I  AT  ZERO  TEMPERATURCI 

9  WRITE  OUTPUT  TAPE  4 • I  0 .PTEE .PROBYE . SHEOGE .OT I • 0T2 
l 0  FORM AT <  7X4HPTEE .4X4HPH0BYE .4X6HSHE0GE . TX3MQTI . 7X3H0T2/ 

1  IXIP3C l 0.3 »0P2F 10*7) 

61  WRITE  OUTPUT  TAPE  6 .6  .KT  l  ,KT2  .  IN »  T|  A  .M.NDUB  .KND.NPH  I  NT  .MODE  «MCD 
6  FORMA T ( 47H  KT t  KT2  INITIA  M  NOUS  NENO  NPRINT  MOOC  MCO  /IXI4I9I 

TIME-CLOCK! 0.0  I 

101  PI *3* 14 19927 

SO TP  I *1*7724939 

VI  PI* I • O/PI 

SAY*I«0/S0TP1 

MAO*  l 

MCW-0 

KUTY • | 

GAMMA -PROBYE*  *2 
PI6* I *0 

PTCE*-ABSFIPTEE> 

PI3*PTEE 

KBO*l 

MZET*2 

IFI InITIA-21 19*19.  I  12 

112  N*MP— I 
NPaMP 

FACT*GAMOLD/GAMMA*PTEE/PTOLD 
DO  90  |  a  1  .  NP 
90  ETAI I l-CTAI I iwFACT 
2  16  IFIN-M) 17.19*19 
I  7  M*N 

WRITE  OUTPUT  TAPE  6.22.M 
22  FORMAT  I 4H  M»|9I 
GO  TO  19 
19  L*N/M 
MP«M*l 

00  21  !«2.MP 

J*(!-»|4L4l 
21  ETA< | I «CTA( J) 

GO  TO  19 

19  SENSE  LIGHT  o 
SENSE  LIGHT  1 
XENO-0 

G AHOLD* GAMMA 

PTOlD«PTEE 

xset-i 
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GO  TO  ( 199.3*0.340! .MCD 

33U  EOGC--2(MPI/LOGFCXIMPH 
332  00  289  1*1. MP 

OXIOSI I  I *OX IDS! I l ♦CDGE40X0S ( I l/X! I  I 
289  XI(! I *Z ( I  1 ♦EOGC*LOGF ( X ( 1  I  I 
GO  TO  I  1 99. 340 .340 1 .MCD 

C  COMPUTE  NEW  Charge  DENSITY  ETAPSH-mP) 

199  CALL  CHARGE 
GO  TO  341 

340  CALL  CHAMON 
GO  TO  341 

341  IFISENSE  LIGHT  I  lift]. 160 

161  IFISENSE  LIGHT  21162.160 

162  SENSE  LIGHT  l 
SENSE  LIGHT  2 
GO  TO  318 

160  <ENO*KENO*l 
<T|*KT1 

>  GO  TO  (41.300.71.71 ). KTt 

330  MYK*10 
LYM-  | 

3 >3  KVT-XMOOF(KENO.MYK) 

IF (KYTl 319*316.319 
316  KYT-IO 
319  YYV I KVT I • YPOS 

306  IF (<VT— MY<  >310*307 .310 

307  WRITE  OUTPUT  TAPE  6.302.KCNO* I VVY (I  1.1*1 *MVK I 
302  FORMAT I SH  KEN0I4.3H  V*10F|0.4> 

310  GO  TO  141 *31 l». LYM 

71  WRITE  OUTPUT  TAPE  6.49.VPOS 
49  FORMAT ( 3M  Y* 1  PC  14,7) 

70  GO  TO  (41.41.41 .421 *KT | 

42  WRIT!  OUTPUT  TAPE  6 .43 » ( I .OOP ( I » .CTAt I  I .XI ( 1 > .CTAPSt I  I • 

1  1*1. MP •  MPR I NT I 

43  F0RMAT(2(7XJMI.3X7MRI I l/RP.I I X3M£T A . 12X2HX I .7X7MC T A  NEW)/ 

1  .2(4X14, 0PFI0*9.1P3C14*7l I  I 

41  DO  40  I  *  I . Mp 
ETANGI 1 1*0*0 

40  ETAI I !■ I | ,0-COOK ( I  I l*ETA( I  I *ETAPS< 1 1 »COOK* I  I 

PTCRR*<  X(MPl-XSO(MP) I»0XIDS IMPI/OxOSIMP I 
NHAlT*NENO 

CALL  AO JUST  INMALT. MAO .MEW.3T1 .0T2 , 3 . 0* 39 .PTERR .P T lNY I 

IF (NHALT-KEIO-6 1228*360. 226 
380  |F(KENO— (KENO/tOl»IOl226*37t .226 
37|  ERR0R*PT1NY/PTEE 

IF (ABSFt ERR OR  1-0. 0002  1 366. 349*349 

C  SHEATH  EDGE  POTENTIAL  GRAOIENT  IS  SMALL  ENOUGH*  ENO  EXECUTION* 


366  NENO*XM|NOF <*eno*« .mend 


Pm  is 


ire  output  tape  6, 3 43. error 


C  USE  CURRENT  VALUE  OP  SmEATH  tOCt  POTENT  I  At.  UAOIINT  TO  BCUT 

C  SHEATH  EOGE  RADIUS. 

3*5  EROD-ERD 
SMOO-SHO 
CRD- ERROR 
SHO'SMEOOE 
KUTV  *KOTr*l 
IF  t  KUTY -3  I  303 . 384 « 3M 
306  SHCDGE «  SHO-EP 0*  <  SHO-SHUO I / I EOD-EROO I 
I F i SHCOCE- » • u | 330 . 330 . 360 

303  IE  (OX  l(.  SI  HP)  1  331  .  33C.  332 

332  OKI — KSO<MP)*OXtOS<MP>/OXOS<MP> 

02k.  I  ■ -ETA  IMP! -GAMMA 

If <02X1 >349*330. 330 

J30  mri te  output  tape  6  ,3?>9.kutv  .erou  rERO.SHuo ,  smo  .  smejgc 
36V  FORMAT! 29m  TROUBLE  IN  SHEATH  EDGE  RESET  I4.1PSE12.3) 

•RITE  Output  tape  6.43. <  I  *R0PI  I  t.CTAtl)  *X|  I  I  i.etapsi  I  >•  1M.MP) 
SENSE  L  I  GMT  l 
SENSE  LIGHT  2 
GO  TO  318 

34V  SHCOGC • SHCOCE -OX  1 /D2X I 
GO  TO  360 

331  DO  333  L»1»M 
I *HP-L 

I F < Ox  I OS  I  I ♦ I  I  1334.334.330 
334  |E<OXIQS< I » >333.333,333 

333  CONTINUE 
GO  TO  330 

333  X  IMP  >*xt I )*(X< 1*1 1 -X< I ) }/ I -Ox  IDS I  1*1 )«OXlOS< I ) >*OXIOS<  t  > 

SHCOCE* I ,0/XCHP) 

GO  TO  360 

2  VO  GO  TO  <361 .362.362.362) *KT1 

362  WRITE  OUTPUT  T4PC  6 . 363 .ERROR . SHCOGC 

363  P  ORM  AT  <  50h  RELATIVE  t«ROW  IN  SHEATH  eOGC  POTENTIAL  CRA01CNT  Ell*, 
l  24H  N (•  SHEATH  COGE  PAOlUS  1PE10.3) 

361  KSET-3 
GO  TO  16 

228  IPINENO-KENO-l  >46.47.46 
47  GO  TO  <  31  l  .312.31'  .31  I  >.KT1 

312  MYK  ■  XMQOP  <  KENO  .10) 

IPIMVKISI 1*311*313 

313  LVH«2 

GO  TO  306 
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double  number  or  points  in  co»*mtatiom  Net. 

St  |r<400-2*MlS4.38*BG 
M  DO  52  1*1. MP 
K»2*<MP-1 !♦» 
t*MA>UI 

92  ETACK»-ETA<L> 

M-2«« 

NPR I  NT -2»NP» I NT 

KSfT*2 

»0  TO  16 

23  £?A?i-3>«C3?oteTA< |-*146.0*CTAI * ! | J'® J°0 
S3  ETAl 1-1  >•  <-“TAI  r-4>46.0*CTAU-2>0.0*€TA<  I  )  »'8.0 
«4  WRITE  OUiPuT  TAPE  6*37*M 
37  ¥  OR**  A  T  <  2X2HM-  1 0  I 

RESET  SENSE  LIGHTS* 

30  LlTE-XMOOPIKENO.AI+1 
SENSE  LIGHT  U 
GO  TO  <61 »62»63*64> .LITE 

61  SENSE  LIGHT  1 

GO  TO  I  26*280) *M00e 

62  SENSE  LIGHT  2 

GO  TO  ( 26*2801 *MOOC 

63  SENSE  LIGHT  3 

GO  TO  < 26.280) *MOOE 

64  SENSE  LIGHT  4 

GO  TO  <26*2801 .MODE 
EjNO 


31 l  KTI-KT2 

46  IPINEN0-KEX)I3I8*3IB*46 
48  iriN0ue-KEN0l30.31.30 


318  TOTAL-CLOCK  IT! ME >/l 00*0 
•RITE  OUTPUT  TAPE  6*31 9* TOTAL 

319  PORMAT  <  29MJ  EXECUTION  Til*  IN  MINUTES  P7.2I 
GO  TO  3 

Pa#*  IS 

SUBROUTINE  ADJUST (NENO. MAO. MEW. 0T1 .0T2.KWIT. ACCV.VUSE. TINT) 

SUBROUTINE  ADJUST  MONITORS  CONVERGENCE  OP  THE  CALCULATIONS  AND 
TAKES  CORRECTIVE  ACTION  WHEN  NECESSARY • 

IP  KWlT-l  ADJUST  TAKES  NO  ACTION. 

IP  KWIT.2  ADJUST  DAMPS  ANY  DIVERGENT  OSCILLATIONS. 

IP  KWlT-3  ADJUST  ALSO  E*>S  EXECUTION  WHEN  ACCURACY  OP  RESULTS 
IS  5UPPICIENT. 

IP  KWlT-4  ADJUST  ALSO  ATTEMPTS  TO  CORRECT  POR  SLOW  OSCILLATION 

damping  and  slow  convergence* 

0 1  MENS 1  ON  YCHCKI 10> *DCHEK< 10) «ZCMC<< 10) 

DIMENSION  X <40l». XS0<40) ). S <401 ).OXDS<AO»).ROP< 401). SCOT <401 >• 

1  COOK <401 ) *X| (401 t  * DX I DS< 40  I  1 *ETA(40t I <ETAPS<*OI ) *ETANGI40I ) « 

2  QhO <401  I .OHGAGt 401 ).BETAG(40l ) .4LPAGI40I ) *PSIGI«OI ) «CPSG(401 I • 

3  VI40I ) *21401 ) .&HI40) ) 

COMMON  X »XS0*S*0XDS(R0P. SCOT .COOK *X I ,0x IOS.CTA *ETAPS.ETANG«RHO« 

I  OMGAG. BCTAG.ALPAG.PS IG«CPSG*V*2*SH 
COMMON  PI .SOTPI .VIP I .SAY .MODE .M.mP.OELTS. GAMMA .PI 3.P I6.P 17, YPOS, 

1  YNEG.NPRINT.KT1 ,KT2*LL. KENO 

COMMON  LINK *UCTH*EXY*E0Y*N2*N22.NW. SW*SwA.BETAW*ttETAWA*MACK.MlKE , 
I  SCR  I T • SCR  I TA. LK *LKA *CR I SS. CROSS* VST* AMu* THETA *KB0«MCD«MZET .MALT 

IPtKWIT-1 1 220. 228 <2  I 

IP  KCNCK  •  1  TO  9.  STORE  YCMEK I KCHEK )  ANO  RETURN. 

21  KCHCK*XMOOP<KENO, 10) 

IP (KCHEK >231 .290.231 
233  KCHEK* |0 

231  YCHEKt KCHEK laVUSE 

232  IP(KCHEK-8>22B.I2I, 122 

121  AB-B8 
B8-C8 

CB*YCHEK<8> 

GO  TO  228 

122  IP4KCHEK-IG) 124.234*228 
124  49*89 

69-C9 

C9-VCHCKI9I 
GO  TO  228 


IP  KCHEK  •  I 
YCKKfl-IOl  » 


STORE  YCKP.C  1 0>  ANO  LOOK  POR  OSCILLATIONS  IN 


254  410*610 
BIO*ClO 
CIOaVCMEKI 101 
DO  233  1-2*10 

233  OCHCK(  |  )•  YCHEKt  I  l-VCbCKU-t  ) 

00  236  1-2*9 

IPCOChEKI I ) >237*237*238 

237  IPIOCHEKt l*| ) >123*236.236 

238  IP IOChEK 1 141) >236*236* 1 23 

234  CONTINUE 

00  240  1-2.9 

240  ZCMEKl | l-l ABSr IDCMEKI I ) >**BSP <OCMtK< |*| I  1 1/2*0 
SMCHtK-O.a  i 

00  262  1-2.8 

262  SMCHeK-SMCHEK*2CHCKI 1*1 l>2CMEK<|) 
|PISMChEK-6*3I 123. 127.241  *. 
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OSCILLATIONS  HAVE  BEEN  OBSERvEO.  DECREASE  MIXING  AND  RETURN. 

242  MCW-3 
MAD- 2 

123  OTI-OTI-O.9 
QT2-0T2*0.9 

WRITE  OUTPUT  TAPe  6 . I 27.KEN0 »OTI . 0T2 

127  FORMAT  <  7wO  KCN0-I4.2TH  0*9  DECREASE  IN  MIX*  OT1-P10.7.3N  QT2- 
I  PI3.7) 

128  DO  247  1-1 ,MP 

247  COOK  < 1 > -COOK  I  I >  *0*9 
GO  TO  228 

0SCILL4TI0NS  POUNO  TO  BE  ABSENT  OR  DECREASING. 

123  IP (<W IT— 2)228*228* 1 32 

132  GO  TO  I  280*281 ) *MZET 

270  MEW-MEWM 

IP < MEW-2 >228. 134. 134 

281  YM IN- YCMEK I  1 > 

YMAX-VCHEKI I  I 
00  282  1-1.9 

VMIN-M|N|P<YM|M*YCHEK( 1*1 ) ) 

282  YMAX-MAX|PIYMAX«VCHEK( 1*1) ) 

IP ( ABSP  <  2*0* i YMAX— YMJ N | /< YMAX*YMIN  > J-ACCY ) 283*283* 228 

283  Y|NY-<C9*C10 1/2*0 
GO  TO  278 

PINO  Out  IP  CONVERGENCE  TOKARO  AN  ASYMPTOTIC  RESULT  IS  YET 
INOICATEO*  IP  SO.  GO  TO  138* 

134  RIO-<8lO-Cl0l/CA|0-ei0) 

IP (R I O) 228*228* 1 37 

137  |P<R1 0— 1 .0)1 38*  228*228 

ESTIMATE  NUMBER  OP  ITERATIONS  REMAINING  BEPOQE  REQUIRED  ACCURACY 
IS  ATTAINEO*  IP  THIS  EXCCEOS  AO.  GO  TO, 141.  OTHERWISE  GO  TO  >40* 

138  YINY- A1 0— < A 10-8 10) / ( I .0— R»0 ) 

ALPH-<C10-VlNV>/< A10-Y1NY) 

PI  NS- 20.0* (LOOP  <ACCV*YINV/<C10-V|NV> ) /LOCJ*  « AlPM ) ) 

K INS-PI NS 

IP  IK  INS-401  140*160* 14  1 

CONVERGENCE  IS  TOO  SLOW*  IP  MIXING  FUNCTION  HAS  NOT  AlRCAOV  BEEN 
DECREASED  BECAUSE  OP  OSCILLATIONS*  INCREASE  IT. 

141  IP  I KWl T— 3 1 228. 228 .20 
28  GO  TO  < 126*228) « MAD 

126  PACT- 1*111 

0TY-0Y2*PACT 
0T2-M1NIP (OTY.O  *7 1 
PACT  ■PAC'r*0T2/0TY 
QT5-0T | 

21 T-l .0— 0T2 

ZAT-0T1*PACT 

QT1-MIN1PCZIT.2AT) 

MEW-0 

WRITE  OUTPUT  TAPE  6.1 42.KCND »0T | , 0T2 *C 1 0  » YINY 


..  hi  f4n.  i  i.> 
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1*2  FORMATIAmOkaC'A.IX  IlO  CONv  0T|F10«7.*h  OT2F10.7.*w  V|FC10»3. 

l  5*  yInv1PC10.3I 
2*  DO  1*3  1-l.NP 
1*3  COOKIM-COOKltll.QTl.OTi) 

CO  TO  22* 

C  F I  NO  OUT  IF  RESULT  IS  SUFFICIENTLY  ACCURATE.  IF  SO.  ENO  EXECUTION. 

C  IF  NOT*  00  TO  1*5. 

1*0  1DJ*1 

tFIABSFICIO-VINT l-AHSF I  ACCv*vlNY>  I |*4. I **,275 
14*  IF i A6SF I C9-YJNT 1-ABSF I ACCYAVlNYI ) 1*6.1*6.279 

279  l JJm 2 
1*6  00  266  1*| .MP 

266  VI  I  I.IZ.IICTAPSI  I  l-ETANGI  I  t-CTAI  |  I  I  /(ETAPS  |  I  I-CTAnCI  I  )  ACTA  I  I  »  )  1**2 
TOT  *0.0 
00  2C.7  |*|*M 

267  TOT.TOT*IVI 1*11*7(1  1  »«(QOP«  1*11 -POP! ! 11*0.9 
4VGE»TOT/<OOP(MPj-i .01 
1 F  < A VG£ -0.01  DO >255. 255. 277 

277  1JJ-2 

255  CO  TO  I  278*1*5). I JJ 
276  WRITE  OUTPUT  TAPE  6 . 1 *7 ,*END . T I Nv 

1*7  FQRMATIThO  k£nO«**.36h  RESulT  SUFFICIENTLY  ACCURATE.  YlNY- 1PEI 0.3> 

26  nENO«XMInOF (kenO*R. NENOI 
CO  TO  228 

1*5  CO  TO  (228.228. 151 .3* 1 *<W|T 

C  FIND  OUT  IF  THERE  APE  OSCILLATIONS  0ECOEA$|nC  TOO  SLOWLY  TO  ALLOW 

C  ATTAINMENT  OF  REQUIRED  ACCURACY  WltHlN  AC  ITERATIONS. 

C  IF  so.  GO  TO  159.  IF  NOT.  CO  TO  151. 

3A  IF(AB-A9) I *6. 1*8*149 
1*8  |r<49-A13l 131 .151.150 
1*9  1FIA9-A1 J> 150.190.151 

193  |F(99-99I152. 152.153 

192  lF(fl9-aiOl 151 . 191. 15* 

193  |F«P9-910» 15*. 19*. 191 

15*  1F(C0-C9> 155. 155. 156 

195  IFIC9-C1C1131, 151.157 

196  1FIC9-C10M5T.15T.15I 

157  AMA. ( ABSF  <  A8-A9>*AeSF I A9-A 1 D>  1/2.3 
AMU* ( A9SF(C6-C9)*APSF IC9-C1 0 » 1/2.0 
|F| AMJ« ( AMU/ANA )**2-ACCV*VlNV 1151 .191.159 

191  WRITE  OUTPUT  TAPE  6 . 1 70 .KENO . C 1 0. Y lNY .K I  NS . AyCE 

170  F0PNAT(7HC  KEnO.|A,3h  y. 1PE l 0. 3.6h  y INY* I  PE  I  0. 3 . 20H  ESTD.  CYCLES  T 
10  END  I3.6M  AvCE-uPFB.A) 

270  GO  TO  228 

C  OECRCASE  mIE|nC  FUNCTION. 

159  3TI  071*0.9 
0T2«0T2*0.9 
DO  171  1*1. MP 

171  COOKI 1 >*COOK( I  1*0.9 
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FUNCTION  COO* IE  1  I ,071 .0X21  C0O91C 

C  FuNC  T  t  ON  COOKIE  IS  USED  TO  COMPUTE  The  MIXING  FUNCTION, 

c  IT  IS  called  BY  The  main  PROGRAM  AND  BY  SUBROUTINE  AOUUST. 

DIMENSION  XI *01  I .XSOt  *01 1 .SI *01 > .0*051*01 > .ROP(«0 1  I .SCOT ( *01  I  * 

1  COO<  <  *0  l  > , X  1  J*u 1  I »DX I0SI4U 1  I  ,&TA I* 01 > . L 1 lOj 1401 >  »E TANG  I *01  I » 

2  RM0  (  *0  1  >  .OMuAGIAut  >  .  I»L  T  Ao(  *0  t  >  .  *LF  AG t  4  0 |  »  .  Pb  I  u  I  4  3  I  I  .  EP  SG I  *0  1  I  . 

3  Y(*D1 >  .21*01  I .SHIAC1 > 

COMMON  X«KSU.S.OXDS.UOP.:.COr.C03<.Xl  .oxl  US. ETA, E  TAPS,  CT  AND, PMO. 

|  OMGAG.BETAU.AlFAu.PS  1G.EP&G  .  Y.Z.S-* 

COMMON  PI • S0TP1 .vtPl .SAy.mooe.m.mp. JELT3. gamma .Pl3.PI6.ei7.YP0S. 

I  VNEG.NPRINT.kti .<Tf.LL.KEND 

COMMON  L  INF. 0CTH.CK7. EOT  . N2. N22.N«,f,*.GAA. beta*. aETA-wA.MACF, MIKE, 

1  SCR  I  T  ,  SCR  I  TA.L9  .LKA.CR  I  S!i  .  CROSS  »  YS  T  ,  AM  j  ,  Th£  T  A  .KUO  .  MCO  •  M2E  T 

2AO»SOQTF(GAMMA*MIN1F IP  16.  I  .Oil 
GO  TO  I IOU.2uO> .MOOC 

130  COOKiE-QTl •*< | >*EXPFI2A0*M ,J-l,0/X< Ii I >  ♦aT2*XS3(|) 

RE  TuRN 

?t>0  ROX I ■ SQRTF I XI  I > 1 

C00< 1E*0TI *NOxI *ExPF | 2 AO* l I .0-1 .3/X( M I >  *0T2*X1 l I 

RETURN 

END 


C  SEARCH  INWARD  FOB  *  POINT  WHERE  the  LOCUS  OF  EXTBEMA  ENTERS  T.*f 

C  FIRST  OUAOBANT  OF  THE  (OMEGA,  BETA)  PL*NE.  |F  one  IS  FOUMJ.  GO  TO 

C  233.  IF  NOT,  GO  to  20*. 

00  107  J*2.MR 
I.MP.L-J 

I F ( 0MG*G I  I  I » 107.107,1  1 1 
til  IF(Y| | ) ) 107, 107. 1 12 
137  CONTINUE 
GO  TO  23* 

112  IN(T*I 

CO  TO  (313. 316> .MODE 

"1  l«  i 

Lr«r.i  inn  l  )*ZETA*ETA(  t »  »oxDSi  I  >/  (xi  I  l  */sii(  I  I  >  1/2.0 


SUBROUTINE  CHARGE  CHARGE 

C  SUBROUTINE  CHARGE  USES  Xlll-MP).  OK  I  OS (  I  — MP  >  ,  AND  ETAII-MP1  TO 

C  C*USE  GENERATION  OF  CmabGE  DENSITIES  ETAPSII-MP)  ANO  ETAnGU-mP). 

c  and  currents  ypos  and  yneg.  this  suuroutjne  assumes  maxwellian 
c  paoticlES  and  FlNlTt  COLLtUTEu  CuRRCntS.  IT  Is  C*llE0  OY  The  MAIN 

C  PROGRAM  WHEN  MCO  ■  1. 

DIMENSION  1KB  t  T  <  3 ) « I w ( 3  I »LOF< i 3 > . BDE t Aw  t 3 1 .SSw<  3> .monk  I  3 > .SKBI T< 3 > 
DIMENSION  RKR|TI3>.b<M|TI3> 

DIMENSION  XI  *01  >  .XSOIA^I  >  .S<*01  )  ,DXD'.l*CI  >  .BOP  1*0  I  I  .SCOT  (401  I  • 

1  COOK (*01 > .XI (*0l > ,CX IDS  1*01  ) .CTA i 40 i I • E T APS  I  4 0 1 > .CTANGI401  > • 

2  RH0I401  )  .OMGAGIA31  »  •  E)  E  T  AG  1*01  >  .  Ai_F  AG  1*31  >  .PS  I G I  *0 1  >  .EPSGI  *0 1>  » 

3  Y(40 1 > ,Z(«OI 1 .SHIAOl I 

COMMON  X. XSO.S.OXDS.ROP. SCOT .COOK. xt .DX 1 OS.E TA ,C T APS .£ T AnG.QhO . 

1  CMGAG. BET  AG. ALFAG.PS I G. CPSG. Y. z. Sh 
COMMON  PI. SOTO  I .VIP| .SAY. MODE .m, mp .DEL T S .GAMMA ,P 1 3 . a | 6 . P I  7, YPOS, 

1  YNEG.NPRINT.KTl ,KT2.LL.<END 

COMMON  L Ink  *b£Th ,ex y, EDY  *n2  »N22»N« . Gw . S*A »B£Ta  w. pCTAw a . MACK , m | k£ . 

1  SCHI  T.SCRl  TA.LK.l_K  A,  CRISS.  CROSS.  Y  ST.  AMU.  Trie  TA.KdD.MC3.M2ET 

<KENO«KENO 
uSIGN* | 

109  GO  TO  (101.102). JS 1GN 
131  ZETA. GAMMA 
GO  TO  103 
102  ZETA«Gamma#P|6 
1*3  DO  136  1*1  »MP 

BE TAG I  I  )  »X I  I  I >-DX l PS I  I  l  *XI I  I / ( 2.0*OXDS1 I >  > 

OMGAGI t l *-DX I DSI I )/(2.0*X( I  I *DXDS I  1 ) ) 

GO  TO  (33*.335>.KB0 
33*  Y| I ).BET*G( I >-OM&AGl I >*XSOIMP) 

GO  TO  106 
335  Y I J  )»9ETAG( I » 

106  CONTINUE 

go  to  (*ao.*en»«Bo 

46  I  GO  TO  ( 720, 72i>  «MOOE 

720  BE T * G ( mp ) ■ j .0 

*80  Y ( MP )  a  0 .0 

721  Nt**3 
NKR.O 
NOMOK.O 
I  ON*  I 
KLASH.l 
MAR.  I 
N*Q«l 


Page  18 

WRITE  OUTPUT  TAPE  ••l7f.KCNO.Otl.OT2  - 

1 72  I..M»  OSCIU..T10NS  0««BINC  TOO  5.0W.Y.  OT1.M0.7. 

1  5M  0T2*F I 0*TI 
31  MCW"0 
MAD*  2 
GO  TO  228 

228  RETURN 
eNO 


Page  22 


Piff  31 

126  PPSGCII.AlFAGI  1  **CXPFI-8£TAGI  111 
CO  TO  205 

316  00  317  l«l«"P 

ALFAGC I  >  *0X  IDSC  !  I  ♦2ET  A*CTA !  I t  *0X0  5  4  I I/I 2.0*X!  I  |*XSO< I  I) 

2(1*  *EX»F ( -Bf  T  AC  <  l ) J 
31?  COSGC 1 1 •Au^ACI 1 1*211 » 

CO  to  205 

205  00  200  J»1 •  IN  I  T 
l.lNlT*l-J 

IFIOMGACC I 1*200,200,201 
201  IFIY!  1  M20U, 200.202 
2J2  IPIi-«l  3BC«  J81081 
3BU  triOMOACl !♦! > * J81 *30* ,382 
362  1FCVI 1*1  *  * JHl« JB1.2LO 
361  IF < alFACI I I >203.460. *6C 
20'J  CONTINUE 
CO  TO  2 V* 

AeQ  10*1 

00  461  J»2 • 10 
I ■ 10*1- J 

1F|V( | >  )  «6* **65 *465 
465  IFIOMGAGItl *464.463.463 
463  IFIAlFAGC  I  >1462*461 ,461 
46*  CONTINUE 
CO  TO  *62 

46*  INI  T*XM|NOF!  l  •*»-!  » 

CO  TO  205 

462  XuASh.2 

IVAB-X-INUPI I «*-* 1 
1*10 

CO  TO  203 

C  PINO  THE  LOCATION  SSWINI  IN  (h£  NET  COQQOlNATE  SYSTEM  S» 

C  CORRESPONDING  to  Tut  NTh  T I  ME  The  LOCOS  OP  EXTRCMA  ENTEMS  THE 

C  f|P5T  OuAOBANT. 

233  L«l 

GO  TO  ( 2-.6,2v6,*40  J .MAR 

206  I  a ( M»q » ■ I 
|N|T*I 
N«MAB 

le*oo 

IFCOMGAG! I *1 > >47 | .ATI *473 
*71  bCAD*l 

1FCV!  |*|  n*72, 472.473 
*?2  LCAO-2 

473  |F< t-M) 117*1 16*116 

116  IF  CALFAG<MP> *290*290 » I  17 
290  ir(0MC4C(MP) I  1 17.313.31 3 
31 3  IF (y IMP) | 1 1?«3!2*3!2 

312  SSWINlaSIMP* 

MONK (N) *2 

GO  ?0  «  3  36. 3*0*  .*t»D 
316  B»f TAw(N>«mETaG«MP> 

GO  TO  226 

117  GO  TO  I  122.122.1*1  *.LEArx 

122  SOMA.  SC  1  »  *POL  AT  EiOELTS.OMu  AG  <  l l.OMGAGC  I  ♦  I  I.XSOI  I  >«ALFAGt  II  .XSOI  !♦* 
1  |  •AV.PAGC  I ♦ l *  « 1 «6i 


SSW<N>"SOMA 

121  CO  TO  I  1 16. I  19. I  191 »UEA0 
119  GO  TO  13*2.3*3* »KBO 
3*2  V1P«AlFAGI I >•( t .0"X50tMP*/XS0< I  *  > 

V2P*A\.PA0(  ’♦*  >•<  l.O»XS0INPI/XSQI  I  ♦  l  >  * 

GO  TO  3** 

30  v  lP.Ai.FAGC  I  1 

V2P*AlFAG( I ♦ l ) 

3«*  5BET  «  sm+POLATEIDELTS.VCI  I.V<I.U.V»P.V2P.».1> 

SSWINI. S6ET 

116  CO  TO  ( *7*.* T5« *7* *  »lE *0 
*75  IF | SOMA -Sot T > *76. *77. *77 
*76  SSw(N»«SOmA 
LEAD* l 
GO  to  A  7* 

A77  SSWCN I ■ S6ET 
LCAD-3 

*74  MONK(N**LEAD 

IF ClEaO+kBO-5 *230.3*0.230 

230  BBETAwiN*  «CutJl  C  <0£LT5*6£TAG<  *  I  .BE  TAGC  I*  U  .  *LFAG(  1  >,ALFAGI  1+1  I* 

I  SSXCNI-SC I ). l> 

B6ETAtfCNt*MAXtFIO.O.baE7A0{N> I 
GO  TO  226 
3*0  saETAwC N | *u.u 
226  CO  TO  ( 296.4671 .klASH 
*67  I Nl T*  I  V  AR 
KLASH. I 

CO  TO  296 

C  SEARCH  lNW*RU  FOP  A  MAXIMUM  IN  THE  LOCUS  OF  EXTREMA.  IF  ONE  IS 

C  FOUND.  GO  TO  2*1. 

296  00  213  J*1 *  INI  I 
|.INlT*l-J 

IF  CALF AG ( I ) >210*210.390 

390  KTrST.XMjNOF | |-l ,31 
IFCKTEST 121  I *21 1 .391 

391  DO  392  <V»1»KTEST 
KZ« I -KV 

IF(ALFAGIK2) 1 2 10.21 C. 392 
39?  CONT|NUr 
GO  TO  211 

210  CONTINUE 
BETH«BETAG( I > 

SCRIT.0.0 
ShI I  1*0.0 

GO  TO  C 223.297* .NAO 

C  FOP  ALL  NtT  POINTS  u  SATISFYING  Th£  APPROPRIATE  CONDITIONS.  F I  NO 

C  The  POINTS  SH(ul  IN  ThC  NET  COORjINATE  SYSTEM  5  WHERE  ThE  TANGENT 

C  TO  THE  LOCUS  OF  EXTREMA  AT  SIL>  CROSSES  THE  LOCUS  OF  EXTREMA, 

211  !<Q!TCMAB>«1 
N*MAP 

CY.0CLTS4ALFACC  I  J/CALFAGC  |  I-AlFAG!  !♦!  »  ) 

S<BITCN J  *S ‘  1 >*CV 

5XR I  T (N  >  *CUH I C  C  OtLT S. bETAGC  l  *.BETAC(|*l  I  * ALF  AG  I  I  I.AlFAC<  !♦!  UCY.ll 
XCRIT.XC  t l*(XC | .1 )-X l  I  H*AUFAGI t  >/! AlFAQI  I  >-*LFAC( !♦»  *  > 

23A  RKR | T (N 1 • l .U/XCR I T 
ICR  IT. | 

1  » ICQ  I T* l 
DO  *35  K.l. ICBIT 
L*  I CR I T* 1  — < 


JACK* I 

136  PSIGI  1 l *6ET  AG  < I  * -X  I (L  > -0MGA6  C I  *  *X50<  L I 
|F(PSlCin  >136. 136.  *37 

I  .16  1*1*1 

|F( t-!wlM4Q>-| » 138.136.215 

137  |F( t-icRIT. I >330.330. 139 

33u  jAC<«2 

GO  TO  136 

1 39  Yi «PS*G< 1-1 > 

Y2*PS 1 0  < I > 

vio.ALFAGC  l-l  >•! * .0-xS0(L*/XS0! l-»  » I 
Y20.ALF AGf  1*4(1 .O-XSOILI/XSOC  I  *  * 

CS1 *P0laTEc0ElTS»vi .Y2.via.v2P. JACK. 2 > 

323  Shcl**S( 1*1 l+CSI 

SH CL  *  *MAx |FI SH  CL). 5XR | T ( MAR )  | 

CSI .SM(e>-S( 1—11 
|F(SMfL*-S3W<MAR!  > 7 16.21 5.2  I  5 
7 16  GO  TO  (  32f.»  126 S  .MODE 

325  IF<l-1  *  327.326.327 

326  :»L1  Vi_.CutJlL  ( JELTS.UETAGI  1-1  >  .RETAG!  I  I  .  ALF  AG  (  1-1  *  .AlFAGI  I  I.CS*  *1  > 
2 Cl  > >ExPFi -HLTYL I 

327  IF ( ALFAGIL > »*M  7. 135.139 

217  IFiOMGAGCL 1-0MGAGCL4I I >135* I  35.402 

SEARCH  INwAPO  ALONG  ThE  LOCUS  OF  EXTREMA  TO  F | NO  OUT  WHETHER  IT 
CROSSED  iTSt-LF  IN  ThE  FIRST  OUAUQAnT.  IF  SO.  CALCULATE  Tne  POINTS 
CRISS  AND  CROSS  IN  ThE  NET  COOQJlNATfc  SYSTEM. 

*>I2  KLUC  •  J 
L*Sh« j 
MASh.l) 

NA  Sh  ■  3 

AO*  IF (MASH*NASH-2>«93. 45*. *53 
*53  *F CKLUE-6**! L.* I  0.* I l 

*5*  I vv« | -2  *L *  SM 

llECR.^FTAGI  IVY* 

GO  TO  A55 


All  WRITE  OuTPuT  TAPE  6,*12,kluC.KCN0 

*•.2  FORMAT!  36H  TNOUttLt  |N  ‘.UUHOuTINC  CHARGu  KLUE*I*.»*H  ITERATION  |5> 
BECR*(Yl«v2>J2.0 
GO  TO  *55 

*10  XI aOMGAGI I > 
vl  .BETAGC I  I 
Y|P*X*OC I » 

X2.0MGAGC  l-l  > 

Y2. BETAGC 1-1 > 

YCP.XSOC l-l > 

X3-0MGAG«l4|> 

Y  3»6C  TAG  C  L* I » 
yJP-xsqil*! > 

X«*0MGAG«L  » 

YA*BE  TAG < L > 

Y4P.XS0CL* 

DEl I 2*x2-x I 
0Cl34*x*-x3 

0X4  *  K  A—  X | 

»-M  ?VA«YA-'.rM  |  '  I  |2,V|  ,Y2, VIP. V2P. 0X4,1  ) 


IFIOVA) 135. 135*218  * 

216  GO  TO  C295.440.44-I.MAR 
295  I F  C  I GN— 1  *441,4*1 .4*0 
*41  0X1 *X1-X3 

Oy 1 • Y | -CUB IC(0Cl34«v3,y4*Y3P,y4P*9x1 , l > 
1FC0Y1 l*C*.*JA.A25 
*0*  lat* | 

<Lue»KLue*i 
LASH* 1 
MASHal 
GO  TO  AO | 

*05  0X2>X2-X3 

0Y2»Y2-CuaiC(DEL3*. Y3. v*.Y3P. Y4P.0X2. I > 
IF (0Y21*07»a06«*C6 
*  >6  I  «  I  -  1 

KLUC*KL  JE*I 
L  A  SH  ■  2 
NASH* 1 

GO  TO  AO 1 
*07  Ox 3* X 3- XI 

OvS'YS-CuaiClOELIJNVI , Y2.YJO, V2»,0x3,| > 
ir(DY31*0a.*.9.*09 
*09  KLUC.KLUE.8 
GO  TO  4J* 


*35  1*1-1 

BETh*0ptyl 

GO  TO  C  224.3 J I  * .NAO 


*03  0 v  3P* v3P-CuS I C  C  OCL l 2. v | , V2. YlP.V2P.Ox3. 
OYAP.YAP-CuaiCCOELl 2.YI .V2.Y1P.Y2P.0X4. 
XCQaBOL A  T£  C  OEl3*.Ov3«  Oy*  »0Y3P .OyaP.1 ,3* 

bfcr. cubic ioelja.vj, ya,v3d, yap.xcq. *  > 

*55  Y|«0ETAGCL >-OECR 
Y2.0ETAGCL** l-BCCR 

CRISS*SCL1 .POlATEiOElTS.vi . V2i AlFAGCl* . 
v I *3E  TAG! l-l l-acca 
Y2*BE  TAG!  I  *-OECR 

CROSS-SC  1-1  *-*O0lATC(0ClTS.y|  .Y2.ALFAG!  I 
395  IF  t CROSS— GGwt mar ) I7i5.215.2l5 
715  MAQ*2 

NAQ*  2 
1*12*  *L 
I  Nl  T  *L 

SSw I  2  *  *COt  SS 
GO  TQ  296 


2* 

21 


ALFAGCL"*!  >  .  I  ( 


-1 1 .ALF AG! I  I . 


A) 


I  .51 


440  I GN • I GN  « 1 

IF  1  I GN-6 1*57, *00. AOC 
*57  MAR. 1 
NAO*  l 
InIT.l 

00  453  I. I »MP 
410  2! I  I .EXPFI-OCTAG! I > > 
GO  TO  296 


215  GO  TO  I  300 • .AO > • NAO 
300  LOFx  t MAR  > .L 
NOMOK-MAQ 
INIT.L 


00  70  (Of 


hr  « 


KTWmIHTMI  I  I 

00  to  «396aMt*9*>la«6CK 


P-2*  H 


f04  N*aM4*-l 

NKKilH-t 

|F(Xl(|  1  I220.22i.22l 

220  l!NX*9 

00  TO  ( 330.3371 .KB0 

336  8CTH«-Xl  (ll/l  laO/XSO(MPt-|«0> 

CO  TO  £29 

337  OC7h»0»0 
CO  TO  229 

221  LlNK«6 
9CTH«X| < 1 l 
CO  TO  229 

223  L INK* 1 
NW"MAQ 
M(A«MAR>I 
00  TO  229 

22*  LlNX-2 
N*«NAp 
NKAtMM 
CO  TO  229 

2  >7  UINK»7 
Nttat 
NKR*I 
CO  TO  229 

301  LlNK»a 

NX*  1 
NKR'2 
CO  to  229 

229  IF (NX  1226 .226 *470 
«70  MACKbmoNXINXI 
HlKEaMONKI 1  I 
N2*CNACK-«  >*MAC«C49 
N22*  ( M I KE-* » #NI « t *9 
JFIMACK-1 12*9.2*6.2*9 

2*6  GO  TO  «2*7.247.*00.*CO.Ad0.2*9.2*T.2*7.*00.*001.LIN* 

2*7  LlNXaLtNX.2 

2*9  IF (N«-l 1226.226.291 

291  1F<MIKE~I 1226.310.226 

310  IF<LlNK~31*C0. 226.311 

311  IF(L  l  NX  1*00 .226.  *00  4  t 

*00  CO  TO  262 

226  Exv-ExPFC-B£TM> 

EOY-Exv/SOTPI 
IFtNX-1 1269.261*262 

261  Sx«SSa< 1) 

SaA«S(MPl+laO 
BETAa.flBETAXt  1 1 
CO  TO  269 

26 2  SM-SSHI2I 
&«A>SS«(|1 
aET6«*66CTA»(2l 

Page  2? 

CO  TO  I6C 

>77  XQITC  OUTPUT  TAPE  6.2AI.LIN*  .  tl-  TM  ,  I  PKPI  T  I  I  )  .t>HO  I  T  (  I  >  t  I  •  1  (NKQ  I 
2*1  F0««AT«6H  LlNKa|2.6H  uLTm. | P£ 1 2,3 » ( 7n  «THAPajPEl2.9.7H  BTQAPa 
1  1*E12.9)> 

CO  TO  |6C 

160  CO  TO  I  |7|  .|71. 173*173. |79.  179*306. 338006. 3081. LINK 

l 7|  CALL  FIRST 
GO  TO  TOO 
| 73  CALL  SECONO 
GO  TO  700 
I  79  CALL  TH IPO 
GO  TO  700 
306  CALL  FOOPTH 
CO  TO  700 

730  CO  TO  (701 »7u*> • JSIGN 

701  00  709  |a| *MP 
709  ETAPSf IiaPHOI I l 

YP0S«Y9T 

IF(M2FT-1 17|3.7|3,71A 
71 3  J5lCNa2 

SHIFT. -P|6 

DO  706  1*1 aNP 
XM  ■  1*XI  I  I  1*SM!FT 
DXIOSl I l.OXIO&i I »*Srt|FT 
7u6  ETAl  ll-EUl  I  1 
CO  TO  109 

702  00  710  I  BUMP 
7|  0  ETANCI t 1«PM0I I  1 

VNE0*YST 
00  712  ’DaMP 

Mill l.Xl ( I 1/SHlFT 
OXIDSI t I "OX 10 II  I  1 /SHI FT 
712  ETAl I la-ETAl 1 1 
71 A  RETURN 
ENO 


37*  60  70  <3T«*t6«.tM>tMlKe 
379  IFIMTA«A-MT/0l26a*t69.>76 
376  MTAtfaOCTAtfA 

60  TO  269 

372  60  TO  (262073.373i.HIXg 

373  lF(6CTAe-6f7A0A 1269.269. 37 l 
371  6C  TAX  *8E  T A0 A 

60  TO  269 

269  60  TO  I  266. 267. £66. 267. 267. 267. 303. 30* .303 004 1*L1M< 

266  SCPI7*0a0 

IF (NAP- l 1270.261 .282 
28  f  SCPt  TA*SXOl Till 
GO  TO  270 

267  IF (NKP-1 1269. 266.267 
209  IF<LtNK-Sl262*270*270 

266  SCBl T*SXPI T ( 11 
CO  TO  270 

267  SCP1T-SXP1T12I 
SCPI TAaSXP I T ( | 1 
CO  TO  270 

303  IFiNKP-1 >262.309*282 
309  SCPIT.0.0 

SCPITAaSXPiTf II 
GO  TO  279 

304  IF (NXP- 2 1262. 306 *262 
306  SCPl T«SXPIT (21 

SCPITAaSKPm  1  I 
GO  TO  279 

262  xPITE  OUTPUT  TAPE  6.283. KCNO  >  JSICN.L  l*6C,N*iWCQ*HACX«Mlxe.  IGN. 

1  SCP1T.SCPITA 

203  F OPMAT ( 92H  TROUBLE  IN  SUBROUTINE  CHARGE.  EXECUTION  TERMINATED 
I  16.71**1 P2E 12.9  I 
SENSE  LIGHT  1 
SENSE  LIGHT  2 
PETUBN 

27J  IFINOMOK-I >271.272.273 

271  LX-MP.t 
CO  TO  279 

272  LK-LOFXI l I 
LKAaMP.t 
CO  TO  279 

273  LX«L0E<(2l 
LXA«L0FX( l 1 

CO  to  279 

279  <7  I »<T 1 

1 F ( ISN-l  1**6.**6.AA7 

*♦7  mR 1 TE  OuTPjT  TAPE  6.**8. ICN.USICN.XtNO 

4*6  FORMAT! 33*  LOCUS  OF  t XTRCMA  CROSSES  ITSELF  I3.19H  TIMES  OuPlNC  PAP 
IT  12. 1«H  OF  ITERATION  191 
A*6  CO  TO  ( 16^.160.196. 1961* XTl 
199  IF  t  h<0 1 2 36 .236*237 

236  XPITE  OUTPUT  TAPE  6.2*0  .L I  NX  .6ETACH  1 
2*0  F0PHATI6H  lInk«I2*I2m  BCTACI l i»1P€ 12*91 
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FUNCTION  CUHICIDElTS.VI .Y2.VIP.T2P.CSI .ni 

C  IF  N»l.  THIS  SUBPROGRAM  FINOS  T  FOP  X  •  C&1 *  ASSUMING  THAT  V  IS  A 

C  CUBIC  M  I  TH  T  a  Y!  AF*>  SLUPt  •  YIP  AT  X  '  ■  0*  AND  Y  a  Y2  AND  SCOPE  • 

C  Y2P  AT  X  •  DELTS.  IF  N*2.  ThC  DERIVATIVE  07  Y  AT  X  ■  CS I  IS 

C  CALCULATED. 

Aa<3.0*tY2-Yl >-0ELTS*«2oC»y|P»y2PI 1/DELTS»»2 
da  COELTS*! Y IP* Y2P» -2.0*1 Y2-YI 1 » /DEL TS*#3 
CO  TO  I  I  0.1  I  I  *N 

lu  !u8 ICaYl.cS I *( Y 1P.CS1 • ( A*CS  I *9 1 • 

OCTuPN 

I  I  Cu9ICay IP.CS l • < 2.0* A*CS I *3« 0*8 > 

PETuCN 

ENO 


CUBIC 


I'*gt>  Is 

FUNCTION  POI.ATC  ((ALTS,*  |.«2  .Y  1P.»2P,  jk  •’.^OE)  #Ot*T| 

t.  polate  3Lnlr~Tus  <*  one  *jt*«  **»»  and  ..lO»c-yip  at  *:»•**  ano  y#v2 
C  AND  ,i_:)PFiv2R  **  -S-DE*.*  ■•  1T  T«I  <  J  ‘***0*1,  «r.TmG^  *0  F|Nl-  A 

C.  «00T  >N  ’ML  l»-TfOv*L  <  •  JU  T  'i )  !►  jAjr-l,  IN  TM£  INTERVAL 

C  C-JFLTS.-I  IF  .-A  c*--?* 

dimension  ilc  i 

DIMENSION  *l*.iim^u  |  l.aH,  Ji  l  t~*Li  ,l*-J  I  »aooi*G|  I  (SCOT  <40  l» 

1  COOK  <4  ,  1  I  (  Al  <ft  1  )  »L  T  -  (  «  ^  J  )  »E T  |  •LTAnO(40I  I  « 

2  RmOI*  ,  :  I  |.'KU»I4  I  t>rL7*wl«w|l  i&bF  -J  14..  1  |.PJO(*v,|IiLPj(»(*OIIi 

3  Y<4-|  )«/<*.!  I 

COMMON  «  _.L  J  T  .C-XIUSaEt  A.LT  APj.C  T  ANG.RnO. 

1  DMSAC,:iET-U.A..FA,«Pi|  s.EPSi.  Y.Z.  .« 

COMMON  DJ«:.-TP|.vi‘M»  .Av.MOJi  #A«KP.>EuT  J.GAMMA,PI3*Pi6,PJ?.VP0«.« 

J  YNCS.NBRIN’.-tT  l  •* Tr,LL.*ENU 

COMMON  L  I  Nr  «l*FTMiCKV«try«N^  »N?  2»N»  *  '  •  *  C-ftAcoE  T  A  «  •  BE  T  A«  £  *  MACK  •**  I  «;£  , 

I  V»l  T,  ,l»  i  ,;.LJ..  ,»CRO  ,i,  »  „T,A  •^tT^ETA«<jtO»MCO»M7£T 


►  *  I 

'j  .  MU  1  a  A  I  A  I 

O.i-1  P2*0  ) 

0JMP3*'l€TA  > 

0>-.iPh»/.lFAG»n  » 
D JMP3*PSI SI*  I 
J  JMP6  —  Y  I  iC  ! 
VDElTSOFlTS 

C/Y  !  •  Y  1 
DY2»V2 
DY|P»  YICS 
JV^Oa V?P 
J JACK  *  JACK 
JJ05* JOE 


P*fl»  JO 

|B  IFlwT-CTfST  >3|  •  31  *32 
31  00  TO  4  IT, 21 t . JACK 
3?  IF(XT*CTEST-0ELTSl34,l7.|7 

21  »0CATE*-Ci,990*3CLTS 
RETURN 


J7  polate-xn 
PE TURN 

74  POL ATE -XT 
RETURN 
ENO 


CTF%TO£lTS*I  LOATF  (  i 

00  TO  «  35*  ifcl  « JACK 
?n  !F*YUY|P>37,36.3e 
\f  IF|  rfVVrfP!  J«*«  36.  36 
I*-  |F<  v,  /vfO:  36,  7t>«4>.. 

T»  <n*-y:/yip 
33  TO  *1 

•  )  XM0ELTS-Y2/Y2P 
4]  |F(XN>  16,  It, 4? 

4.?  IFIGFlTS-XN> 36.36.27 
.ip  xn-DEl YS*v  1/1  vl-v2» 

|F(Y|*v2l51.l7,51 
31  1F(XN*CTEST)<:5»?5.26 
2b  00  TO  (2U.27>,jAC* 

26  1F(XN*CT£ST-hEi,TS>27.2  i.2 

2-  WRIT*  OUTPUT  TAPE  6 « J 4 .DEL Tb • Y 1  * Y 2 • V J O. Y2D , KN* JACK « JOE 
14  F0PmATI1&m  POcATf  TROUBLE, 1 P6E l 2 • 5 » 2 l 3 > 

POLA  TE ■  MAX  |F  I  **■>  -5*0El  T  S  «  M  J  S  J  F  (  in.  (  I ,5-2  * 0*FLOATF | JACK - 1  I >*OClTS>  I 
RETURN 

37  XS*XN 

00  Iv,  I -1.lv 

oo  j> i ,2 

J(  J)  * Cu>’ I  •»  lu-LL T  b* Y  J  .Y2.Yt»>,  Y2P.Xs.Ul 
XT,XS-Q( 1 »2J«2» 

i  3  ir « a-jsf (xs-at  i/delTs-i .ut-ua i  is.is.io 
ju  x:.»xt 
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SUBROUTINE  CM* 40N  ( 

C  SUBROuT  CMAMON  CARRIES  Ov>T  A  COMPUTATION  ANAeOOOuS  TO  THAT  OF 

C  SUBROUTINE  CHARGE  IN  The  v-ASE  OF  SImPeIPIeO  RA**t  1  CuE  01  STBIBuT  IONS* 

C  AC,  FOLLOWS. 

C  MC0»2  -  ATTNmCTCD  P-RTIllIj  Mj:,u-.-NtflOcTlC. 

C  m.o»3  -  SAML  AS  MCU«2  ►Oh  m?ThAwTs.J  SPl.IES.  RlPlLLLu  PART  i  CLE 

C  DENSITY  DESv-WItiLJ  iY  jOLT^mann  FACTuW. 

C  MCl)«4  -  ATTRACTED  PARTIlLlj  AT  2ERJ  ENtCR&Y.  CYLINDRICAL  OROOC  ONLT 

C  MCD»*j  “  SAML  Ai  MCJ-4  F  OR  ATTRACTED  >PlCIES.  SAME  AS  MC0«3  FOR 

C  REPELLED  SPECIES. 

f.  IF  ¥.'•»  »  A  CA  s.  THIS  '  ftiRdutl-NE  -uST  DC  MuN  WITH  KJ0«2  ANO  MODE-2 

DIMEN  :  1  -N  D“f  DAf  2t  *"'*l2l«XJIt  21  ,RXC2» 

DIMENSION  XIAwU.aSGIA  |  I  ,,(401  I  »OxD  ’»«  40  I  1  ,ROP(*OI  )  «  SCOT  (401  I  • 

1  COOK  (4  J  I  >.*114^1  l,Dxli.:,.4.1  1  .iTaiaCI  »*CTAPj(4D1  »  *STANO(  *01  t. 

2  RhO(4:1I,OMv  •  .14  I  ),  <ET«.,(401  1  »-.wF  A0(A3l  I  ,p3ls,(40l  1  .ERSGC4Q1  »  • 

3  Y(4 Jl 1 ,Z<4.  • Shi 4. II 

COMMON  X  »  X  ’  '.*DXDL,wgP,:  COT,  .JOK,Xl  ,DX  I  DS.ET  A  ,lT  APS,i.  T  AnO.RhO* 

I  OMSAS»i*ET,.U.AlFA^#P<  U'.,tP'»S.Y,2.^H 
«  0MM3N  Pt  .  S-TPI  ,  WlP  I,  r.  AY,  WOOL  ,  Y,  .iP,o,'lTS,oAMMA»P1  3.P  1 6 1 R 1 7,  VPOS. 

I  VNTO.NP TINT  »<Tl,xT2,LL,HCNu 

COMMON  l1NK,c.-FTm,CXY,EDy,N2,N22«Na«S4,  j4A,dCTA*,aETAttiA,MACK.Ml*CE, 

1  SCR  I  T  ,  SCO  I T  A,LK  ,LK  A,  CR1 1«r  ,  CRD  ‘  •  v  ,  T  ,  A  Mu,  ThE  T  A  ,KtlD  »MCD.M2E  T 

KENO-KFND 

I F ( KEND I 3Ji  .401,330 

401  GO  TO  (33J.4-*. 405.521. 3221 tMCD 
4-4  WRITE  OUTPUT  TAPE  6.406 

4C6  F ORMA T I 86X 34HATTMACTED  PARTICLES  40NO-LNERGET l C I 
GO  TO  (535. 3361. MODE 

413  WRITE  OUTPUT  TAPE  6.4C7 

4-7  FORMAT  ( 44X76HATTHAC TEL’  PARTICLES  MOND-tNERGETIC.  PROBE  OOCS  NOT  A0 
I  SORB  REPCLU-.0  PARTICLE  SI 
GO  TO  (533,3361 .MODE 

373  CNG-**0/Pl 

SONG-SORTFIENGI 
GO  TO  330 
536  ENG-P I /* .0 
GO  TO  330 

521  WRITE  OUTPUT  TAPE  6.523 

523  FORMAT  !86X34HATTRACTEr  PAWTICl.CS  AT  JERO  ENERGY! 

ENG- 3,0 

GO  TO  3  30 

522  WRITE  OUTPUT  TAPE  6.524 

524  FQRMAT(44XT6MATTRACTED  PARTICLES  AT  ZERO  ENERGY ,  PROBE  DOES  NOT  A0 
1  SORB  REPELLED  PARTICLES! 

ENG*  0 .0 
GO  TO  330 

333  tPlPl 7)402.320. 32U 

320  BETM-Xl 1 1 1 

CXV-CXPF(-WCTH! 

CDY»rxv/SQTP| 

CALL  THIRD 


GO  TO  4 SB 
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402  DO  106  1-1 .MP 

BETAGI I  l-xlt I I-DXIDSI I )*K| 1 )/(2.04DX0$( I  1 1 
OMOAG I  I  ) .-Ox  I  os  I  1 1 / <  2 • C*X I  I ! *0x05 (It! 

GO  TO  ( 505.506 1 »KBD 

505  T ( | ) .0E  T  AG  III  "OMGAGl I  I «XSO( MP ) 

GO  TO  106 

506  Y| | ) -9ETAGI I  I 

I  06  CONTINUE 

GO  TO  ( 315*316) *MOOE 

315  00  126  l-l.MP 

126  ALFAG( I ) w I DX IDS  I | I TGAMHA-ETA ( I )*DXOS( l !/(X( I )«XSU( I ! 1 )/2.0 
GO  TO  1| 

316  DO  317  l-l.MP 

3|7  ALFAGIt  >-0X10S< 1  I 4GAMMA4ET  A < 1 ) *0X051  I l/t 2.0*X(  I l*XSQC  I  I ) 

GO  TO  1S| 

|CJ  NKR-0 
iNlT-M 

?15  IF( I  NIT  1204,204,206 

206  DO  600  j-| , IN! T 
I < INI T« | -J 

IFIOMGAGI 1 ) 1200,200.207 

207  1FI V(  I )  l23u.20U.202 

202  I F I  BE  TAG ( I  > “ENG  >  200 ,200.413 
413  IFIBETAGI ITI 1-ENGI20I .201.200 

200  IFIOMGAGI | I >600*600. 60| 

631  IFIOMGAGI I«1 >1632.602*600 
6'2  IF i RE TAG  1 1 l~ENGl6UO.60C.6O3 

600  CONTINUE 
GO  TO  204 

201  NKR4NKR4J 
lNITM-2 

GO  TOIAi.;, 415.4161. NKR 

415  FRA-IENG-BETAGI 141  I )/(BCT*G4 I IHMETAGl >4111 

OM-OA (NKR)-OMGAO( 1*1 l+IQMGAGI I l-OMGAQI 1*1 UtPRA 
GO  TO  60S 

633  NKR-NKR*!  1 

INI T* |*2 

GO  TO  1604.604.41*1 *NKR 
604  FRA-*OMGAGU*1)/(OMGAG(I)-OMGAGI  1*111 
OMCGAINKR»*0.0 
GO  TO  60* 

635  SS0 I NKR ! 4*1 |*| l*(6( ll-S( l*| ) I4PRA 
XWIMCRI *X I  1*1  I*  tM| | |-H(|4|| )*FRA 
RWINKRI -t.U/XwINKR) 

GO  TO  1520.500) .KUO 
520  SL*ENG/XtO(RP| 

IF ( OMEGA  INK* >-lL 1500.500.50 1 

500  GO  TO  1 205*6171 -NK6 

417  IFIOMCOAI l I -OMEGA! I ) !4 19.41 6*205 

4|9  NKR* I 


80  TO  >M 


n 


m  ro  «K 


h«i  H 


•01  1 

•0  TO  JM 

418  MITE  OUTPUT  T»H  ft, <01 

too  POMftTIMM  COCUS  or  MAXIMA  WKCT1  COMPUTATION  AT  THUfC  0*  MORE  L 

iocations.  execution  terminated) 
sense  uioht  i 
sense  light  t 
RCTuAN 

204  STRAP,  1 

402  lNOY-(NtT«-l 

00  403  J»l* Inov 
IaInOv+I-j 

lP(ALPAG< I > >403.403.404 

404  lrrAl*AG< |*l I >409.409.403 

405  IFISetAOM  >1541  .941. 940 
941  lF<  BET4G ( I* l > >403.403.940 

403  cont inue 
GO  TO  401 

940  NTRAP  a 2 

CV«0fLTS4..1.FAC(  I  )/«  ALFAC.I  I  l-*LFAG<  1  4  (  1  I 

STRAP  a  CUt>IC(DCLTS»OCTAG(  I  I  .HCTACl !♦!  >  .  ALP  AG  I  I  >  .ALP  AG  <  U|  J.CV.l  > 
* TRAP -Kl  I  >  +  I  X  I  1  ♦  I  I— X |  |  >  l*AL^AGc  1  l/lALFAGi 1  ) -ALP AG  I l*J  I > 

ATRAP'l ,0/XTQAP 
GO  TO  401 

401  0t.*rnG-xiu  > 

IP (NKRI464. 409.490 
409  OMAaPe 

GO  TO  491 

490  OMA>MlNir(OMCGA|KMai.PLI 

491  OMAaMAXIF I0MA.U.01 
GO  TO  (907.900) <KHD 

93T  St'enG/xsoiMPi 

OMAaMlniriOMA.SO 

9 30  XT  1 *41 1 

GO  TO  1  too. 140. 194. I90I.KTI 
196  IPJNKRl 236.236.237 

234  «*> I tk  output  tapk  4.2a  i  .pl.sl.octaoi  1 1 

241  ro«MAT(4M  PL, |PC I l «4.an  Sea  1  Pg  1  1  .  4  .  *>H  OCTAGMI  |  PCI  I  .4. 

I  (  3M  R«  I  PC  II.  a. Am  OMEGA  IPEll.a  >> 

CO  TO  ( 140.4071 .STRAP 

*j7  xRlTt  Output  T A*e  4 .24 1  ,Pe. SL.8ET A0( l > • IRvl 1 1 .OMCGAl 1 | . I •! ,skRI 
Go  TO  ( 14W.407) .STRAP 

407  MITe  OUTPUT  YAPt  6.480. RTRAP.OTRAO 

400  rORMATt T6W0M  STRAP. |P( 14,7.8m  STRAP, |0£ | 4 ,7  > 

GO  TO  140 

140  00  420  e-1«**» 

U.aL 

Rlxcno-xmli i/xsqid 

IFINKR-I >421. 422.423 

421  OMtt-Re 

CO  TO  «30 

422  IPISID-SSvl  I  H424.421  .421 
424  OMQaMIM I F ( Re . OMCGAl I > I 


423  ITISlU-tMII>l«ni4<l.«tl 

429  OMOan|NlFlRC«0«e9AI2» 1 
GO  TO *430 

430  OMSaRAxir«o*»*o,oi 
GO  TO  (910.911) »KBO 

9to  oMOaMinir (OMO.sc > 

911  IP  <  OMA-OMO ) 431 *4  32 .433 

433  XRITE  OUTPUT-  TAPE  4 .40  0 .  OMA  ,  ONB  .  LL  .Re  .NKR  .  KENO  *' 

400  FORMAT! 27*  OMA  GREATER  THAN  0“t).  OMAa |PE 1 4 *7.9M  OMOa  1  PC  14.  7.4H  LU* 
|  |4. 4H  Re* l»C 14.7. 9M  KKRa|2.ftH  KENO* I  4 ) 

OMAaOMfl 
GO  TO  432 

431  tP I0M4I434.434.A39 

4  14  IP  I  ONu*  ••.>434.437.437 

4J6  GO  TO  I  438,439) .MOOE 

438  RHO<e>  • (90PTP (ESG-Xl (L) I -SORTF I x SO(L 1 • ( RL-0M6 III /SONG 
GO  TO  420 

439  RHO(L)  a  2aO»VlP|4AT. .  ".ORTF  ( 0M8/ (QL-0«6 >  )  I 
GO  TO  423 

437  00  TO  (440.441 1 ,MOOC 

440  RnO(L)  a  SOPTP(EMG-XI IL> >/SONG 
GO  TO  423 

44)  PHOIe*  •  laO 
GO  ro  420 

439  I P I0M0-Qe 144  2  *443.443 

442  GO  TO  1444.449) .MOOE 

«4A  RhO(L)  a(0.9*l 10ATP (EnG-XI ILI >»SOPTP( XS0(LI4(PU~0MA| M 
1  -SQRTPIXSOIL)«IPe-OMfn»  l/SONG 
GO  TO  410 

449  HHOiei  >  VlR|4(2.y#ATANPISOPTP(OMB/lRe-On«)  l1-4TANP|»O*(TP|0PA/(Be- 
I  OMA  )  I  »  I 
GO  TO  420 

443  GO  TO  (446.4471 .MOOE 

446  RHO<e>  a(0,9*ISORTF lEsO-Xl (e ) ITSORTPIXSOIL )4(RL-0MAI I ))/SOhG 
GO  TO  420 

447  PwO(e»  ■  1  aO-WlPlaATANP  (SORTF  I3MA /{Oe*0M4M  » 

GO  TO  420 

432  I P (OMA | 448*449. 4  49 

440  RM01LI  a  QaC 
00  TO  420 

449  1PI0M0-Pe>49u.49| ,A9l 

410  GO  TO  (492.4931 .MOOE 

492  PhOIUI  a(0,94(S0PTF(ENG-X|  >LI  I -SORTF  (  xSO  <  L  >  *  I RL -0*.A  I  > M /SONG 
GO  TO  420 

493  HhO(L)  •  VtPI  *4TA>^  rSOPTP(OMA/(R..»OMA  1  M 


Pa*.  35 


491  GO  TO  1 494.490) .MOOE 

494  PMOfei  a  0.9*s0RTPienG-xne)  >/sono 
GO  TO  420 
499  9*0 IL)  •  0*9 
GO  TO  420 


420  CONTINUE 

60  TO  (496.4971 .MOOE 

496  YST  a0.94SOTP|AOMA/S0NG 
GO  TO  321 

497  I  PinCO*.  3)  930.930*93 1 

930  Y»T  a2aO4SAY»SQATP(0MAI 
GO  TO  321 

931  TSTa2*0*S4Y*S09Tr I0M4»P|6I 
00  TO  321 

321  IPIPI3I498.322.322 

498  DO  329  |a| ,mp 
329  CTAPSIt  >aPMO( I ) 

YPOS»Y$T 

IPCM2ET-1  )33|  .331  032 

331  00  326  t-l.MP 

XI ( I  I a»XI ( I >*P16 
DM  IDS! I  >a.QXIOS(  It *P l 6 

326  CT4 1  |  M.-CTAI  |  | 
IP(P13>323«40|.40» 

323  9ETM.KIH) 

EXYaCXMP ( “SETM  > 
EOvaCXV/SOTPI 

CAU.  thipo 

GO  TO  312 

322  00  327  1M.MP 

327  E TANG I  I >  aRHOl I ) 

TneGaVST 

00  328  I • I «Mp 

X|(l la-XI ( I I/PI6 

OX  t  OS  1 1 )a-oxtosi 1 isPfft 

328  eTAI I 14-CTAI | t 

332  RETURN 

mo 


P»«9  38 

PUNC T I ON  CALI  JACA.S4.S0.NI «N2> 

C  IP  N I • 1 .  INTEGRATION  STARTS  ON  A  NET  POINT 

C  IP  Nl i? *  INTEGRATION  MAY  START  OFF  A  se T  POINT 

C  IP  N|a3,  INTEGRATION  MAY  START  OFF  A  Nfc T  POINT  ANO  INTEGRA*} 

C  BECOMES  IMAGINARY  OUTSiuE  e I M I T  OF  INTEGRATION* 

C  SIMILARLY  FOR  N2» 

C  IP  JACXal  THEN  CONTRIBUTION  IS  TO  CHARGE  DENSITY 

c  ip  jack*?  then  contribution  is  to  collected  current 

C  SA  AND  S»  ARE  LIMITS  OP  INTEGRATION 

oiMension  x  i4oi  >  .xsqiaoi  i  .si40i  i  »oxjsi*oi  >  «rori40|  i  .scotiaoi  >  • 

1  COOX  (401  I.Xl  (AO  I  t  .r>K  I  OS  <431  ),  ETA  (  A01)  .C  TAPS!  401  I.CT4NG(A0l  I. 

2  RHO(40| I.0MGAGI4UI I .UCT4GI 4311 »Aur *0(431 ) .RSI  LIAO  I >«EP»GI40I). 

3  V ( AO  1 ) .2(40 II. SM I AOI 1 

COMMON  X.XSO. S'OXOS. NOR. SCOT .C0U4 .x I .OxIDS.CTA.ET  4RS. C  T ANG.RHO . 

I  OMOAG.BETAu.AlPAU.PS IO. tRaO.Y, 2. SH 

COMMON  PI  »SUTP( , Y I p I . SAT .Moot .M.MP.ute  T X.UAMMA »M I  3 »P I  6 . P 1 7 . Y*OS . 

I  YNeG.NPRlNT.KTI.xT2.LL.AENU 

COMMON  L INK .0CTN.EXV.EJY .N? .N22  »NX . Sw*  SvA • BCTAa.RE  TAwA .MACK .MIKE . 
1  SCR  I T. SCR  I TA.LX  *LK A. CM  I SS • CPC  .S « T»T .A My . ThCTA «**0 .MCO 

SUN«0*0 
J JACK a JACK 
OSAajA 
DSOasB 

NN1 ani 

384 

GO  TO  I  389.3861 .MOOE 
386  NN|aKM|NOP|AP«l.I> 

NN2*XM|NQP(NNf .ft 

389  GO  TO  (201. 202. 203  I .NNl 

201  i4aSA/0EL7S4l»l 
I  AX* 1 4 

GO  TO  209 

202  I A.SA/OELTS.1,0 

I AXaXMAXOP (  I  A- I  * | ) 

GO  TO  209 

203  I AaSA/OCLTS+2#0 
MXMA 

GO  TO  209 

2 >9  GO  TO  ( 206*207.208) «NN2 

206  1 8  *  SB/DELTS* I  a I 
( 6X* f 8 

GO  TO  210 

207  IBaSB/DCLTS+2.0 
1BX>HMIN0P( 1 84  I ,MP) 

GO  TO  210 

208  lBaS0/OCLTS«1.O 
IBX-18 

00  TO  210 

210  00  TO  (211 .228) .JACK 

211  OO  212  IpIAX.IBX 
IP(  I IX  >221. 202.221 

221  PS1G( | laBETAGC I l-XI (LL)-OMGA0< I ) «XSO (LL  > 

IP(PSIG( I ) >213.214.214 
213  IP(S( I >-§4)219.216.218 
216  IP(S8-SI I ) >219.217.217 


217  IP(MKXX-«eNO-I >320.321 .320 


rt«t  rr 

320 

321  kCAJ*«CAU*1 
50  TO  222 

3«,  Ml  TE  OUTPUT  TAPE  4*2  » A.  I  .LL  .PSl  5  <  I  »  •<£*  ->•  *C«0 

218  FORMA  T I  39ti  BETAS  VS  OM&A&  -ROSSES  ITS  TANGENT  I*  I3«4M  LL4|3. 

I  oh  PS  1 5< I » •  lP€1«*T«ftH  <C*j*I4*6h  xENO-141 
MXKX-XENO*! 

KCAj-0 
50  TO  222 

215  GO  TO  (  29,J.2t>3)  «M0O£ 

290  V I  I  1 »-EPSb(  1  I  ASONTF  «-PblGl  I  I  1 
GO  TO  2 12 

222  PSIGI I  1-0. C 

GO  TO  13l5.2V3).M0l>5 
3*5  VI  I )-0.0 
SO  TO  212 

2I«  GO  TO  I  292.293* .MODE 

292  VI  I  1 -EP5Gm»SQBTFlPSlGI  I  »  » 

GO  TO  212 

293  IF (OMGAGI 1 > I294i3l3*294 

294  OTPI  «ATANK5U«TF(ABSF<PSIGI  1  >/ (  XSu< LL>  *OMGAG<  !)>»»> 

VIII tSIGNT I t .OcOMuAGI 1 ||*tpS&l I  1*1 1 .570 7943” SI GNF (OTP  I # PS 15(1111 
GO  TO  212 
212  CONTINUE 
GO  TO  230 

225  GO  TO  ( 296.2971 .MODE 

296  00  226  I-IAX.IBX 

226  VI | 1 »EP5G< I »*OMGAGI  I  I 
GO  TO  230 

297  00  310  I • I AX. I  Ux 

31 U  V  I  I  ) -51 GNF  I  l.G.OMGAGi  1  1  l*fcPSS(  I  HaCiSTF  I  AaS^I0M0*5  I  I  >  )  l 
GO  TO  230 


230  MlKV-1 
ARINA-0-0 
AQIN0.O.C 

GO  TO  (231 .232*2331 .NNI 

231  VA*V( IA! 

are;aa-o.o 
GO  TO  23* 

232  |P( IBX-JA-l 1363.360,326 
36u  1FIIBX-IA1325.325.362 

362  IF  I 1A-1 AX  1325.325.363 

325  VA  - V  ( I  A  1 ♦ I  V i 1  A*  I 1 —V ( lAl 1  •  (  SA  —  5 1 IAI 1/OcLTS 
ACEAA-I S< l«*l >-SA|#C VA*V( l A* 1  I  1 *0.5 

GO  TO  327 

363  CS!««SA-S< I A* 1/OELTS 
CTA- 0.5*1 VI  I A» 1 1 —V I  I  A- 1 | I 
CTB-0.5*  C VI  I  A* I IAVI |A-t ) l-V« • A) 

VA.VI IAI*CSl*ICTA*CSl*CTd> 

APS A A -CELTS* (VI  I A >•< I .O-LSI )*CTA/2.0*I 1 .0-uSI**2 >*CTB/3»0*t I -O-CSI 
I  **3H 
GO  TO  327 

326  CSI ■( SA-SI IA*I I 1/DtLTS 
CTA- 0.5* ( V ( 1A*21-V( I Al ) 

CTB-O.S* (VI IA*2I*V» | A I ) —V ( | A*  1 1 
VA» V  I  I  A* 1 1*LSI-(CTA*LS: |*CTb) 


AMAA—CSlAI*tJA*|>*CSI4ICTA/*#0*CSI#CT5/3*0l>  •BELTS 
MINA. tvl  I  A*  f  i.CTA/2.0*CTB/J.01*0«LT$ 

M|«V-M|KV*| 

327  I  A- I A* I 

GO  TO  234 

233  VA-0.0 

AREAA-ISf |Al-SAl»VI 1A|«0»9 
GO  TO  234 

234  GO  TO  (236.2J7.238I .NN2 

236  VB-VI IB) 

AREAB-0.0 
GO  TO  239 

237  IF( 1B-IAX-I 1369.369. 342 
369  IF ( tax- IB  134 1.34 1.365 

365  IF( IO-I AX134) .341 .366 

34 1  VB-Vf ie-l l  +  IVI IBl-Vlie-l I  1*1 SB-S1 Id-1 1 I/OElTS 
AREAS ■ 1 S9”S( IB-1 >  >*IV< 10- 1 1 *VB 1*0.5 

GO  TO  343 

366  CSI-IS0-S! 101 l/DELTS 

CT A-0 .5* I  V ( Id+ll-vllo-l 1 1 
CTB-O.S* I V ( Id* 1 14V 4 10-1  1 1 -VI  IB) 
yd.V(  tdl*CSI*<CTA*CSI*CT0l 

AREAd-DELTS*(V( lbl*ICSI *1 .0  I *CTA/2.0*(CSI*#2-1 .0 1 *CTB/3.0* ( CSI **3 
1  41.011 
GO  TO  343 

342  CSI-ISB-SI  16-m/OCLTS 

CTa»O.S*IV( to>-vi 10-21 ) 

CTB-O.S*«VI I01*V( 10-21 1-V(1B-|) 

VD.VC IB-1ITCS!*ICTA4CS1*CTB1 

AQCAB-CSI  *1 VI  IB-1  >*CSl*(CTA/2.0*CSl*CTB/3.0M*0€LTS 
ARI NB- ( V ( lb-1  >-CTA/2.0*CTd/3.0l*D£LTS  f 
M|KV-MlKV*l 

343  IB-1B-1 
GO  TO  239 

236  ra-o.o 

AREAS- <  SB-S ( IB) )*V(  Id  1*0.5 
GO  TO  239 

239  IF( I J— I  A 124 1 .242.243 
24 i  IF ( SB-SA 1 246.24  7.248 
246  ISA-SA/OCLTS 
ISd-SB/OEuTS 
1FC I  SO- ISA >202.284.282 

286  IFINXXX-KEN0-I1355.356.395 
356  NMN-NNN*! 

GO  TO  2A7 

355  WRITE  OUTPUT  TAPE  6. 84  9.  SA.S8.LL  ••«»«>•*<*»• 

249  F0RNATI33M  Sd  A  lITVlC  SMALLER  THAN  *A-  SA-  IPEI4-T.4M  SB-IPCIA.T* 
I  4H  LL-I3.6H  XEND-I4.5H  NNN-141 
NXXX-K END* I 


282  IFILXXX-KENU-II3S1.350.3SI 
390  KKK-KKK*! 

GO  TO  247 

351  MITfc  OUTPUT  tape  A.284.SA.SB.LL.K£N0.kKK 

284  FORMAT! 32H  Sd  IS  MUCH  SMALLER  THAN  SA.  SA-1PEI4-T.4M  S8-IPEI4-7. 
1  AM  LL*  I  3. 6*1  KEN0-I4.5H  KKK4  I  A) 

LXXX-KENO*! 

XKX-0 


24B  IFI I AX-IBI370.37I .371 

370  I V- I  8 

GO  TO  375 

371  IFI 1BX-IA1J72, 372,373 
373  I V- I  A 

375  CTA.0.5*! VI  I V* I  1 -V  I  I V- 1  )  I 

r.  T0-O.5*  I V  I  W*1  1*V«  |V-|  >  I -VI  tVI 
eSII«(SA-S< IVI l/OELTS 
CSI2-I SB-Si IV1 l/OELTS 

SUM-BELTS*  I  VI  lv)*(CSI2-CSIl  I  *r  T  A/ .  3*(  CS  I  2**2-CSt  1  **2  )*CT0/J-3*I 
l  .-.,I2**3-CSII**3>I 
GO  TO  275 

372  SUM-1 V4*vei*l S3-SA1/2.0 
GO  TO  275 


RETURN 

272  GO  TO  (302.3u31.MOOF 

302  CAL4-SUM 
RETURN 

303  CA».*-SUM#2,U/S0TR| 

RETURN 

REASON  FOR  NEGATIVE  SIGNS  IN  STATEMENTS  309  TO  303  IS  THAT 
INTEGRATION  ALONG  S  IS  IN  OPPOSITE  SENSE  TO  INTEGRATION  ALONG  I 


242  SUM- ARE AA*ARt Ad 

GO  TO  275  » 

243  SUM -ARC A A* ARE Ad 

IF  I  IB- 1  4-2)251.261.261 
251  GO  TO  I  345.346.3471 .Ml  XV 

345  SUM-SUM40.34I VI IA|*V<  I  HI l*UCLTS 
GO  TO  275 

346  SUM- SUM* AR  |NA*AR  iNtt 
GO  TO  275 

347  SUM-SUMAC. 5*( ARINA* ARI N6> 

GO  TO  278 

261  NUM-IB-IA 

IF (NUM- 3 1 332 . 333,340 
340  IF  I NUM-S I  334.335.335 

332  SUM- SUM* (VI |  A  )*4.0*V( IB-1 l*V( 181 l*0ELTS/3.0 
GO  TO  275 

3  73  SUM- SUM* I V  < I A I ♦ V 1  IB  I *3.0*1 V< | A*l 1 *V( IB-l 1 1 * 40ELTS40.3T8 
GO  TO  2TB 

334  SUM- SUM* (9.041 V<  IAIAVI |BI l*28.04(V( |A*| I AVI  IB-1 1 1*22.0«TC lt-*l »• 

I  0CLTS/24.U 
GO  TO  279 

33B  SUM- SUM*  (9*0*  (VI I  A)  AV  (  IB  1  1*28.0*  I  V  ( I  A*1  )*V(IB-  1) >*23.0*<T(  |A*t  1AVI 
I  18-21) )#0ELTS/24*C 
IFINUM-B  >275.279.334 


336  I AP- I A*3 
18P-I8-3 
STA-0.0 

00  337  1-IAP.18P 

337  STA-STA*V( 1 1 
SUM*SUM*STA»0«LT9 

279  GO  TO  I271.2T2I.UACK 
271  GO  TO  (300.301) .MODI 

300  CAL*— SUM/SQTl I 

RETURN 

301  CAL— SUM/PI 


function  cotrncfti 

coefticxi  •  o.*  •  moot  of  pi  •  expf(ex*cx)  •  iuo-i«riim) 
co^tcii  a  t.o/ROor  of  pi  *  i n tim Ac  from  o  to  m  or  expfi-t«t)4ot 

APPROXIMATION  uS €0  FOB  (»(CX)  IS  GIVEN  0 N  OMI  149  OF  HASTINGS 

iref.  in, 

THIS  SUBPROGRAM  Gives  A  RESULT  WHICH  HAS  A  «CL*TI  V€  ACCURACY  OF 
.0000*  OR  aeTItRr  PtPENOlNG  On  ARGUMENT. 

if  ex  is  uess  than  *.*i«  Hastings  approximation  is  useo. 
otherwise,  asymptotic  series  is  useo. 

IF  ex  IS  BETWEEN  1.7*  AND  2.82.  A  CORRECTION  TERM  |S  ADDED. 
oex«ex 

IFICX-I .7*19.9. II 
9  CORT-O.O 
GO  TO  19 

II  IF<EX-2.82> 13.10.10 
io  sup- 0.5/ex 

TERM -SUM 
P«0O--2.0*CX*«2 
□0  12  N- I .50 
TCRPO-TCRP 

TCRM-TCRM.FLOATF (2*N-1 l/PROO 
IF I ABSF ( TERN! -ABSF ( TERM01 (40.40.Al 
-0  SAM- SUP .TERM 

IF i SUM-SAP It2.14.lt 
I*  SUM -SAM 

41  SUM- SUM-0 .9*TE«M0 
16  COe^T-SUM 
RETURN 

13  IFIEX-2.21 >20.21.21 

20  COOT- I EX-1 .72)41 -.00000004- .00004920* I EX- 1 .72 > ) 

13  OA-l.O/l WOT* 327591 1*EX> 

99  COCFT-CORTTI I < ( .940646074QA- 1 .2878225 > *QAt 1 .2396951 1 TQA-.25212867) 
1  »0A. .22393685) *0A 
RETURN 

21  VIN-0.3/EX 
V-VIN/CX 

IF < ex-2.345 >*5.26. 26 
23  CCNT-472.3 

CORT-^. 0000140 1 ♦ ICX-2.2B I •<-. 000306404. 00 169700* < EX-2. 26) I 
GO  TO  30 

26  IFl6X-2.93l27.2B.2B 

27  ceNT-943.-V*5197.9 

C0RT«— . 00000 1 97. (EX-2 .44 ) • I .0001 7400— .00087900* I  EX-2.44 1 ) 

GO  TO  30 

2B  IFIEX-2. 73B>29. 31.31 

29  CENT-945.— V4I ! O 395 A -V *67567. 5 1 

CORT a .000000404 ( CX— 2.64 ) • I  — . 00009 370*. 000*9000* I CX— 2.64  I ) 

GO  TO  30 

31  CENT*949.-V*I 1 0399a-V* 1 1 391 33.-V4 1 01 3312.91 ) 

CORT  a .0000*630* ICX-2.82 > 

30  COeFT-CORT4UMI-CtNT4V4|O3.0)4V-l3.0|4V43.0)4V-l.0)4V4l,O)«VlN 
RETURN 


SUBROUTINE  SECONO 


THIS  SUBROUTINE  COMPUTES  CHARGE  DENSITY  RhOII-PP)  AnO  COLLECTED 
CURRENT  Y$T .  FOR  A  SPNEWICAL  PROBE*  UNOER  ThC  FOLLOWING 
COND  I  T  K)N|. 

LOCUS  OF  FXTUEMA  EnTLWS  FIRST  QuADHANT  6Y  CROSSING  BETA  AXIS.  AND 
DOES  NOT  CROSS  ITSELF  IN  THIS  QUADRANT.  LINK  •  3  OR  4. 

DIMENSION  XI40I ).XSO<40| ).S(40t  > .OXDSI40I > .ROPI 401) «r uOT'«OI > * 

I  COOK  1 401 ).XI 1401 ). OX  I OS  1401 >. ETA  1 40 1 )*CTAPS<40I I .CTANG 1 401 ) » 

*  RH0I40I ).OPGAG(«U|  ). BE  TAG (AG  I) .ALFASI401 I .PSI G< 401 ) «EP$G( 40 1 ) » 

3  YI40I ) .ZI401 >«SH(401 I 

COMMON  X.XSO* S.DXDS.AOP. SCOT .COOK • X  I »DX iDS.CTw .ETAPS . CTANG. RHO * 

1  OMGAG.UETAG, ALFAG.PS I G.EPSG.Y. 2. Sh 
COMMON  PI .SOTPI .VIP  I .SAY .MODE .M.MP.oeLTS. GAMMA. 2  I 3.P1 6. P)  -  YPOS. 

I  YNE0.NPR1NT .KT| ,kt*.ll.kcno 

COMMON  LlNK.PETH.bXV.EUY.N2.N22.NW.SW-  iWA.8ETA«.8ETA«A.MACK.MlKC. 

I  SCHIT.SCRlTA.EK.EKA.CRISS.CROSS.YS-.AMu  TMETA.K80 
GO  TO  I 17| .72 1 .MOOC 

72  WRITE  OUTPUT  TAPE  *,7j 

73  FORMAT  1 49M0  WRONG  SUBROUTINES  BEING  USED.  EXECUTION  OELETEO  I 
CALL  EXIT 

171  GO  TO  ( 173. 965). NW 
969  GO  TO  e966.|T3.|73l .MIKE 
566  EPAAaEXPF|-tlETAwA)/50TPI 
|73  EMAaEXPFi-UETAw)/SOTP| 

Nl -LlNK-2 
00  940  L-I.PP 
LL-L 

RHOID4DUOI0CTH.IOV ) 

I F ( $  I L ) -SW )54 1 *94 1  *  336 
941  RHOIDwRHOIE  >4UN0(BeTAW»CMA  I 
IF  I  $  I L ) -SHI 1 1 >943.944.944 

544  RHOIL)*RHO(L)4CAL< I .SN ( | I.SILI.N! *1 ) -C *L l| . S IL ) . Sw. I . * ) 

GO  TO  940 

543  RH0<L)4RH0(L)-CALI 1 .SHI | I.SW.*.*I 
IFISID-SCMITI949.946.546 
949  RMOI L  )  «R-40 1 L  >  -2.0*CAL I  WSH(L>  *SH(  11.3*2) 

GO  TO  940 

946  RHO(L)aRHO(E)-*«04CAL< I «S(L I *SH( I )*(«*) 

GO  TO  940 

936  RHOI L I wRMOlLl -UNO! BET Aw.CMA I TCAL I  I .SHI  I l.fW.NI «*) 

GO  TO  I  948.9491 .NW 
548  IFIXIILM538.837.937 
537  RMO  ID  -  WHO  I L  >  *EXPF  (  -X  I  IL  I  ) 

GO  TO  840 

9)8  QhO I E ) *BhO IL  >  *2 .0*UN0l 0.0 .SAY I -2  »  0»TBC  I  0.0 1 
GO  TO  940 


THIS  SUBROUTINE  COMPUTES  CHARGE  OEMS  I  TV  MhOI  l-MP)  MR  COLLECTED 
CURRENT  YST.  FOR  A  SPHERICAL  PROB«.  UNDER  THE  FOLLOWING 
CONDITIONS. 

LOCUS  OF  EXTREMA  ENTERS  FIRST  QU*0OANT  0 v  CROSSING  OPCGA  AXIS.  ANO 
DOES  NOT  CROSS  ITSELF  IN  THIS  0U40RANT*  LINK  •  1  OR  2a 

D I  MENS  I  On  XI 401  *  .XS0I40D.SI40M  .0X051401)  .R0PI401 1  .SC0TI401  >. 

1  COOKI40M.XI  (401  )  *DX  1 051401  >  .ETA  (  401  >  .ETAPS  140 1  >  .ETANGI40I  )  . 

2  RHOI40I 1.OPGAGI401 I.BETAGI401 ) *AlFAG(40I I.PSIGI401 I *EPSG<40I ) . 

9  YI40|)*ZI401).SH(401) 

COMMON  X.XSO.S.OKDS.ROP. SCOT .COOK. XI .OXlOS.ETA.ETAPS.ETANG.RHO. 

1  omgag.bctag.alfag.psig.cpsg. V*2«  SH 
COMMON  PI. SOTPI. VIP  I.  SAY. MOOC. M.MP.OCLTS. GAMMA, PI3.PI6. PM.  YPOS.. 

I  VNEG.NPRINT.KT1.KT2.LL.KEN0 

COMMON  LlNK.BCTH.EXY.EDY »N2 .N22.NW. SW. SWA.8ETAW.BETAWA.MACK .MIKE * 

1  SCR1T.SCR1TA.LK.LKA.CMISS.CR0SS. VST. AMu. THETA ,KBO 
GO  TO  I  171. 72) .MOOC 

72  WRITE  OUTPUT  TAPE  6.73 

73  FORMAT (49M0  WRONG  SUBROUTINES  BEING  USEO.  EXECUTION  OELETEO  ) 

CALL  EXIT 

|71  Nl *L INK 

00  960  L*l.MP 
LL-L 

RHOIL) aUNOIO.O. SAY ) TOUOIBCTM.EDV ) -TRE 1 0.0 ) 

IFISCD-SHI  1  I  >59**594.594 
992  RHOIL  )a«HOIL  »-CAL<  1. SHIM. SW.2.N2) 

IFISIL)-SCR|T)991 *993.393 

951  RHO(D*RHOIL)-2*0*CALI  1  .ShILI  «SH(  I )  .3.2)4TRC<0ETAw) 

GO  TO  960 

593  RHO(LI«RHOID-2.0*CALI1«S|D  »SH(1  ).I.2)*TRe(BETAW) 

GO  TO  9*0 

594  IF  I SID-SW) 999.959 .996 

555  RhOIL I -RHOIL > YCALI 1 .SHI  1 >.SlL>  *Nl . I l-CALU .S(L).SW.» *N2) 

1  tTREIBETAW) 

GO  TO  560 

556  RHOIL ) -RHOIL ) ♦€  ALI 1 .SH 1 1  I .SW.N1 *2 ) -TRE (BETAw ) 

IF IL-LK >560.560.942 

542  IF  ISID-SWAI543. 960.960 

543  RH0<LiaRHOIL)«2»04TRe<BETAWA> 

I F  t  S I  LI —SCR  IT  A ) 544 . 545.545 

5«4  RhOIL ) aRHOIL ) — 2«0*CAL I l .SHILI *SWA.3.N22> 

GO  TO  560 

545  RHOIL > -RHOIL ) — 2.0*CAl I  I .SID .SWA. I .N22) 

GO  TO  960 
560  CONTINUE 

YSTaiBCTM-Xll |I4|.0)6CXV4CALI2*SM(1 ).SW«N1 »N2) 

GO  TO  <562.961 I.KBO 

562  YST- VST* U  #0- 1 BETAw* 1 .0)*EXPF I -BETAw) )/XSO(MP| 

961  RETURN 
CNO 


P*fw  44 

924  RHOIL) -RHOIL) -2. C*CAL( 1 .SHILI .SW*.3.N22I 
GO  TO  940 

525  RMO(DaPHO<L>-2.0*CAL  I  1  .SID  .SWA.  I  *N22> 

GO  TO  5*0 
940  CONTINUE 

YSTaCAL  1 2.  SH  I  D.SW.NI  .2)*<BETH-xl  I  I  )Yl.Q>«EXY 

RETURN 

END 


540  GO  TO  1990.566.996) .MIKE 
990  IP  I L«L* >937.937,98* 

99*  IFISID-SWAI993.94B.946 
953  RHOIL) -RHOIL )*2.0*UN0l BET 
GO  TO  9«4 


996  IF IL-LK 1 948.948. 99T 

99 7  IFISID-SWAI998.936.938 

998  RHOCLIaRHOIL I *1. J*UNO I  0.0 .SAY )-*.0*TBE 1 0.0 1 ♦2.04TREI8E TAwA ) 
GO  TO  994 


994  IFISlD-SCRITAI9t4.929.929 


SUBROUTINE  Th|»0 


PM*  48 


THIRD 


* 


0 


c  subroutine  third  computes  the  charge  density  rhou-mpi  and  the 

C  COLLECTED  Current  VST  FOR  AN  ATTRACTING  SPHERICAL  PROBE  (LINK  •  SI 

C  OR  A  REPELLING  SPHERICAl.  PROBE  (LINK  •  A)  IN  THE  CASA  anSMC  ANV 

C  POTENTIAL  BARRIERS  WHICH  MAY  EXIST  DO  NOT  AFFECT  THE  AMOUNT  OF 

C  COLLECTED  CURRENT  (  DO  NOT  AFFECT  THE  SHAPE  OF  THE  U1  VS.  E  CURVE  I 

0 (MEN* I  ON  XI 401) .XSQI40I >.51401 » .DX0SI40I I .ROP(«0l I .SCOT  1401 ) • 

1  COOK  1401)  »XI  (4O|)«0XI0S<40|  )  .ETA<49n«ETAPS(401  I  iETANG  <  401  )• 

2  RHOI401 ) •0M&AGI40I (•BETAGI401 I «ALFAGI40I 1 .PS1GI40I l«EPSGI401> • 

3  VI 40  I  I *2(401 ) « SHI 401  I 

COMMON  X, XSQ.S.DXOS. HOP, SCOT .COOK, Xl .OXIOS. ETA, ETAPS.CTAnG.RMO. 

1  OMGAG. BCTAG. ALFAG.PS I G.EPSG.V.Z.SH 
COMMON  PI .SQTPI .VIPI.SAV. MODE. M.MP.OELTS. GAMMA. P13,PI6«P17«VP0S* 

1  VNCG.NPR1NT.KT  I .KT2.LL.KEND 

COMMON  LlNK.dETH.EXV.EDV.N2.N22.NW.SW.SwA.aETAW.BETAwA.MACK.MlKC* 
t  SCRl T* SCR 1TA»lK*LKA*CR| SS« CROSS .YST.AMu* Th£TA »KBO*MCU.M2CT 

760  GO  TO  I 175.72J.MOOC 

72  WRITE  OUTPUT  TAPE  6.73 

73  F0RMATI49H0  WRONG  SUBROUTINES  BEING  USEO.  EXECUTION  OtLCTCO  I 
call  EXIT 

173  GO  TO  l 386. 303. 3831. MACK 
386  EMA«CXPF(-9ETAW>/S0TPf 
383  00  730  L»1.MP 
LL*L 

RHO'L 1*0.0 

GO  TO  1200* 177.873. 177,5751 .MCO 

200  IFlLlNK-5) 176. 176.177 

176  RHO IL I "UNO 1 0.0, SAY ) ♦DUO  I BETH .COY  I -THE ( 0.0 )-TR£ I BETH  I 
GO  TO  170 

177  SKlT*SORTF(MAxiF(UaO.  IMtUl-XKLI  »)  I 

RHO (L J  »E0V4 1  SCOT IL 1 4C0EFT I SK I T/SCOT IL I » -COCFT ( SK I T 1 1 
1FIMCD-I I2U1.2U1.575 

201  GO  TO  I  376, 575.37b I .MACK 
376  1FIL-LK 1371 .S7J.577 

577  1F( SI L I -SW  >378*575,575 

378  RMOIL I *RMO IL I +2.0*UNO<  Bf T AW «EMA ‘ 

IF  <S<L)**SCR|T  1380.380  *581 
500  QhO(L)>RHOIL)-2*0«CAlI I.SH(L) »SW.3«2) 

GO  TO  730 

581  RH0ILI»0hO<L»-2*04CAL«1,SIL)*SW.1.2) 

GO  TO  730 

375  1FIXI IL* >372,571 .571 

571  RH0lL»*RH0tL»4CXPF|-Xl  1LM 
GO  TO  730 

572  RHOIL>-RHO<L>*2.U*UNO<O.O.SAY).-2«04TR£(O.Ol 
lFlMC0-H2w2.2U2.730 

202  GO  TO  1 720. 1 78. 1 73) .MACK 


PM*  4* 

737  RHOILI«RHOIL)-2.0*CALC l.SIL) .SW.l .N*» 

00  TO  730 

710  IFIL-LKA >730,730, 722 

Til  1FIOIO-SW48T13. 730*730 

723  HM0IL>-RM0IL>4«*04THC<BETA«A) 

SF I S I L  >  —SCR  I TA  >  716*  727 ,787 
710  RHOILlwRMOID-l.OKALI I .SH<L ) .SWA ,3,n22 > 

00  TO  T30 

71T  RHOIL>*RH01L)-2.O4CALI l.SIL) .SWA.I.N22) 

00  TO  T30 
730  CONTINUE 

GO  TO  1181 *104*205*204*105 ) *MCD 
181  1F4LINK-S) 100*100*104 
100  00  TO  (790*791 >*K00 

790  VST*(l#0-(OCTM41*O>*CXY>/XSOINP>4(OETM-KI(»>41*0»4€XT 
RETURN 

791  YST* I *0— X I ( I > 

RETURN 

1 14  VST*EXV 

Re turn 
109  Y9T«0.0 
return 

ENO 


178  IF (l-LK  >730*730*742 
742  |FIS<L>-SW>73*. 720*720 
732  RHOCL)*RHOIL)42rfO*TRE (BETAS ) 
mS<L>-SCR|T>736.-*37.737 
736  RHOI L  )  *RHO  IL  I  -  2  «  0*C  Al  II.  SH  I  L  )  «SW*  3.IJ2  ) 

GO  TO  730 

P*g«  47 

subroutine  fourth  fourth 

SPHERE 

c  this  Subroutine  computes  Charge  density  rhoh-mpi  ano  collected 

C  CURRENT  VST.  FOR  A  SPHERICAL  PROBE.  UNDER  THE  FOLLOWING 

C  CONDITIONS* 

C  LOCUS  OF  EXTREMA  CROSSES  ITSELF  IN  THE  FUST  QUADRANT  OF  THE 
C  IOMEGA. BETA)  PLANE. 

DIMENSION  XI 40 | i*XS0(40tl.S(4011*DXDS(401 >«ROR(AO| >*SC0t(L01»* 

|  COOK  I40|  >.X  11*01  .0*1  OS  (40 1  )*ETAU0|).CTAPA(40I )  *CT*NG(«OI  >• 

2  RHQIAOI  >*OMGAO  «0|  >,e£TAGI40n.ALFAQ(401  I.PS1GI401  I.CPftOIAOIt, 

3  YI40I ) *21401 l«SH(40l » 

COMMON  * •  XSU* S*DX05,R0P»5<.0T .COOK .XI  «0X lOS.ETA .CTAPft.CTAMi  *RMO» 

|  0MG4G* 8CT-G.AwFAG.PS IG.CNftG* Y.Z.ftM 

COMMON  P I ,  jUTp I  •  V I P I  «  SAv .MODE  *M*MP .DEL TS« GAMMA  »P I  3.P Ift.Nl  7.  VPC'ft. 

I  VNCG*NPR*NT*kT1««T2*LL*KCND 

COMMON  L INK ,HCTH«EXV*C0V *N2 »N22*NW i SN.SwA  « SET Aw*  BE  TAw A .MACK *MlKC • 
l  SCR ! t «  SCR i TA.LK .LKA.CR1 SS.CftOSft*  VST « AMU, THETA .KOD 
'if  TO  I  700, 72).  MODE 

72  WRITE  OUTPUT  *APf  0.73 

73  FORMAT I AQH.  WRONG  SUBROUTINES  BEING  USED.  EXECUTION  OELfTfP  » 

CALL  CXIT 

U«  IF (LINK-* 1 34c .340.341 
360  NH.1NL-4 
00  TO  34^ 

Ml  Nl  *L  INK’S 

KMAwenPF  I  -BETA. )  ■'SO TP  I 
Ml  00  327  L*  I  *NP 
LL*L 

I F I L  <  NK  -0 1 349  4  369 . 344 


PM*  4* 

331  RMO(LI*RHO<L>-1.04CAL< l.SIL >  *SH< 1 1 « I .2) 

00  TO  310 

332  IF  I StL)—CRISS 1334*334* 339 

334  RM0<D<RH0<LI4CALI  1  *$H(  1 1  «S(LI  *N1 ,  1  l-CAn  1  .ML )  .CRJSft. »  *11 
00  TO  310 

339  RW0IL1 ■RMOIL I4CAM I *SN( I I *CRISS*Nl *11 
IF ( S (L > -SCRl TA 1 3X7*330 *?30 
337  RkOILI  ■RHOlD-t.OKAL  t 1 »SH(L > .CROSS *3*1 1 
07  TO  310 

330  RnOtLURHO  .D-l.OKAD  1«9<D  .CROSS* »  .1) 

00  TO  310 
320  CONTINUE 

VSTi(0CTM-Ml(l>«l.0>4iIXT4C*C(l«SH(  1 1  ,CRISS*N1.1> 

1  ♦CAL  1 1 • CROSS. SW*1*NI I 
IF IL INK-0 >30T«3iT» TOO 
307  00  TO  I JT9  «  TOO  >  *KBO 

3T0  YST-VST4I | *0— I0ETAW41 *0>«CKPF(-«CTA0I I/X3Q (•»> 

too  pe turn 

E*> 


MS  RNOlL  >*UNO<O.O.SAV lwOUO(OCTH«COTI-TOEtO«OI 
IF  I  Ml  I  -iw  >31 1 .321  *  311 
Jit  RMOtLIwOMOILWTPCtOCTAWI 
00  TR  )I3 

Ml  RH01L>wON04L>  L*L< I • SHI  I I*CRISS«N1*1I«CALI 1 «CR05l«9V*l*») 
I  -TOE (OETAWI 
SC  TO  310 


300  MHOILIwOUOlOf TM.COVI 
IF(ML>-SO>30|»3Bl«Jil 

Jfl  FHO(LI>OH9(LI«UNOIOCT.VW*IMAI 
00  TO  J13 

Jtt  0H0IL>w»H0ILt-LM0lMTAW*CMA|4CALI  l«SMm«CLISS*NI»2> 
I  *CAL< * .CROSS. SW.2,1 i 
IFIXHL  113*9. 384. 

390  RHOIL>>*HOIL)«CXPF(-Xl (L>) 

00  TO  JtO 

>99  RNOILIwRMOILI«l«04UNOlO.OnMY»-l*94TOeiO.O> 

SO  TO  J10 


313  IF  I  ft (L> -COOSA ) 119*319. 314 
Ml  RHO<L  > ■PMQIL  t-CALI I *CROftft«ftW*l*Nl > 

90  TO  329 

3M  OMO I L >  wRNQ I L > 4CAL 1 1  *SH(  |  »*C01ft«*Ni  *1|4CAL(  1  .CROSS* ML  1*1*11 
I  -CAL t!*ftlL>*SW*l*Nl. 

SO  TO  310 

1H  8F  (ML  I -SMI  11)330*331.331 
330  0MS(L»40M0(L)*CALI|«ftHltl*CE!l99«3*ll 
IF! 91 L> -SCO IT  >319*331 • 331 
329  MILlwRMOIL  l-2.0KM.ll  »ft*(L>  *9M(  U*3«t> 

SO  TO  310 


FUNCTION  UNO  (4.CMAI 


pm* 


function  ByOiA.cDri 

C  kP*»  •  (I.O/ROOT  OF  P|>>  INTEGRAL  FR on  A  TO  PP'INlTV  of  c  *  0<J0  ,  u, 0/ROOT  OF  #s;»  INTEGRAL  FROM  a  to  IpCMMITV  OF 

C  OOfTAACKFF  C-«CTA|F50RTFI8>CTA-*i  1  f  qht  **£*PF  1  -RC?A ;  ©SQRTF  (  RE  T4-X  l-«SO*  IBf  TA-Kl  1  I  » I » 


c  znamjcffi-ai/sotfi 


C  EOV.CXPF  < -A >/*OTP I 


DIMENSION  X(4ol ).K*0«40I >.S(40I 1 *OXOS< 4011 .ROPl.OI » »SCGT(401 >• 

1  COOK l«0| I t  XI (401  I .0*1051401 1 .ETA  1401 t .ETAPStAO' ) *CTANO(40l >• 

2  UNO <401 1 .QMGA0I401 I .B«TAG(40I » »AlFAC<401 i .PSIOIAOt ) .20*0(401 ) « 

3  V(4Oi)*X<40l)*S»f4OU 

COMMON  X.XSC.S.DOS.ROP.SCOT  .LOOKsSl  OX  1 0S.  ITA  ,et  AFS.1T  ANC-.BNO  » 

I  OMOAa.aCTAG.ALFAG.PStG.EPSG.V.t.SM 

COMMON  ei.SOTPUVIPI, SAY. MOOE.M.MP.OtLTS. GANNA, PJJ.P|6.F1T.VP0S« 

I  ynEG.NFRINT.KTI.KT2.LL.KEN0 

COMMON  L lNK*BITM,eKY, CDV.N2.N22.NW.SW.SWA. OCTAL. BE T«WA. MACK .MIKE. 
I  SCO  1  T •  SCR  J TA «UC *LK A . CP I S& •  CROSS •  TST . A^U. THETA  , 1 30  *MCD •  MZET  ,N4i.T 


OINCNSION  X|AC;>»XSOI40}ltS(401 l.OXOSCAOi V  .ROPtA© 1 1 *$COT(40I I • 

1  COOK  I *01 I.Xt (4011 «0X IOS( 401  I .ETA  1 401 1 .CTAPS(40I I »S f ANO( AOI I* 
a  RMOI AO  I  I .0MGAG14QI >.B«TAG*40I I .ALFA0I40I I *PSI0(43> ) .CPS0<40I I • 

3  f(40l).2<*0l>«SM(A0l I 

COMMON  X.XSO.S.OXOS.ROP. SCOT. COOK, XI. OXIO5.ETA.CTAPS.CTANG.HM0. 
lOMGAGtaeTAO*AI.FAO«MS|0*CPSO*T«2*SM 

COMMON  P|.SOTPi.VIPI.5AV.NOOC,M.NP,OELTS.OANNA.PI  J.PIO.PrT.TPOS. 

I  V>*G.NFR1NT.KT1.kT2.U..KCN0 

COMMON  LINK .BCTM.EXV.EOY »N2 .N22«NW.SW.SwA .RCTAW.BCTAwA.NACK *MIKE » 
I  SCRIT.SCRITA.LK.LKA,CSISS.CROSS.VST,AMU4TN«TA.KeO.MCO.M2CT.NALT 


DUMMY • CFO AC ( ! I 
DUMMY aflC TAG ( 1 ) 

DuMMT«ALFAG< 1 ) 

A  A*  A 

TEST.A-XIILGI 

1F(TEST»303,304«304 

30*4  lF(TFat/XI  (LG >♦£ .0C-C6 > 21 3*2 l 321 2 


AA>A 

Dummy ■ omg  a  g ( I > 

DUMMY "BET AG < I > 

DUMMY »ALF AG ( I > 
JFtLU-l >301. 302*501 
302  000*0.0 

RETURN 


213  iriLXXX-KCNO-i >2»0,2I 1.210 
21  I  KKK«KKK*I 
GO  TO  212 

210  WRITE  OUTPUT  TAPE  6*303. XI <IX> cA.LU.FKX «KCNO 

303  FORMAT!  20M  u^O  N«G  SORT  XI  (LUMPE  I4.T.3H  A"SPC  14. 7. AH  LU«13< 
I  3M  KKK.I4.6H  «EN0»I3) 

lxxx-keno.i 

««•! 

CO  TO  212 

212  TEST.0.0 

304  UNO-O.seAaZAOSACMA 

RETURN 

304  Cx*SQRTF ( TEST  > 

3 -’3  UNO*  (EX.COGFT  (EX  I  >.£MA 
RETURN 
END 


SOI  02N0Ma|.0-XS0(G»,» 

CAFMA-(X|(LL»-IX30ILX>  4X 1 1 H ) > /DfcNOM 

TEST-A-CAPPA 

IF( TEST >303.304 *304 

303  IF ( TE5T/CAFPA.1 #0C— 00121 3* J1 3,212 

213  !F(LXXX-<CI®-I >210.21 1 .210 

2|1  KKX"XKK.I 
GO  TO  212 

210  WRITE  OUTPUT  TAPE  O.S03, CAPRA .A .LG  .KKK.xENO 

309  FORMAT ( 2 OH  DUO  NEC  SORT  CAPPA-IPE  I.  .7.3M  AMPCI4.7.AM  UU-13 
1  SM  XKK-IA.6M  KENO*>S> 

LXXX.KENO-l 
KKK.  1 
GO  TO  212 

212  TEST.0,0 

304  OUO«SCOT(LL>*O.AM2269SKDY 
RETURN 

304  EX»SORTF ( TEST  I 

306  DuO*SC©T (LG > • (CX4C0EFT (EX > 1 4C0Y 
RETURN 
END 


FUNCTION  TREIAI 


pRge  SI 


function  sofn(T> 


P»8*  51 


SOFN 


C  TREACI.O/ROOT  OF  PI >• INTEGRAL  FROM  A  TO  AMOA  OF 

C  DaeTA4€XPF(-META>4  SOOTFiBETA-Xl-3ETA#XSOFKSC<MP> > 

DIMENSION  XtAOD.XSOIAOl  >.$<•'>(  >  .049SI40I  >  »ROP  •  *0  l  >  .SCOT (4011* 

1  COOK»40I  •«XI(40|  I.DXIDS440I  >  .ETA<40|  >.CTAPS(401  >  *fTfhj6(401  I* 

2  RH0(40| >«OMGAG(40| > .BET AG « 4 3 ! > « AtF AG« *0 1 I.PMGfAQl >  *eFSC<40) >. 

3  V(4P»> .2(401> .S«;40l > 

COMMON  X *XSO, S.DXDS.WOP. SCOT  -COC  . . X 1 .0* I OS.CT 4 ,t TAPS .Ct ANO.RHQ . 

I  0MGAG.3CrUG,ALFA0.PSIG.CPSG.Y.2.SM 
COMMON  P|.SOTPI.VIP|.SAV.MOUE.M,MP,oeLTS.GAMMA.PI3tPl6.PI7.yPOS* 
l  V4Ca.NPRINTtKri.KT2.GU.XCND 

COMMON  L  IN**  «fc>ETH  <£  X  Y .  CDY *N2  *N22  .NX  •  SW, SWA ,9C  f  AK.flETAR A.  WACX  .M I XE  * 
l  SCR I . . SCR  I T  A  »LK  «LK  A • CRI SS ■ CROSS • vST . AMy . TH« TA  *K8D 

AA.  A 

At  3  CO  TO  (41 4 .40 A > .MBO 
4  I A  IF (MP-UL >403*404.403 
404  TRe-0.0 
RETURN 

403  1FIX; (GG> >*01 •401**02 

4 02  WRIT'  OUTPUT  TURK  6.403*6. LG 

403  FORMATItRN  TRE  XI  P0SIT1VC  *• 1PE 1 4 ■ 7 «4M  LG*l3l 
GO  TC  404 

401  EMU  IXSOIGGI/KSOIMPM-I.O 
AMJA*-X; (GGI/CMU 
TEST-AMDA*A 
IF ( > EST  4IU.4I1 .41 | 

410  Mire  OUTPUT  'APE  6.4  |2«GG.  AMOA.  A.fMU 

412  F0ITflAT(l6M  TR*  NEC  SORT  LGI3*9m  AM0A|PC14.7.2M  4IPCI4.7.4M  EMUIPCI 
14. T> 

63  TO  404 
All  XM'SORTFITEST) 

406  TWC-1SQHTF1EMUI/10TPI > • I SMAfXPF < -A > -« XPF ( -AMOA » -SOFNl SM > > 

RETURN 

CNO 


C 

c 

c 

c 

c 

c 


SOFNIT) a  INTEGRAL  FROM  0  TO  T  OF  E XPF 1 X**2 > *0X 

IF  T  I*  8CTLMN  O  «M>  4*9.  TCRM-9Y-TCPM  INTfORATION  ON  TA-l<» 
SERIES  13  CARRICO  OuT.  . 

IF  t  IS  BETWEEN  4.9  AND  ».  ASYMPTOTIC  SCRIES  IS  USEO. 

IF  T  IS  LESS  THAN  0  OR  ORE* TER  THAN  9.  EXECUTION  IS  TERMINATED. 
TM'S  SUBPROGRAM  IS  CALLED  BY  FUNCTION  TRC. 


OT.V 

IFIT-9.OllU.IO.ll 
|l  WRITE  OUTPUT  TAPE  6.I2.T 

12  FORMAT 1 42V  EXECUTION  1 gRMINATED  BY  FUNCTION  30FN.  ra)F«l4.7) 
SENSE  GIOHT  1 
SENSE  UlOMT  2 
RETURN 


10  IFIT-A.3I13.I3. 14 

|3  IF  I T  > II  .iO.16 
16  TS0*T«42 

SUMaT 

OCYaf 

00  i  J  pad  100 
MM»t*M 

OE  YatfEY  »TS06FL0ATF  « MN-3  l/FLOATF  (  1 M- S  1 4(  MM-1 1> 
SAM. SUMaOC  T 
IFtSAM-SUMM9.tl.lt 
l 3  SUM. SAM 
00  TO  II 


14  TS0*r*4« 

T0Ta2.04TS0 

SUM. t .0 

OCT* 1 .0 

LlM|T*0.«4TSO 

00  30  MM.LtMir 

0CV.0EY4FL0ATFIf*M-| l/TOT 

SUM. SUM. OCT 

IF  I  SU***1  .Ot-OT-OEY  >30.30.32 

30  continue 

00  TO  II 

3f  RT.EXRF(T|0>4SUM/»f .04TI 
SUM.BT 
00  TO  21 


21  SOFN* BUM 
RETURN 


CNO 


SUBROUTINE  FIRST 


Pa**  S3 


FIRST 

CVLlNDCft 


C  THIS  SUBROUTINE  COMPETES  CHARGE  density  QhOI  l-MP)  A  NO  COtXfCTtO 

C  CURRENT  VST.  FOB  A  CVL IaORICAl  PROBE .  UNOCR  THE  FOlLOpInG 

C  CONDITIONS. 

C  LOCUS  OF  EXTREMA  ENTERS  FIRST  QUADRANT  av  CROSSING  OMEGA  AXIS.  ANO 

C  DOES  NOT  CROSS  ITSELF  IN  THIS  QUADRANT,  u I NK  •  1  OR  2 . 

01  MENS!  ON  x  I  40 1  I  .XS0I4.1 I.SI4-I  I  «L)XDS<*OI  )  .ROM  <40  I  >  .SCOT  (401  )» 

1  COOOAOl  l.xi  (A'.'t  I  .DX IDS! 401  >  .i.TA  1401 )  .£  TAPs  (401  »  .ETAnQIAGI  I  • 

2  RhO (401 ) .QHUAG( 4vl I . PC TAG < 40 1 1 . AlF AG 1 40 1) .PS I G 1 40 1 > .EPSGI40I). 

3  VIA  It > .21401 I.SHI401 > 

COMMON  V.XSU.S.OXUS.ROP. SCOT .COOK  *xl .OX I0S.ETA .E TAOS. E tang. RHO* 

I  OMO AQ. 3ETAG.AlFAG.PS I&.EPSG.V.2.5H 

COMMON  PI .SOTPI .VIP  I .SAV.MOOE .m.mP.OCLTS. GAMMA .Pl3.Pl6.P| 7. VPOS. 
i  vncg,nprint.kti.kT2»u.l.*-end 

COMMON  L I NK  « UE  Th.Em V.EUV *N2 .N22 .NR .S«.S*A. bE TA.i BE  TA*  4 . MACK .Ml RE • 

I  SCR  IT. SCR  I  T  A. LK  . LKA.  CRI  SS.  CROSS.  VST.  4My,  THETA.  <80 
GO  TO  ( 72,171 J .MODE 

72  RRITE  OUTPUT  TAPE  6. 73 

73  FORMAT (49H0  rROnG  SUBROUTINES  BEING  uS£D.  EXECUTION  OCLETEC  I 
CALL  EXIT 

17|  N1*LlNK 

ECV«EXV/PI 
DO  98 J  L»l»*P 
LL«L 

RHO(Lia-ovo<erTM«ecv)ATRvio.o> 

IF  I S (L I -Sh( I i >992.594.994 

95 >2  RHOU.)  .PHOlu  I  VCALI 1  .Sh 1 1 1  .Sr .2.N2  ) 

I  *  I  5 IL  > “SCR  I T 159 1 .993  »  953 

591  RMQ(L>*RhCIL)*2.0*CAu<  I  •  Sh ( l. I  .SHI  |  I  . 3.2  >-TRV IdETAtf H2II  » 

00  TO  560 

993  RhOI L I * RhO (L I +2.L*CAl I  1 .SI u I . jH ( | ) » | .2 l-TRV I a£ T AR l ♦* I LI 
GO  TO  96; 

004  IF  I SIL  * -OR >555. 955 .556 

995  PhOIL ) .PHOILI-CAul I . SH ( | I . S < L >  »N I . I >*CA(.I  I iSlWl (SR. I «N2 ) 

|  -TRY! 9ETAw)V2lLI 

GO  TO  96C 

996  BH0(L>»0M0(L1-CAl< I.SHI I ) .S«*M .2 ) ♦ TQv I 0E T \r ) 

IFIl-LK 157. .97-, 542 

942  IF ( S ( l  > I  54 3. 570.970 
57.  GO  TO  I  572. S, 731  .<80 

572  I F  It -MP  1571 .96- *560 

■7|  RHOIL  >  .RmOIL  I  ♦CX°F  I  -X  1  ILf/l  UO-XSQILWXSOIMPI  |  | 

00  TO  56' 

573  RHO I L ) ■ RHO I L  *  ♦  l  •  0 
00  TO  963 

94  3  RhO 1 1 1 .RhO i L I •2.04TRV I “TTArA I «Z  <L  ) 

IF  I  OIL  » -SCRl TA 1 544 . 5v9 . 545 
94  4  RhO  I L  )  »  Qmu  I L  I  +2 . 0*C  Ai_  I  I.ShIl>  *SwA.3.n22I 
00  TO  960 

54  5  RhOILI.QhOIU  l4i.04CAtl l.BILl »Sa4. UN22* 

56:  CONTINUE 

RH.S39IF  I  1  I 

VS  •-C.0  4F0V4IMH.C0EFT iRm; |.CAl<2*Sm| ll.bH.NI »N2I 
OC  TO  1979.5 f6. .900 


SuBROjTlNC  SCCONO  SfCONO 

uVtlTOCA 


;  THIS  SUelBOwTlNL  COMMUTES  ChARq-  uT-NSITv  RhO>.  I-MP  i  AnO  COLLlCrCO 

»  CURRENT  »S7.  FOR  a  Cvl  l»43RICA|.  PROot .  UNDER  THE  FuvlOrING 

CONDITION*. 

LOCu*  U*  EXTREMA  \NTI  M«,  F  |RST  «.u4  JHANT  flV  CROSSING  BETA  AXIS.  ANO 
r  DOCS  NO*  CROSS  ITSELF  IN  Th|J  QuA..RANT.  LINK  •  3  OR  4 « 

I'lMf  NSiON  Ml  AC  1 1  .46014  1 1  .SI  431 1  .QX3SI 401  l  ,90PI  40  |  l  •  ICG  T  440 1  I  • 

I  COO* lAOII.XllAul >lDXIDS«4'l itlfAIAQI I .ETA#St40l 1 .l*A(«4t40i I* 

*  R-0.4PI  1.0*1.46(4  I  >*t«l?AQl9Ll  ► «  Atr  AGI  4.31  I  «PSIG*4CI  ) «£■ SGI *01 1  • 

I  VIA  |  I  ./I  4*.  I  I  .  iM*  4  |  I 

COMMON  a.xSv.S.JXJS.ROP.  toi  .V  00<A.4i  .2*  IDS  .1  *  A  .1  T  APS  «t  T  ,  MG  . 

*  O 4QAG. .tTA  ..A^Fdj.Pj I u«Cp  7 i 2 . Nh 

COMMON  Pl.SQTPl.ulPI,  J,A-.NOJE.4.mr,jEwTSwAMNA,PI3.P|«.PI7.VPOS» 

t  vNfG.NRRlNT.iCf  |  *«T|.LL.vt(N& 

COMMON  L  iNKMUCTH.tXV.CCiV.  «2  .NOff.N*. ,«  ,  *.4  ,d«  T4«,k«  *A«4,MAC«  .MIR*  . 

I  l.vCRif  A.L4«iAA.<c.RISS*CR0^5  »vsT.AMw.t>«CTA.K«0 

GO  TO  I  Tff.'.VI  l  .Moot 

72  RRITE  output  TAPf  6,73 

7.1  <0RMAM4*->.  .PONG  SwiiJCVT  INE  \  O*  InG  uVL0«  xE-'uTIOn  OtLlTfO  » 

CALL  Exit 
1  7  l  tC**E«'"<’l 
Nl  «L  I  NM  «f 
00  940  W*I«MM 
L."L 

■**«0lL  i.-OTOI‘'ETn»ECvi 
i F I S I t • *Sr i 94 | *541 ,536 

941  RHOIL »*RHOit 14/ICI 

IFISIL i •**> I  I  194 1.94* ♦  «** 

94*  RhOIL  I  •TWO  I L  »*■  CAN*  I.SHfi  i.stil.NI  .1  >»C4lU*S«NI*&RvE*2I 
GO  70  «*« 

94  3  RhOIl  NS«ulU»(lkl  l.tNtilill.lUI 
I F  I  S I l  I  -“SCR 1 7  I94B.S4R.daa 
444  %HO.L  *  »  RhOil  i*2.0*C4e.!  !«SAlU*lFM  O>ll 
GO  TO  94  J 

•**>  RnOIlI.Rhoi^  »«2.r*CAl.  I  i  .  AIL  I  »  V**  I  I  *  I  *|  I 
-0  TO  B4C 

4  5%  RhO  I L  1*6*01  L  I  *B**I  |  !•%«.**>  .ft 

GO  TO  1 946.944)  NM 
9«4  IFIMML  II93R. 937.937 
93*  rhoil  i.Rhdil  *  *f  «PF  l -a  l  u. .  ♦ 

GO  TO  940 

936  40  TO  l 960.961  *  >4*0 

*6 <*  RhOIL  ».R»«OIL  I*2.U4T6V|  p.O* 

IF  IL  | B3t .640.640 

9J6  RhOIL  »4RH0lLI*t  «PF  I-4HLI/I  1 1  R-440«L  |/4»0»'^l  I  * 

40  70  643 

661  RhOIL t .RHOIL t* 1.0 
40  TO  6«0 

646  40  TO  i 660. 666*666*. RI«C 

690  IF  I L-CK 1 637. % 37 .66# 

962  IF  I  Si L  *  *S«4 1663.646.646 
993  RMOlL*46nOtL>*f<Ll 
GO  TO  964 


P*«t  M 


976  RR4S0R7FI6CTARI 

V9T4V9T41 1 .0-2.0  *XPF  i  - 


CTA*i4SAv4(m*.C0CFT«RrI> l/XIMPi 


P*#t  M 

997  IFISIL* -46 A 1 996* 616  >936 

999  RHOlL»4RHO»L»4t.04|TRV|O.CI-7RVl»CTA»All4XIL» 
GO  TO  994 


994  IPlSH.l-SCRITAI9f6.929.919 
926  RM5  l>4Rm0H.I4«.0*CALI  I.SM!l>*S«A»3*Nt*> 
GO  70  943 

929  6hCIL>4Rh©u.  » *1.04(4*.  I  I  «9«L  I  »»**•  I  *N11» 


940  CONTINUC 

Rn.i09TFI6E7H.Xl  till 

-ST  . C At  Iff.  SHI  1 1  .SMiNl  .tl*a*04f0V4l6»**<0fF7IRHI  I 


666  IF il-v*  1 6*6 .6*6. 66 7 


TMINO 


hfi  IT 


tmim 

cn.  !*«•* 


i 

k 


c 

c 

c 

c 


TW!«0  COWfuTCS  T«t  CN4M0C  MMlltr  AM>  **« 

COLLCCTCO  CURRENT  VftT  ROR  ah  ATTRACTING  CVLI^RICAL  MOM  U.  !**•«> 
OR  A  OCPClUnG  cn.iM>«lCAc  MOM  <LIMK>4I  In  ,'mK  CAM  **€**.  any 
ROTfNTIA*.  OAAR1CRS  WHICH  MAr  CxIST  00  NOT  ARRf CT  T Ht  AMOUNT  OR 
COLLCCTtO  CJROCnT  f  OO  NOT  ARRfCT  T*-C  SwAPC  Or  TWC  j\  y»#  [  CuRvfl 


D I MENJI ON  XI4CI J .XSOtAOl I .Si 40 1 » .0X0*1401  I .ROM  1401  I « SCOT (401 »« 

I  000*1401 t.Xl (401 l.Ox IDS 1 40 1 > *CTAt4Q| l.CT/PSIAOl 1 .CTanC(40I I. 

!  OHO  I  401  1  .0M&A4(40l  1.BCTAOI40I  >  •  AC  I  401  I  .RSI  0140 1  I  •  C»S<il  40}  I  • 

3  V(40l » .7(401 I.SM4401 » 

COMMON  X.XSO.S.DXOS. OOP* SCOT  .COOK  «X| .0X104. rT4.tTARS.fT4N0.PH0. 
i  OMOAc.acTAo.A^Ao.Ptio.fPSC.v.r.SH 
COMMON  P1.4CTRI  •  Vl  R  I  *SAv  .  MOOE  .M.MR  .Of  LTS.0AMM4  .P|.1.RI0*PI?«  VPOS  . 

1  YNCG.NRRlNT i*?| .XT2.UL.Kf NO 

COMMON  L.lNK,aCTM.exv.EDv.N2.N42*N».S»«S«AteCT4».ecrA»A.MAC«,N|Ke« 
I  SCPI  T.  SCR 1 TA.LK.LKA.COISS* CROSS. VST. AMu.YHfcTA «KBO«MCO.MfCr 


TSO  00  TO  (7i.lT3i.N00C 

72  «Oirr  OUTRUT  TAPf  4.73 

73  RORMATI4PM0  WRONG  SUBROUTINES  BEING  uSEO.  CxfCuTION  DCwETEO  > 

cau.  exit 


173  CCV-CXV/Pt 
383  00  730  L"  1 .MR 
LL*L 

RHOlL i «0 .0 

Gi*  TO  (200. 177. 373. 177. 3731 *MCO 
fOO  1RIUNK-3H74.174.177 


176  RhOIU ) *-OyO(BCTH,CCy j.THV io.01*TRY(ncT«) 
GO  TO  178 


TiO  \p  w^.XA»740*740#7*f 
T«i  If ISU *-*RAI  7C3.740.V40 
Tf 3  RWOlLl»R"OlU-f*0*YRT««*YAOA^f(U 
»R«SlW»-»CRITA»7t*.7»t.7tT 
TM  4HOIU4IMOIuUI<OKAl  U.ImIlI  «S«A. 3. n22» 

GO  TO  730 

7C7  PhOILI -RHOlU I *2.U*CAt< I *SlL> •  SwA . 1 .N7t» 

GO  TO  730 

*40  GO  TO  < 744.743* .460 
*44  lRU.-WH74t.730, 730 

741  RhOIL  I  •RMOli.  I  4CX^  (  -XI  IL»/I  1  •  0-xS0(LH,XlrfJ(»6>l  I  I 
GO  TO  733 

743  OHO (LI* PhO il 1*1.0 
730  CONTINUE 

GO  TO  ( 181 .fO4.i09.C04.2O3l *MCO 
id  iR«Li^*«H*y. i#o. f04 
180  RM-SOPTRlKTM-xi  (  I  H 

YST»2.0«eOY«IPH4COR^T |PH» . 

GO  TO  ( 744.7471 .kBO 

744  RW-SGPTP1BCTH1 

YST.Y*T4( I .C— 2.04C0V4 ( R»*C0C K T IP* I  I  I /X  IMP) 

747  PC TuRn 
204  VjT.eXY 

PCTuRn 
203  YJT.0.0 
oeTuPN 
CNO 


ITT  Rw0U.l4-0v0ldCTH.eCYi 
IRIMCO-I liui.201,373 
201  GO  TO  1374.373.3731 .MAC* 

3T4  1RSL-LK1571.371.377 

377  |Rt$<U  —Sd  1378.373. 373 

378  IRl SIL 1 -5CPJT ► 380.380. 38‘ 

380  RHOIL l.RHOlwlYi.OACAci  I.VULUS4«l«2l*2lU 

GO  TO  730 

381  RHOlLl>RHOlL)42,04CAi.|  |.S<L>*S».l  .fUftLI 
GO  TO  730 


373  1/1X1  14,1  <372,371.371 

371  RHO(Ll.PMG(L»*CXPrt-XtlL>« 

GO  TO  730 

372  RhO IL I • PwO t L 1 •2.04TPV 1 O.C 1 
IFIMCO-I I2C2.T04.740 

202  GC  TO  (7iO.|?8.l78l.MlCx 

178  IRIL-LK 1740. T4U, 742 
742  1RIS1LI *S» 1732.720. 720 
732  RhOIL  1  •PHO  (L  * -i.  0*  TRY  I  RCT  Aw  »  ♦  2U.  I 
IR f SIL 1 -SCR  IT  1734. 7  37, TjT 
734  PhO II i •PHQIL  *  *2*Q*C AL I  1 •  V<  <L I  «Sw.  3. Nil 
GO  to  730 

737  PhO  It.  >  «  RHOIL  1  ♦ii.OAC**.  I  1  .SlL  I  •  Sw»  1  .Nil 
GO  TO  733 


VjRROUlNC  RJUPTW 
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C  ThIS  So8M0u»1NS  CsjaRvTCS  CHARGE  OCnSIT*  RmOI1*mRi  Ano  C0v.cCCT«0 

<*.  CuRRCNT  yST,  ROP  A  Cyl  |^m:ca«.  »VC.}£ .  -NOfB  Twf  xollOwIyG 

C  CONOITIOMS. 

C  LOCOS  OR  CX*“«MA  (ROSSIS  lT*CL*  IN  »Hf  RIRxT  OuAOMAnT  C*  Twf 

C  lOdCOA.tTTAI  MX. 

QI«NSION  XIAO  k  I  •■SOtA'I  l  .S>  *01  »  *®»03*00l  ‘  •<*»  »  .SCO*  I  Aft*  *• 

I  ((MX  ( 40 1  1 1*  I  I40|  »  ,0a  it|l*JI  «t  TANG « -*3*  »  • 

f  64,*}  |  i  «ON*tG«  4.  I  l  *«,»t »  Al#t4  J  1 1  »4v*  Apt  »  »R>IG(«0»  I  ilAMIMl  I  . 

3  » 1 40  I l * / 1 4U I l » >wi 4v l 1 

COMMON  X.XSO.S.OXOS.ROR«W.O»«LO>I.*«  .04ia».«TA.ft*4RS.4T4NC.M4>. 

|  UMOAft. *7*4. Aw'Av. 0*10. tRS4.».X.S* 

COMMON  ■»»  .**»?•!  I«|A|.IIV«"OOC  .H.KR.Oftl,  »S.ftA4MA.RI3.RIA*»«7«YRt)S* 

I  ymKG.NRRInt.k* I «4Tf»LL.3fN0 

COMMON  L  IN*  »MTN»OT»<OT*Ni,Nff  .N«»S4.S*A.«|f  TA«.#f  TA«4.H6C«  .«*!  4<  » 
*  SC8 | f ,*CR|TA«LK.wA*»C«l»*.CMi>^**»*.AMU»THtTA,K40 

go  to  it».»7i i.hooc 

»»  XM1MT  OuTRv  ’AMf  4.73 

t>  FORMATHM.*-  »*OMG  SuR*!fut|NS3  x4»nG  wSft^*  «Cy»»8*  5ftw«*S0  I 
C*LJL  X«»T 
4»k  fCT*ft»»/Ol 
K«  |PilI*«*0I34V.340.J4I 
34»  N\*LtM*-4 
M  »0  >42 
34*  n»*Ow**4 
Ml  00  >8 i  ‘  l  .MR 
LL*L 

I  r  i  c  1  Ml  -8 1 344  •  MS  •  >44 


34M  .*4»ic.0l 

l«i»Ui*tf«Ml  •  MI-MI 
32 1  4M0IV 14OM0IL1 -***■•€ '4«>»/*t' 

M  *0  )I3  _  4  ,  k 

)}f  4x*ILi»R|Ctv.>H.*ii  I  iV*l  I  i  iC*l»l*4l>3i*CNll 
;  «  »»*  I M1 
60  TO  3T«> 


344  M«<v  u-Or<MM»*,fC»t 
If  lft,i  »,Wik»l*Hli  *M 
>3.  4*01.,  t»«LaOti.*  fin 
40  TO 

30f  •n8(l»*OnOIl  l -CA3.il.4HiH.C01SS.Nl.2i-C44.it  .COOS*.  M.2*t« 

Iff  at  30A.204 

300  OOIiidA*UMt4;*«««,i'ki< 

»  «  iW 

3 os  ocim.  <*0011. 1  •»*«•»•»  1 

40  TO  >yb 


P»V»  M 

GO  TO  >?• 

123  IfiSi-  1*1-11  1  -  »M 

J  j*  4-e  •  L  *  1  *CA^  1  M-|  I  1  .col  Al.f  »  t » 

tf  llm.UNl*  1  320.  >>1  *731 
>24  •«0Mi6O<v.»*l.O*CKl  I  .  Owl  l  ‘  *  Sw(  I  1.>.21 
60  TO  32- 

>>  t  AwOlw.  1  •ON3i(k  1  »04C  A*,  t  t»>l<.i«SMII  1*1. fi 
60  *0  32- 

17#  irmvCoi»tiM.i3».m 

>>«  R-i>u ..mui hc*l»  1  .smj  1  »Nt  *1  it<uii.lM.(4:n*i  »f  * 

GO  *3  W 

1M  o«k)  *  v.  *  >RnK  '<»*•  k  .Am*  I  »  .COliS.Nl  »#l 
13*  VscMt,  )  'iMOtV  *  *f  *  24ft  *N ♦  I  »%*••  W  *  'vACU*  >»♦  • 

»  *>  »r 

IM  I  »%*•«*  .CROSS.  I  -»2 * 

64  *G  >2> 

7>^>  TOmTIn-I 

On«400t# >0«»m-xI t *  1 1 

*.;«tO*4 1  ***<0«*»  »<•*••  **CAn**.S-'  1 »  cot  AS  .hi,  2  1 

I  .CAv  /* C»0** •»•.*»«*» 

ITMN^ltST.onTN 
74 *  63  »0  * 

1*3  0««X4O*r >0(1441 

tti.ut.i  1  •;  •  t  .a*f  mOx  .  2SU4i*iO'i(».<"XT'io»H 

»4f  Of  *\A3 

r*o 


»T4  OC  »0  1 3TI.37JI .406 
37t  ITliMRlMfi.WllJW 

330  oou H»<n.  14QQ.7R  1—01*6*2*  t  •SNi*l(.w*t#HRkU 

OR  T«  324 

2Tf  OouidMlvul.O 
04  TR  329 

3*3  l*l|lU-0*Mf»rt.lf».>H 

1/0  owou.  *«XH»H  1AC43.H* CROSS. *M.».N2* 

M  to  U* 

324  60K  )*«0'*l*Cl3i  I  .Smi  t » 1C0ISS.N*  •fl-COkH  .C*8SI 
1  •£4UI.S*V«*SM*t.Nf* 


•  jNCTION  O^OI AA.tCCvi 


P»«*  li 


0*0 


c*u.  eait 


r*#a  n 


C  OrOai | .d/PI »41Nffcu«Ac  P«U*  *  TO  I^INlTV  OP 

C  OBCTAAIaPP  t-tjETAl«AMC  StPSi  VOWTP  i  «SO*  (  b€  r*-*  |{  |  »  >  /  ( «*  t*-XlM  » 

0  I  •€  NS  1  ON  }.  i  «cilN<30l  «R<  )0»  rA«*AQ<  »9i.C0E<  I  9  >  .  V  1 0 '  30 )  aP»M  3 I  I 
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t  <»<  I  l|MI  1  I  I 

DIMENSION  *<40t  I  ,*SG<4‘>M.S<40I  >  (0*DS»4C1  »  .00*1  *0  I  I  .SCO  T  <401  >. 

|  COOK  I  4Ut 1 .41 <4  .| l (O*lb><40l I .P TAI4Q| I .£ TAPS* 40  l  I .ETANC*  «Cl  I . 

2  O«0)  i  I  .0*UAG140  I  .at  f  Aw  <  40  |  I  (AL^  AO  1401  I  .PS  I  <#<  401  I  (EPSC<  40)  )  . 

-a  Y(»j|  |  4.  I  It  S'*  <  *C  1  I 

COMMON  A.USw.S.uAOStNOPtSC'jT  .CO  9*  «*1  (Oa  1 1>S. ETA  .(TAAS.t  TAnC.PnO. 

1  0**GAO,  «E  T  AG  (  AlP  A  j  »PS  i  -••fc*'-  *  * 

COK*ON  p  I  .S0TP1  .  V  IP  I  .  iA».NOii€  •  JeL  T  S  *  ^A»***A  .PI  3,p  I4.P  17,r»0S. 

1  VNeG.’aPW 

COMMON  L  J  N* (^C !n«E4 V. 1 07 .N? . N22 . NP  »  Sa  •  • A , 0C T A* . BE T *• A . MACK .M | Kt . 

I  SCO  I  T«  SCO  I  T  A.4.A  iLRl.'.N  I SS*  BOSS  *  *ST  aAM-w .  tnet  A  ,KUO  «»*CQ  .  *2t t HAL* 
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4  1  0V0«-.9»E«T 
QC‘UQN 

40  |r<A-|T,*?i2  4.2;6(2.4 

214  ?*o« . 

O* T jGs 
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CAPPA.f  Rl4LklMWUL»*<l<l>  l/IXNC* 

4l»:W*.(C*On..«|  |  1  t  »  •  v  .S 
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32  tei4.:iNiiUJ.i3  <» 

13  IPCAPPA.il  <«.<.•  1  3-  (30(34 
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W  30  212 
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j.  a  *»o* ; 

*.««•! 

M  ’3  212 

212  AJ».  ’  •  - t •CAP *4 
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GO  *0  1.1 
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>■*  C».«t » t  » .alt.. it  *3  (3..A4 
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C2  ftN OT*A. GAMMA 
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S0*aS04TF<A«y| 

S0t*SQ4TF|Pl.A»ll 

OCfSOM 

Cal  (0 

•  O  •  2 . 0  •  S  Ol.  *C  OCP  T  <  SO*  /  S  (X.  1 

TCOMaCaAR 

SjPaTCOP 

00  219  N«1.2o 
PLN“*» 

0€C«OCE/Amu 

C a -C/4.  04*1.04 TP  <  <2»N-1  »a»2i/Pln 
AB«  <  OCE  -AB/P  lA*  I  /  <Pl**— C  a  9  1 
TEBMOaTCBN 
TCBMaC*AA 

|P<ASS*<  TP»A**»-A4‘.^<  TEMP'',  i.» <4.214(217 

216  Su**«SoB»4TEBN 

I  P  <  A  JJP  i  So**  I  •  1  •  4-i-A-AOV  iTt«“i».IS.2lS.21« 

219  CONTINUE 

SO  TO  214 

217  SO*a$,jM-2.9*TCa«40 

214  OKTaCaBPlSNOT-AMul/AM  jaj .*9 3 3 1 4  I • Su~ 

200  0*0a  *EC**  <  a  I  I  1  l-*l  ill  1  I40a9**  I.U  * /SCOT  <  Lo.  I  *0*1  T  f 

BETjAn  ^  ^ 

I  44  va2*4«A«u 
Ac.  *9.0 

A< a | (60943*9 

P|a*04TPl  l.v'l TxtTA/AKj I *42  I 
PAD*  3 

00  To  129 

1  C  1  «N0TaA-&B3<*4 

|P<«Pi>.4.t  -  |«9*TMC*A/ANvi2:  1*2-1  *20/ 

2-2  TclPaEaPPI  -N*N0»  • 

A  1  NOaXA*C  <*»•-«*>.  1  **(<.—  0  »  .  •  .-(2-*  ll/M* 

E  COO 

m.T(.,.' 

so  ro  41 

2'  I  |P<»NOT-4(*94A*u<K4(  1.4(129 

114  «*2.t*A*U 
Aw-9.: 

Aa  >|  .4094  9*9 
>S0?.|N0T/A4. 

A-NO»aO**OT  Ji^TP  ♦•2-1.3  > 

A*NOT*v>4E  ‘ANNO* » 

P|(^UMTP<  la. -I  Tn4*A/4**U 
4  AO  a  I 

M  <J  III 

i2<  At*M«r« 

^•At-NO* 

AKAAPND* 


p*l*  »« 

|.  f*i|i»t  *<••  .|*i«**\2y  till*.  .9**2 

1  -4  a • «  .  -  t  | *4 * *4 •  •  •  a  .* .  itaM  *~A  ; -2 21  *•-«*•  «  *CC.  J24>4-*A»* 

2  .  ..«A«„.  -.  31111  •••  M* 

SO  *S  14 

*1  IQAa.i^mv  >a<  ««>*,»  >**4-  **«»*U«.;lM»m»t*,|T|)||».C|.  »  » 
63***  ).*%9«M«<0*i|l  •  P*6*  >•*•**» 

PM*  |  ’  a*(IPu  1 1 

M  *®  14 

14  Tlllllill 

*414  «  •«  t»  ■  1  I  —PM  I  |  I 
5*0  42 

♦  !•'  j‘*a !•»  J*  1 «/* 

4*  **i|»M*l'|l#i(**2«W"  Al***  *  *  1 

•  U«a.<M  1 

l*Wl  |  *  •  i 

*  5»  •  i  ta  .4 

»♦>**.■  •A«MI  |  >  •«<*<  »  I  « 

6***ai;t( *M  »*«*»«  *9* |a«t »♦•*•.•> a *ap  *A«PM.f.  i 


M  l-  •*I*W*4 
-  t  Map . i 
««aa*  /2-  1 

M|4t«ai(t<kMi«».|  *  t*»*ai  t  • 

;9f  94  t  c»l 

<rl6*«  |M«a«lP»p  Mp-i  *2N 

fIAi«u«14i*|tir* 

*•!»  *  ••  «tv  •«  IP*  a#Bl4  I*  *  •/•  .?»•»  >4  |  a* 
*«l«a|  '•(*«*««•  «*«*♦*  »  /*\  CVA  *•  1 «  • 
tl|.1*9(«4Ml(MiH«(  taw. 

*t«P*T*W— *****  •»**•  «  af«4  T  APPMt*  (  |  »  | 

<at*6'**t<* 

I*  »«6  3Ala«9-»*-A*9P  ••(■MM  | 

|  A  .  4M*IMW< 


*t  44  *4  t  i6  .44l.l4t.l60.MBfr 

»4«  6**X,**«*«*<|N»***» 

1*1  94  «4  <«).|>*4«*»>>**tO 

43  *46*  V6BT*  i  «  vn*  •»4-»|.  t.  w  .  >  |  ,  |  — >  94  <nv  »  ♦ » «  »-£**•♦  «  »  t 
I4P  3*9^(tttA«*iPiMbii««|i  |  •  -4 1  <«A  t  it.fllllU  WKUlU  M*i  •«  6.6*  *  ' 


••  3**H(**l*IHf*IIVAl»W.*Al»«U*/*(9»IUM*<H*»a6.*l 


»#*  C«*p 

l*<*l*t(lt%.t«llfl 


FunCTIO* 


.ocixli 


p»p  as 


FUNCTION  WIMI 


C  THIS  FUNCTION  iLIH'RO C«AN  IS  US£0  Ot  FUNCTION  OYO  4*0  Is  CAlULO 

C  T "MOuGh  UNIVERSITY  OF  TOeKXTO  FORTRAN  II  NUMERICAL  0u*O*At\** 

C  WRPRQORAM  OUA0. 

OfHCMSION  111  401  >*«SOI4G|  I.StAOl  >.DXOS<401  I  .HOP <401  I  *  SCOT  (401  ». 

1  COOK!  AO |  >  *X  I  (4Cr|*l«OX  I0SI40 1  I  .ETA  <  *0 1  t  ,  ETAP$(*01  I  tf  TA**i  <  *01  I  « 

2  MHO <401 » .CNGAGIA,  1  » t  SC T AO (40* I *ALFAG<40| ) tPS<0l«0l I tEPMtAOl »  « 

3  v< 40 n  *2(401  >*S*U60i | 

COMMON  X.KSQ*S«OXR»*ROP»SCOT.COOK.XI  .OKIOSsCTA.KTAMS.ETANG.ANO. 
t  0M64a*aer46.4(,rAc»MsiG«CMsa«T«z«SN 
COMMON  Ml  «SOTP|«VfP|*SAV*NOOE«M.NP.OeL-TS«AAMNA,P|3*pJt,p|7.V»OS» 

1  V*tfa*NMAtNT«MT|.cr2«LU*KCNO 

COMMON  LlN*,6CfM.C*T.EGv,N2.N22.NM.Sw.S4  ^TAm*i4CTABA.MACK«M|icC. 
1  SCaiT«SCR|TA.uK«LAA.CAISS*CAOSS.VST»AMw.  *T4,*90 

IF(XO  ItiltlQItlOf 

101  CDO-O.O 
At  TU»»N 

102  Fln*LOGF(XLI 

COO--I.O/J  (FLN*THeT*l*SQ»TFIFLN**2“ANU**2l I 

RETURN 

END 


P*««  «7 


00  16  <*4.200*2 

<1M*<-| 

TSO"T£N*TMCTA/»LO*Tr(r |«r 
TSN- T SO*  THE  T A/FlOATF  <« , 

AMSK»AHSM*AMO« 

U0E»  COC*FLOATF  <  k  J  M  |  /TjjOAtr  |  <  ) 

P«P*TSO*TSN 
TCRM*P*AMSK*COC 
SUM* SUM* TEAM 

IFI SUM* 1 •Ot-uT-TeMM> 1 6*  1  9.  1 9 
16  CONTINUE 

19  TATa-0«S* (EKPA**2+X (LLt/X»MP  I  *Xl  I LL ) /DAT *EXPA/TM£TA*SuM) 


41  MLAM*-AMU/*l(UO 
■•MAXIM ( AMU* 6* 3 1 
SOW* SOR TM ( w | 

SQL*SQRTF|FlAM) 

DEE “SOM 
C*l*0 

COO*COeMT I SQW/SOL  I 

4*2*0.  SS04_*C00 

TEAM*C*A 
SUM* TEAM 

00  SOO  N*  I  #2L> 

*LN*N 

DE6*0CC/9 

C*C/8*0*FlOATFI ( 2*N-I l**2i/FLN 

A*(0CE-O/MLAM|/(MLN-O*«I 

TCMMO-TCMM 

TEAM*C*M 

IM(AUSM(TEWM*-*0SF<  TLMMOI >901 *901 *496 
SOI  SAM* SUM* TERN 

I M | } AM* SUM  1 9u0* 504  *900 
90U  SUM* SAM 

GO  TO  902 

44«  Sum- jjn-0,9*TCAMO 

9U2  IM(A6SM(SuM)*|.OC-Cf9-AtlSM(TEAMOl  >903,903*904 

933  MISS* I 
N«-| 

|M(  AMo-MLAMl9lJ.fi  3*49*“ 

‘H  IFlAMu-8* 3>Bl J«8G8*906 

909  P*CT*1.0*C.I29^1AMW*MLAMi*.0T03t29/l4MU*MLAM»A*2 

909  S IM*MlAM/AMu*SQMTM ( 2. 3*PI  /PL  Am  > *COO*MAC  T 
GO  TO  72 

913  |M»IT«  OUTPUT  TAPE  8«8l8*SuN*TtPM* AMU.FL*M,MtSS 
912  M0PMATI2JH  MCN  TAT  MMOMVfRQINCf  >*4112,9*  12) 

GO  TO  1 904*91 1 >  *MI$S 

9J4  A  SVC  *•!  /AMU*  aXMM  I  I  AMu**4  » <*L*M  I  *SUM/2* 9066291 
T4VC*0,0 

IM(ANU.9*3IMf*9M*ftM 

929  AE*1 *0*|*0/9lAM 
KXMU*fXMMCA«**Mul 
tX9*f XMM..AC*«) 


■AAN1MO  -  MUNCTIO*  1**  ‘N  CMAACCT  RESULT  IM  MAGNITUDE  V 

Ml  ILL  I  »»  CAEATtA  V 

it*. _ i  HI  n  *,<  -  T»91  »  «A0M(401  >  .SCOT  (60S  T  • 

*°COM?401I*MM40I>^<«6*  «*AflWl««U,|TA*1401>. 

2  AM0(40l>-0M&A6l*Oli*K1Aa7A9l*'*4M^MM*a>  **»*«••»  >  *EPS6t60l  >  • 

3  VI40I I *2(401 l*SM««9| > 

COMMON  X  »XSA»  5*OXUS*AOM*SCOT  >C(XM<I  .YAOS/C .  •  «*TAPS.tTAl***«. 

t  OMGAG- AETAU* ALMAO.PS IC.EPSG •  Y  *2  •  SH 

COMMON  Pl.SOTPl.VlPI*SAT.MOOE.M.MM,OELTS*«AMAAJ*lS*PI9*P|t*TMOS. 

t  fXS#l#NINT*KTI,RT|,U««IO 

r  ijimOII  Ll>M*9ETH*EJtT*E3T*N2  *N22»Nil*  SA-SMA*#®9A9*®ETAmA* AACK.MlME* 


(XMMV»OMOAO(  1  I 
0UNM7»eCTA0l » » 
OUMtV-ALMACIII 
A-AA 

GO  TO  169*661  «MO 
66  TAT*O*0 
ac  tumn 


69  |M(LL*MA»39,36,39 
36  TRV*0#S*exPF(-A> 

RETURN 

39  OOM*XSOIU.»/XSOCMP>-1*0 
OMT-SOATF (OOM) 

8m«-*X|  'LLl/OOM 

AMU*8M/2*0 
CKPA*C*MM(-AMUI 
THETA»4MU—X1  ILL.  > 

IFI TMfTA-AMU> 79*79. 41 

79  WRITE  OUTPUT  TAPE  6*  T6*U.**CN0*AIN.**  ThETA-AA 
76  FORMAT! 18H  MCN  TOT*  TRQUdlE*  219*»P>El9*7  1 
CALL  EXIT 

61  IF(ftH-Al30*3u*3l 

30  WRITE  OUTPUT  TAPE  4.76.U- .<ENO. ANu* ThETA* AA 
TO  T«T*0,0 

RETURN 

31  CEAN. I AHU/24*0*»/l I *99*AMJI I **3*«  A*U/( 0*92* ThETA » (**3-l *0 
IF( A  I |0* 1 1 • 12 

(0  WAITE  OUTPUT  TAPE  6*76*VA-,KCMC*AMU*1XTA*AA 
A-U-0 

II  IF ( CERN  1AU.4J.A1 

AO  COE*0*9 

AMOK ■ ( AMu/THE  T A  I  4*2 
AMSK*AM0K 
TSO-TNETA 
TSN*0*9*THCTA**2 
Pm l* ;*TSO*TSN 


C*1.0 

•N-fXW 

un-cxmu 

Q2n*<CxNu-€Xw>/ae 

TCRM*C*02N 

SUM* TERN 

00  9)3  *4*1 *19 
C*C/FL&ATFI2*N)44f 
UN*UN*AMU 
WN-WN*w 

02NM*lFL0ATFf2*N-l  > »02N*WN«  UN  >  / AS 

UN*UN»AMU 

WN*WN*W 

02N*  (  FLO  ATM  ( 2*N  I  *02*#<“«VnP<  I /AC 
TCRM*C«02N 
SAM* Sum -TEAM 
IF( SAM- SUM >91 0,911, 910 
910  SUM* SAM 

M|SS*2 

I F ( AB5F I  Sum | • l * OE-OS-AOSM I  TERM > 1 9 1 3 «S 1 3*91 1 
9I>  TAvC*P|/AMu*EKPF(AMU/FwAM|*SUM 
926  SIM*ASVC*TATC 

72  TRr*-0.9*(EXPA442*X(LL  )/X|l^)*Xl  ILL)  /t>RT*  J|M/*|  I 
RETURN 

12  EKMINA*EXPF1-A) 

IF (CEAN I 49 *49 ,46 

49  IFieXN|NA-EXPA**2-2*0C-06>4«,*9,A6 
49  TRV*0*0 
RETURN 

49  ALF*A/AMU-1*0 

C053*  SOATF 1 1 *0-ALF4A2l 
$N*0,9*PI-ATAnM( ALF/COSS  > 

9HA-C0SS 

SN8*0,94<ALF4COSS*9N> 

ALKIM*AlF 

TSK*0.9*THETA**f 

AMSK I*- AMU/THETA 

AMSXX* AMSK I 4*2 

P*1*0*THETA 

SUM *5N*P* AMSK | *SNA 

p*p*tsk 

SUM*  SUM*P*AMSKK4SNB 

00  22  K*3,200 
T SX • TSK *TNE  T A/FLO ATM ( X  > 

AMSXKIANSKK4AMSKI 

ALKlR*AUt|M4ALP 

snc*  i  alk  im*c,oss>floatf  ik-ii  *sna  > /flo  a  tf  u  1 

SNA»SNB 

SNB*SNC 

P*P*TSK 

TERM  *P* AMSXK •  SMC 
SUM* SUM* TERM 

IFISUM*  l  *0E-07-Af SP I  TERM!  )I|*M«26 
It  CONTINUE 


26  SIM-SXRA4SUM/THCTA 


\ 


44  M'i/MU'liO 

A4.1h«AT4«*<AlF/SQRTF4  1*0-AlF*4*  I  » 

H.IW0.9WI 

44  st*Mcs»A*«uAOi*i.iM.«kiM.;onc«  o.o  *o.i*i i 
come. 

m  fo  »« 

40  **6aS4*T*<SSQtU.I*A/l  UlOlLLi-KMI W>  >»1>W  A»>  ) 
72  T»V  •  (nlMMTuriMK)^l  -  «.9HIMM| 

i  -  o.i^iuiLu/ii^intiuiAmuti 

«cn^N 

WJ 


h«Ml 

rwcn»i  cmi«.i  com 

c  TMit  function  menoww*  to  uw  a ♦  function  t»t  and  is  called 
c  ntou»i  iwn««t*iTT  or  Toronto  pmtmn  ii  numricm.  quadrature 
c  MWOWM  OUAO* 


OINKMtION  NIAOIhlMUClItlUOlUOaDtttOtltMVl^DilCOTi^iW 

I  c«ok(«oi  i tail ««ot i •  Quids (*oi  > *cta <«oi » > ■ctams««oi t • 

f  )|«U»IM|  )4KTMI40I  I I I  • 

9  vioiiti(«on»iNi4«ii 

CBMOu  X.XSO.S.OMS.RQP.SCOr.COax.Xl.OXlOS.CTA.KTAPS.CTANt.RNO, 

|  OOM»afmtacfMtP»IMBU«V>2«SN 

COl—Oll  P1«WT71  t»l»l»9AY«K0|.Mtl»«O||.TS«<l1*^l9.7|».HT,Mli 
I  n(«>lMINTiKT|*Kt|iU»lM 

COMMON  LlW«KTN«ttT»lprtlt*iltt«M<S«*|a«««Ua.||nvA>IMOc«M|iti 
I  SCAIT.SCRITA*U(.L«A»CRISS*Cft9SS«FST*AMU*ir»«TA*C00 

SMAtMASItroil 

COM  FE1IPF  I  -SAMQ.  I /  f  SANML4T»«T  a  I 

•CTtfM 

OO 


Pa*w  ?1 

HAIM  mtOCAAM  s 

solution  of  ▼  ooumlc  p«i«c  •  £xofct»*:i.v-w«sa»wtTn»/i.e 

-  C0EFT!MRTF«V))/MTP| 

DIMENSION  STI4J01) •KISul i .risoi )«ETAl»Oj > *S<901 ) . VPI40OI ». 

I  EfTiU0in<99UCOlliR7TfMPl40Oil 

10  ME  AO  IM»UT  TAPE  9.II.YNAX«Vt,NX.KXPRIN.MVP.KyPR|N 
It  FORMAT!  |P2EI0.3.4t9i 
MMtre  OUTPUT  TAPE  A* 12 

\e  FOPMATfA*"!  SOLUTION  op  r  DOUBLE  PRIME  •  I  .OHm>IUMTT I 

17)11/2*01 

WITC  OUTPUT  TAPE  A'l3*VMAX.Yl.KX'ICXPR}N*»rYP.«VPR|M 
13  FORMAT! IOmu  YWAX.BX2MT1  .0x2MNX.4MAwXMrRlN.TX3— <TP«4AA<P.IPMI»  / 

i  i Pte io*3*4i jo  I 

S0TPt-|.772AS30 
oei»MMTr<vi  )/ploatp<nxi 
nxp-nka I 

OO  15  |«|.nxp 

*« I J-0CLK7PLOATT ( |-| I 
XM'XI  I  |H2 
Tl I)»XS9 

SuNA.j.O 
TEAM* 1,0 
OO  IA  J-2.V) 

TERM*  TEMPMXSO/PlOATF  «  J » 

SAM«SUM«*rCQM 

16  SUMA«SAm 


■MITE  OUTPUT  TAPE  4.10 
|9  FORMAT 4  ION  NONCONV  I > 

GO  TO  10 

t  7  TSO"2.04XSO 

UW9*0,AAAAAAA7 
TERN«SUMO 
00  to  K*2«90 

TEOM«TEMN*T$0/PLOATF  <  (Nt  I J 

SAM«SUM»+TCIIN 

IF  l $Ax-  SUM0 ) 20 .23 .20 

to  sum*  sam 

MITE  OUTPUT  TAPE  4*24 

24  FORMAT! IOM  NONCONV  2> 

GO  TO  10 

23  6«fcP*A~2*04Xlt>4SUNtf/$0TP3 
$T|  |  )  >2* 0/MRTF  !0) 

IS  ETA! I >*C0CFT I  Ml 1 ) l/SOTPI 

SI  1 1*0*0 

#I2>»IS*04ST|  | 140.0*31  (2  >-'ST  (  3  >  )  *0CL3/ 1 1,0 
00  2S  l>3*NX 

25  SI  I  »*SI  I— 1  1*1 I  J.  T4IST !  I— I  I4STI I 1  )-STI  I-2I-ST! 1*1 )  I *0(0/24*0 

S I NXP  »  •  S I  NX  »  4 1 9  »  04fT  I NRP  )  <4  •  04fT  I NK I -ST  I  NX- 1  >  )  AOXL.K/ 1  S«  9 


Mm 

00  SO  IM.MVPP 

YPI  t 1*T»40ELT«FV0ATPC |-1 1 

SXT»SORTP*VPl 1 1 ) 

C0E>C0CPTISKV) 

ETTA!  D-COE/SOTP) 

FT. I SKT4COE ) • t • O/SOTP 1-1*0 
30  smiAi.o/sooTPiFvi 

sinusiMi 

SSItMlS!  I  )4l»>0*sr  1 1  )4«*0«|Tltl-kT(J3)*0O.T/tl*tf 
OO  3t  IO.NYP 

32  S*»  !>•»»<  !-!»♦<  13.041  SUI-I  »♦*!«!  I  )-»TII-2»-STll41H40«LT/*4.0 
SS I NVPP  )  «SSI  NVP 1 4 '  S*04ST  (NVPP I  «•*  O^T  IMVP I -ST  t  NTP- 1  )  t  AOCI.T/ 1 2*  0 

00  41  | P| .WTPP 

41  RPTRAPfll*  2.0*TPll )4STlI) 

WRITE  OUTPUT  TAPE  A. 40 

•C  FORMAT!  |N0.*l*HIKV.l|X3META«|3XlHS.IffXt»41CA»4»TRAP> 
l-I 
J*  l 

IfTISWRAOPtlN 
jSTCPMfTP/KVPR  IN 
MAMFXMAXOP 1 1  STEP.  USTCP 1 4 1 
00  3A  W-I.MAXP 

WRITE  OUTPUT  TAPE  A.35.TI I I .CTAIII *SI I » .TPlUI *ETTA| J) ,SStU» .RPTRAP 
I  tJI 

35  FORMAT! 1M  «2IFI I «9*F I 4#9*F I «.4* 1 1X4 .Ft 2.4) 
i*i4*rxpRiN 
3A  J4D4MYPRIN 
00  TO  10 
END 


OCLTa  !  VMAX-V 1 1 /FL0A7F  ! NVP { 
NVPP.NVP41 


n*»« 

C  MAIN  MOMMM  A 

c  imtKn.  mom  -  attsacteo  particles  at  zno  temperature 

C  ALLEN*  ROVU*  AmQ  ICwOlOS  EQUATION 

C  t|*02S441»4O'OSlS*6*40V/OS»  •  AA^ISaSASORTriVll  -  I1WI-TJ 

C  »*R£AE  AA  •  NOO  l  NATIONAL  ION  CuMCHt  /  (f  •OaSORTTlPt »  » 

c  «rntncc  ion  cumkmt  is  that  collected  rt  a  %**mm  or  radius  •* 

C  ELECTRON  DCBTt  LEnSTm  *  ir  IO*%  AM K  MAXwCLLlA*  *NO  THEIR  t^fCTIVf 

c  tei^crature  is  coual  to  that  or  t*«  electrons* 

C  SOLUTION  VIA  ICTNOO  OUTlIMCD  Or  RCRN*TtlN  A *>  RAOlNOwltZ* 

C  ir  uSTT  •  1*  OKXT  IS  MS  AO  IN.  tr  LSET  •  t.  AA  is  read  in* 

0  DIMHS I  ON  A*2OO;.0t2OCl.Cl2O3>.OI2OO> 

OIMENS10N  «Al20J>.*eiluy>.KC«2D0>  .«CH 200 1 »SS1 2000 >  *AL*«A 12000 >  • 

|  YV(2CO0l»eT4ri20u0l«2TANl2O0a>*Vt2t*VPRIMCI2**Q<2>«*riNALI*l* 

I  vriNAif*>.AvIR(2<X>0>  »«*INAL«*> 

DIMENSION  IMPTYIIQl 
COMMON  EMPTY. AA 

MAT1K*I 

10  MCAO  INPUT  TAME  fl.ll.OuANT.uSEt 

11  roMMATi|Bcio«s«iti 
00  TO  !IU*llli*VSCT 

ll~  CU*RNT*OmAmT 

A A-CUMMNT / X • 54490 70 
00  TO  112 

111  aa*ouanT 

CvMNT*AA*)*9«*T0T| 

III  MIU  OUTPUT  T*M«  *.|{,CvMRNT.AA 

12  rOMMATlSTHi  SP*«RtCAu  moos  -  ATTRACTED  PAMTICLSS  at  ZERO  TEMPERA T 
1XJPE  -  NONOIMENSlOaL  CuPPCnT  •  |PCI2.9«*M  •  4A*»PE12*9» 

PRINT  IT9.KAVS2 
ITS  FORMAT!  12H.J  oCCIN  CASE  lS» 

«AV9£*«AV9C4| 

«ST«PiM 

O  101  r|KV>2*0»M 

o  wriKT«i*u/r isv 

DO  IM  K*1**ST0P 
KACOaO 
<l«IO 
sets » A) 

IN  KOlKlaO 

D  CII»«-'J*5 

0  0< l >*-l*C 

SO  IS  k*2**ST0P 

o  C«<I»-CIK-I  iaploa  *za«-»  ><'rL0ATri*4«» 

o  D<*>»-Oi«»i>'rcOATr is  I 

•!9{K)«KOI<c|  • 

fr(A«srio<Mi  >-vrixv>t39.i3.iJ 

o  139  0<K>  *OIK t*T IKY 

1 3  CONTlNue 

»r  quotient  ovErtlom  102*1*2 
1R2  ir  accumulator  ovErflO*  isiaiJi 
c  1 3i  *ti>*3»a 

0  *<2>O.0 

D  Al 3| >3*3 

FAf*  75 

0  VTsVlATfRM 

D  vTl«y2*TERMt 

iriec |) i 127,25. 127 
irir i-vT*2S»2i *25 
21  iriv2-rT| >29*27*29 
0  20  vi*yT 

Ir  QUOTIENT  OvERTuO*  129*164 
104  ir  ACCUMULATOR  OvtMF^Q.  129*99 
.>  99  T2«VTI 

129  V( I  lari 

Vt2>»V» 

CO  TO  I ?0. 29) .LINK 

29  MAO<*MAR<4l 
3*S»2.3 

I r I MAR<«5 1  26*  3 J • 0 1 

31  2RITE  OUTPUT  TAPE  6* 02 • S* Y T • TERM, «S T^P 

02  FORMATI32H  jNAdLL  T'J  i»uM  POaLtf  It&MILS*  s*  IP£10*3«4H  vT*|P£|QaQ( 

J  6M  TE •"? M ■  | Pl  1  w •  3 * Th  >  STOP.  13} 

CO  TO  Ii 

*7  VIJI .VI 
Yl 2  I *V2 

r  PTbPS^AA/ISafaSORTrivi  n 

0  ETANCO»CAPr 1-V l > 

0  ALPNO«3*9*l&a|CTAPSf,-CTANQU»  ♦»?» 

ETAPJaETAPSO 
f T*NC»ETAnUU 
19J  ALPH*AlPHO 

CO  to  <96.97|*LIM( 

97  ir I ALPH >99*96*9* 

99  |r I AUFOLOI >**99*99 

99  STRAPS* STRAP 

STRAP*  S- I SOLU-5 1 AAuPN/ 1 AlFOlO-AlPH 1 
KTRAPuKTRAP+i 

9*  SOLO* 5 

ALFOLOaALPM 

iris-1  33*1 >39*39*0* 

39  iriYC I l-Jau*  >J**|T| *191 

17|  SM<P|*5 

VVlKPIaVt  1  > 

AVIRIKP  »aCuR«NT/S**2 
Etapikpuctaps 

E TAN  I <P I  at  TANS 
AlPmA(«P)»AlPm 

KP  *<p* | 

3*  L INK  af 

IP  I  S'*  16*  53 1  >190*190*191 

191  JTEP*  STEP 
00  TO  203 

190  irtS-A'OOul >192*192*193 
193  2T£P*STCP/2#g 
■iO  TO  20J 

192  2T£P ■ STEP/A *0 
*03  5«5*m» 

ir 1 9»3, 499  J 199*190*26 


P*tf«  U 

0  ■( I t  *0*6 

D  0111*0. C 

O  COlOtU 

O  *|4>*4A*AA 

00  19  «t*4*K9T0P*> 

IPIR-AI 191  a  191*24 
O  2*  RlK>aAA*AA*AlK-4l 
<9<Kt*MAlK-R> 

111  IF  I A09P  1 0IK  I  I  *P  1  AY  123  *23*  |  37 
0  13?  9<«>«9IO*vr I»v 
KaiKItKlIKI*! 

00  TO  191 
23  Fl«*< 

KMAKsKMAKOT I K9 1 K I *K3 « K - 2 »  > 

00  1*9  !«*«* 

DO  140  Ua*«K»2 
ir(|»SHI|M*l«2*l«0 

1*2  KMAZ*XMAX0P|KMAk.«O, I l*«OI^I*l,<ilJ>  •!  I 

160  continue 

o  SuMaon  laOlKiavriAYaaiKMAA-itSCo  >*«rt<-2*&iairLK-3*0ia«'  '2iayr|sv 

1  • • < khak— <o i ■— 2 > > 

0  ZCEaO.Q 
0  200*0.0 

CAU.  PO>CRSltfS*K*KNAR.«r lMY.d*<U*U*KO> 

CALL  POMCRS1200.K.KMAH.YT |xf *A*XA*C*aC . 

O  149  SUM*9UM»ZKC-200 
0  AIO*lip/C(l> 

KAtdaacMAX 

192  iriAOSPCAIKI  »«T|KYI  14).  10*144 
0  144  4IK>*A«KI4vrilV 
■  A<>  >  «M  A IM  >* I 
SO  TO  J92 

i  a  J  ir  Quotient  oiCRTlOv  130*1*3 
1*3  tr  ACCiPRJLATOR  OVCRTlOm  133*19 
19  CONTINUE 
CO  TO  1** 

133  *STOPa«-l 

1**  KP* I 

STEP* 1*0 
S* 1 33.0 
SS!2C*STCP 
LINK* 1 

mark*3 

KTRAPaO 

2*  YOLO*V( 1 1 
YPL0*YI2I 
Yl  1 1  *3.0 
0  Y|*3a3 

VI 2 1 *3*  3 
0  Y2*S.3 

O  SIA*U3/S*42 

0  SI  *51 A 

0  31 I*S1A#51A 

DO  99  |*4*KST0P?2 
rtlal 

0  FACT*  ■  F|*Y**l<8l  1  l-KBi  l-2>  >*SU 

O  $I*SI«TACTR 

.3  SI  I  *S1 1  *T ALTN 

O  T€RN*BI1)#S1 

0  TERM!  *»PL  l*tM  1  >*S  1  I 


STvP*STEP 
SSTARYaS 
MARK *3 
KPST  «KP 

FNOR*MINlF 1 6v* J • 1 *2*5ST  AMT  I 

NdR*FN*3R 

jCno*a 

!«■  I  SSTART-8*  -  >  103*193*194 

103  UEN0*6 

104  jAPK  *  ‘ 

193  Y| J  >  *YOLO 

yi2)*yplD 

SbSSTAQT 

CALL  De9STlS«$TVPt2»V,vPM|*E*U*CMA$PH> 

F  CHASPH 

O  £TAPS«AA/ISaU*SQMTr  I YQLD>  > 

0  ETANOaCXPT  I- YOLO > 

EPOLOaETAPS 

ENOLOaeTANS 

A2  00  A3  N*l*NOD 

CALL  0E0IS*STYP*2t Y.YPRIME.Q.ChASPmI 
D  Y2*3a  • 

o  S1A* l *3/sa*2 

0  SI«SfA 

DO  4*  |a4«KST0P*2 

D  SI  •  SiaFIAVaaiKBi  J  i-Kiit  |»2  >  I  »SIA 

0  TERMaSlliASl 

0  vTayzaTERM 

IE  1  TERM  1 197*40* 197 

0  197  TESTa  AftSr<2aO»<V2*vT >.'tY2*vr>  1-1  »aC-l  I 
I P | T6  ST 1 47  *  4* • 4* 

0  46  V2.YT 

IT  <V9al 

ir<A3V  IYI  I  >  *V2 )  *Ua  vO  I  >40*49*49 
49  KYWaK  Y»14| 

0  40  ETAP4*A A/| S*S*SORTr  <  YT | j 

0  t T  ANS*£ VPP I “ YT ) 

0  TCSTatTAP9*ETANa-l.0C-09 

IT  I  TEST  >ftS«9U*9l 
90  KY94MY042 

Ml  SO  TO  140*92*94*941 »KY0 
40  CONTINUE 
SO  TO  93 

94  |P|N«3a8*AUARK  >92*92*93  ' 

92  IF|  JARY-JCN0U64.  US.  199 
196  JARK*JARK*I 

9TYPafTYP/2aU 
SO  TO  193 

199  K»T0Ra*»T0P-9 

IF|KSTCW'-*>I67.16T*I66 

1*7  WRITE  OUTPUT  TAPE  6*99*SSTART . YOC D.f POLO* « NOLO* *♦ VI 1 » *YT*ETAPS* 

1  CTANS*UOARK«KST0P 

99  PORRATU | IHOATTtRRT  TO  RETRACE  ROWER  tfRIES  SOLUTION  USINS  RUN«E*K 
IUTTA  PRODUCES  INCONSISTENT  RESULTS*  THIS  CASE  DELETED*  / 

(  I V|P9Elt«Ea 19*213  > 

SO  TO  10 


29  S*S**reP 


P«f*  T7 

9}  WRITE  OUTPUT  TAP*  8.94.S&TART.vOLO.CPOLO.CNOLO«S.Y<l> .vi.ETAPS. 

1  ctanG.n.jark.kstop 

9*  PORNATt3THO«UNGC-*UTTA  M«C&  WITH  POWER  VARIKS  /✓  T*M»IYW«T. 

1  •K*«VOLO.O*9HEPOLO.*lt9^NOLO.nxirlS.OX4HVt|),  tOX**Y2»6X9HtTAPS, 

2  tllMTMC.  N  JA crn  K9T0P  /  mP2C12.9*0P2Plt.T.|P3CI2.9«0PVil.T. 

3  10.13*19  I 
KKTRAPWKTRAP 
»rep-o*» 

KAT*2 
00  TO  00 


P»fli  t8 


00  STRAPO-STRAP 

STRAP**- 1 S0U»-S)4«LPW/ 1  ALFOLD-ALPHI 
ktrap*ktrap*i 


09  SPtKP-l  U99.I90.ITO 
l  to  !PtYYtKP-l  )-30.0)TC.?0.7I 

to  iF($s«t-t  i-.aooi  >11  •  im« i» 

199  IP1V1 1 >-60.0)61 «0I .71 
*1  CONTINUE 


00  «TRAP*KKTRAP 
S«UTMT 
SUM— STEP 
Ytl  )*Y0L0 
Yt2)*YP LD 

CAUL  OEOST  tS.SSl2E.2»V«vPBIMt  .O.CHASPHI 

OO  01  Ml. 4000 
SOLO* 5 

alpol£>-*lo*i 

|P(S-l9*00ul  >  'S. 26 1.24 l 
279  IP<S-««OOOI li  2V7.27V 
278  SSI2E  — STCP/ 

60  TO  201 

277  IP CS-*. OOOl 1279.270,200 

200  SSI2E  — $TEP/«.0 
60  TO  *81 

270  IPtS-2.0Q0ll29l.20t.262 
202  SSIZe  —  STEPX9.0 
60  TO  261 

281  SSI2E— STCP/10.9 

201  CONTINUE 


*1  MITE  OUTPUT  TAP*  9.99.NMBC.STEP.1.V<  I  »  .1MIMLI  I  l.SPINALC  1 1* 

|  yP  tNAL  1 1 1 • >*l  .RARK  1 

99  PQQNA T t  Q9W0UN AOlE  TO  ACHIEVE  ScPP  ICICNT  ACCURACY  WITH  OU!>«C-KUTT* 
IPOOCEOuOE  //  |X|4« 1P3C1A.9  //  I4t 1X19. 1 PEE 19.9 > I  I 
00  TO  10 

71  MARK«MARkM 

IPCKP-I 1161. 191 .160 
Mi  IPlYf I ) -90.0) 190*190. 199 
;*9  SStll-0.0 
YYC 11*0.0 
AVlOd  1*0*0 
ETAPt 11-0.0 
ETANf 11*0*0 
ALPHA  M  1*0.0 
190  KpM!*XMAltOPt  l.KP-I) 

SP|NAC(MA«W)*SS<XPP1  > 
vrlNAc<NANKl*YYtKPMl) 

»#|HAL'MARK)**P-1 

irCMA9K-H9T.9T.lLJ 

103  IP ( A9SPCSPlN«.tMAJ9(> -SPINAL (NA9K-1 1  >-0.001  >90*90.97 
99  IP  t A3SP t vP INAl t NAMC l-YP INAL < HANK- 1 > 1-0.001)99.99.97 
99  IP t>^lNAL<NAOKi-fP INAL IMA19C-1 1)97.  199*97 


CALL  0C0tS.SSI2C.2.V.YA«lMe.a*CHASPHi 

Yl»vt | 1 

V2*Yt2l 

IPtVt 1  I  1 170. 170. 177 

170  MITE  OUTPUT  TAPE  O. 1 79.5. Y C 1 1 .STEP.MMkC 

179  P00NATO9HU  V *  1 1  NEGATIVE.  TRY  SMALLER  STEPS.  1P3E14.9.I4) 
MARK-MARK+1 
60  TO  87 

D  177  CTAPS*AA/(S«S«SORTPtVl 1 1 
O  CTAN6*CXPPt-Vl 1 

O  ALPH*O.S*tSAtCTAPS-CTANG>AY*l 

IP  1 1  —  1 1  /KATltMAT  103.92.93 
82  IPtS-130.|)10A.t04.93 
10*  lPtYU»-a.Ol  103. 172.172 

172  SSlKP)*S 

VVtKO) *Vt 1 1 
4VIRfKP)*CURRNTPS4*2 
E  TAP  f«d>>*C  TAPS 
ETANtKPl*CTAMG 
ALOHA  (KPIAALPH 
KP*KP* 1 

03  !PtALPHI04.09.OS 
04  IPtALP0L0l0S.09.04 


199  KPT*KP-l 

NC0LMKPT»!I/I 
IPIKTRAP-I 1119.1 16.1 16 
119  MR ire  OUTPUT  TAPE  8.1 17. STRAP 

lit  PCMMATt  20HCTRAPPIN6  RAO  I  US  IS  IPEIA.S*  19H  DEBYE  LCN6THS  I 
119  MITE  OUTPUT  TAP*  9.99 

99  PORMATt  |H  /H19X1HS.9X1HY.5X4HAV1R.3X4HETAP.JXOMETAN.9XTNALPHA  1/ 
I  IM  ) 

00  109  1*I.NC0L 

109  MITE  OUTPUT  TAPE  9. 109*  »SSt  J!  .YY  t  Jl .AVlRC  J)  .ETAPCJ)  .ETANt  J) • 

|  ALPHA  C  J  i  .  J*  I  .KPT  .NCOL  I 
109  P0RP*Tttt9XP10.O*lP9.A.tP7.4.P|0.AI 1 

90  TO  10 

•7  IPCMANK-9190.9I.9I 
90  STEP*9T£P/2.0 
KP*«P9T 
KAT*2«KAT 
90  TO  80 
END 


SUBROUTINE  CHASPHCS.M.V.VPttIHEI 

C  THIS  SUBPROGRAM  IS  USEO  BY  MAIN  PROGRAM  4.  AND  IS  CAL LEO  TmROuCH 
C  UNIVERSITY  OP  TORONTO  PORT RAN  It  SU8PQ06RAMS  OCO  AND  OSOfT.  WHICH 

C  T06CTMCR  carry  OUT  A  RUNGC-KJTTA  NUMERICAL  INTEGRATION  PROCEDURE. 

DIMENSION  YI2 I . YPR1ME  <2  > 

DIMENSION  EMPTVtIOl 
COMMON  EMPTY. AA 

NlL*M 

VPRIMet I l»Yt2l 
Y|*Vt  n 
Y2*Vt*| 

D  VP2*AA/<S«S»S0RTPIY| I l-CMPPI-YI )-2.0*Y2/S 
VPRIMEI2I-YR2 
RETURN 
ENO 

301  KM*K-A 

DO  30«  I | *4. KM. 2 
1 2*K“  1 1 

D  302  STT*»TT*Atll»4A< lt>#VP|XY«*tKMA«-KAtlll-«Atltll 
D  EPt*3TT«Ctf 1*VPIXY*4|-kCI«11 

0  »TT*0.O 

IPCK-12 1300.303.303 

303  KM*K-9 

00  304  ||*A.KN.2 
00  204  IfA.KH.I 
I3*K-||-I2 
IPI 1 3-4 >304.309.309 
309  IP CKM-t 3)304.309.309 

0  309  9TT*3TT4At 1 1 14AC 1214AI I3I4VP IKYP4IKMAR-KAI 1 1|— KA| 111— KAt  13) ) 

304  CONTINUE 

0  EPt**P»*tTf *C  1 3 1  «yp  t  XY44 1  -KC  <3)1 

0  STTO.O 


SUBROUTINE  POVERStEPS.KV.KMAXV.VPIXYV.6V.KAV.CV.KCVI 

D  D1MNSI0N  Af 2001.CI20C l.AVtfOO) .CVCfOOl 

DIMENSION  KAItOOl.KCltOOl.KAVttOOl.KCVllOOt 

0  EPS*0»0 

0  STT*0.0 

K*KV 

KMAXvKMAXV 
D  VPIXV*vPIX7V 

00  199  t  *  I .K 
0  All )*iy( 1 1 

0  CtM *CVt  1 1 

KAt I )*KAVt 1 1 
299  KCII INCCVtl) 


IPtK-Ol300.30|.30l 
300  RETUNN 


IPfK-l91300.30T.307 

307  KMMK-lt 

00  30«  | | *4. KM. | 

00  309  tt«9.KN«* 

00  300  1 3*4 .KM. 2 
'4M-I  i-lt— 13 
If  1 14-9 1300.300.309 
309  fPIKR-191300.310.310 

0  310  2TT4tTT49<l|t9Alltl99ll3l«*ll6l9tfPtX9#9««(M9MMA(l|l««6(l«)-«A(t3l< 

KAt  14)1 

300  CONTINUE 

D  fPS*CP|.»TT4Ct4)*vP|KY**<-*Ct4)l 

0  »7Y*0.0 

IP IK-20 1300.31 7. 31 7 

317  KM«M-I9 

00  310  IIMHNH.2 
00  310  IINM.I 
00  310  1 3* 4. KM. 2 
00  312  I 4 *4. KM, * 
lONC-t I -12-13-14 
IPtl9-4l3IO.3lt.3lO 


POWERS 


OOO  oo  r  ooo  ooo  oo 


Page  01 

319  ifckm-is)318«32o«32o 

0  320  STT»STT#A( 1 1  )*A{ I2)*A( I3>#A( 14)#A( I9)#VFiXY##(KMAX-KA( 1 1 )-KA( I2>- 
1  KA( 13)-KA( I4)-KA( 15) ) 

318  CONTINUE 

EFS-EFS*STT#C 1 5 » #VF I XV#*  ( -KC (Sit 
STT-0.0 

lF(K-24) 300.327.327 

32'  KM-K-20 

00  328  I l o4, KM. 2 
00  328  12o4, KM, 2 
00  328  13>4,kM,2 
00  328  14-4, KM, 2 
00  328  IS-4,KM,2 

16- K-I1-I2-13-I4-15 
12(16-4)328,329,329 

329  IF (KM- 16 >328, 330,330 

330  STT-STT+A( U)*A( U: ?A( I3)#A( I4)#A( !S)#A( I6)#VF1XV##(KMAX-KA( 11 )- 
1  KA( 121— KA( 13)— KA( 14)— KA( IS)-KA( 16) ) 

328  CONTINUE 

EFS-EFS+STT#C ( 6 ) #VF 1 XY## ( -KC ( 6 ) ) 

STT-0,0 

I F ( K-28  >  300 , 337 , 337 

337  KM-K-24 
00  338  1 1-4, KM, 2 
00  338  12-4, KM, 2 
00  338  13-4, KM, 2 
00  338  14-4, KM, 2 
00  338  15-4, KM. 2 
00  338  16-4, KM, 2 

17- K— 1 1 -12— 13— 1 4— IS— 16 
I F ( I 7-4 ) 338 , 339 . 339 

339  IF(KM— 1 7 ) 338,340,340 

340  STT-STT4A( I  1 ) * A ( I2)«A( I3)*A( I4)#A( I5)#A( 16>#A( I7)#VFIXY##(KMAX- 
1  KA( 1 1 )— KA( I2)-KA( 13)— KA( 14>— KA( I5)-KA( I6>— KA( 17) ) 

338  CONTINUE 

EFS-EFS#STT*C (7>#VF IXY#*(— KC(7) ) 

STT-0,0 

IF(K-32) 300.347, 347 

347  KM-K-28 
00  348  I | -4, KM, 2 
00  348  I 2-4, KM, 2 
00  348  13-4, KM. 2 
OO  348  14-4, KM, 2 
00  348  1S-4,KM,2 
00  348  16-4, KM, 2 
OO  348  17-4, KM, 2 

18- K— 1 1-12- 1 3- 1 4- 1 5- 1 6- 17 
IF( 18-4)348,349,349 

349  IF (KM-1 8) 348, 390,390 

310  STT-STT#A( II )#A( I2)#A( I3)#A(I4)#A( I9)*A< I6)#A( 17 ) *A ( 1 8) #VF 1 XY##( 

1  KMAX-KA ( 1 1 )— KA( 12) -KA( 1 3  >-KA ( 14 ) -KA( 19 )-KA( 16 )— KA( 17 )— KA( 18) ) 

348  CONTINUE 

EFS-EFS#5tT*C  (  8 )  *VF  I  XY«#  ( -KC  (  8  )  ) 

STT-0.0 

IF (K-36) 300,397.387 


397  KM-K-32 

00  398  1 1-4, KM, 2 
00  398  I2-4,KM,2 
00  398  13-4, KM, 2 
00  398  14-4, KM. 2 
00  398  19-4, KM, 2 
00  398  16-4, KM, 2 
00  398  17-4, KM. 2 
00  398  18-4, KM. 2 

19-K-l 1-12-13-14-19-16-17-18 
IF! 19-4)398,399,399 
399  IF (KM- 1 9 >398. 360,360 

360  STT-STT#A( 1 1 )#A( 12)#A( I3)#A( 1 4 ) • A ( IS)#A( I6)#A( I7)#A( I8)#A( 19)# 

|  VF I XV## (KMAX-KA ( 1 1 )-KA( I2)-KA( I3)-KA( 14 )-KA( 1 8>-KA( I6)-KA( |7)-KA( 
t  t8)-KA(l9>> 

398  CONTINUE 

EFS#EFS*STT#C ( 9 ) #VF I XY## ( -KC (91) 

STT-0,0 

RETURN 

END 


APPENDIX  J 


Sample  Output  From  Computer  Programs 

Pages  1  and  2  contain  sample  output  from  program  1 
Pages  3  and  4  contain  sample  output  from  program  2 
Page  5  contains  the  output  from  program  3 
Page  6  contains  sample  output  from  program  4 


RT1 

KT2  RT)  *  NCU0  NENO  NPRINY  NODE  RN1T  RBO  NCO 

COiPPICICMT  Of  LINEAR  TERN  IN  INITIAL  APPROXIMATION  IS  2.3006^02^  a  ^  *a€jms^  (  @fj  96ftrtrfr^ 

_ LA _ n.Q  amiAit  »N  ntl.  ILUMOflU  OT2*  a.CUOOM  _  _  .  -  - 

5ft  «■  AC  Ymv«  «.)1»  OO  PC  TO.  CYCLES  TO  EMO  12  AWCEn  1.2132 

- BJUUXM. 
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